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The project

In a 2015 Dagstuhl seminar | asked “What do the Weihrauch

hierarchies look like once we go to very high levels of reverse

mathematics strength?”

In other words, | proposed to study the multi-valued functions
arising from theorems which lie around ATR( and H%—CAO.

People who have worked to this project, mainly at the level of
ATRy, so far include Takayuki Kihara, Arno Pauly, Jun Le Goh,
Jeff Hirst, Paul-Elliot Anglés d’Auriac, and Manlio Valenti.

We are now moving to the level of TI}-CA,.



Outline

@ Weihrauch reducibility

@ Perfect trees and sets

€ Perfect kernels

O The Cantor-Bendixson Theorem

@ Some techniques used in the proofs



Represented spaces

A representation ox of a set X is a surjective partial function
ox : CNN 5 X

The pair (X,0x) is a represented space.
If € X a ox-name for z is any p € N such that ox(p) = .

Representations are analogous to the codings used in reverse
mathematics to speak about various mathematical objects in
subsystems of second order arithmetic.



The negative representation of closed
sets
Let (X, o, d) be a computable metric space.

In the negative representation of the set A7 (X) of closed subsets
of X a name for the closed set C' is a sequence of open balls with
center in D and rational radius whose union is X \ C'.
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When X = NN or X = 2N the negative representation is
computably equivalent to the representation of C' by a tree
T € N<N such that [T] = C.



Realizers

If (X,0x) and (Y, 0y ) are represented spaces and f: CX 2 Y a
realizer for f is a function F : CNYN — NN such that

oy(F(p)) € f(ox(p)) whenever f(ox(p)) is defined, i.e. whenever
p is a name of some x € dom(f).
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Notice that different names of the same x € dom(f) might be
mapped by F' to names of different elements of f(z).

f is computable if it has a computable realizer.



Weihrauch reducibility
Let f: CX Y and g: CZ = W be partial multi-valued
functions between represented spaces. f <y g means that the
problem of computing f can be computably and uniformly solved
by using in each instance a single computation of g.
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If G is a realizer for g then F' is a realizer for f.
O & : CNN — NN is a computable function that modifies (a
name for) the input of f to feed it to g;
® ¥ : CNN x NN — NN is a computable function that, using

also (the name for) the original input, transforms (the name
of) any output of g into (a name for) a correct output of f.



Arithmetic Weihrauch reducibility

Arithmetic Weihrauch reducibility <t is obtained from Weihrauch
reducibility by relaxing the condition on ¥ and ® and requiring
them to be arithmetic rather than computable.

It is immediate that f <y g implies f <{ g.

Arithmetic Weihrauch reducibility was introduced by Kihara-Angles
D'Auriac and independently by Goh.



The Weihrauch lattice

<w is reflexive and transitive and induces the equivalence relation
=w. I'he =w-equivalence classes are called Weihrauch degrees.

The partial order on the sets of Weihrauch degrees is a distributive
bounded lattice with several natural and useful algebraic
operations: the Weihrauch lattice.



Products
The parallel productof f: CX =mY andg: CZ =z Wiis
fxg:CX xZ =Y x W defined by

(f x g)(x,2) = f(x) x g(2)-

The compositional product f * g satisfies
frg=wmax{fiogi| fi<w fAgi<wg}
>W

and thus is the hardest problem that can be realized using first g,
then something computable, and finally f.



Parallelization

If f:CX =Y is a multi-valued function, the (infinite)
parallelization of f is the multi-valued function f : XN = YN with

dom(f) = dom(f)" defined by f((2n)ner) = [Ten f (¥n)-
fcomputes f countably many times in parallel.
f is parallelizable if fzw f.

The finite parallelization of f is the multi-valued function
[ X* =2 Y* where X* = [J;ony({i} x X7) with
dom(f*) = dom(f)* defined by f*(4, (x;);<i) = {i} x [[;, f(z;)-

The unbounded finite parallelization of f is a multi-valued function
f** (recently introduced by Solda and Valenti) which behaves as
f* but does not bound a priori the number of instances of f that
will be used.



Some examples

® The limited principle of omniscience is the function
LPO : NN — 2 such that LPO(p) = 0 iff Vi p(i) = 0.

e lim : C(NM)N — NN maps a convergent sequence in Baire
space to its limit.

lim is parallelizable, while LPO is not (and in fact LPO=w lim).



Choice functions

Let X be a computable metric space and recall that A~ (X) is the
space of its closed subsets represented by negative information.

Cx : CA (X) = X is the choice function for X: it picks from a
nonempty closed set in X one of its elements.

UCx : CA™(X) — X is the unique choice function for X: it picks
from a singleton (represented as a closed set) in X its unique
element (in other words, UCy is the restriction of Cx to
singletons).

TCx : A7 (X) =2 X is the total continuation of the choice
function for X: it extends Cx by setting TCx (0) = X.

In general we have UCx <w Cx <w TCx and, for example,
UCn =w Cn <w TCp, UCon <w Con =w TCyn and
UCNN <w CNN <w TCNN.



The Weihrauch lattice
and reverse mathematics

We can locate theorems in the Weihrauch lattice by looking at the
multi-valued functions they naturally translate into.

In most cases the Weihrauch lattice refines the classification
provided by reverse mathematics: statements equivalent over
RCA( may give rise to functions with different Weihrauch degrees.

Weihrauch reducibility is finer because requires both uniformity
and use of a single instance of the harder problem.

® computable functions correspond to RCAy;
® Cyn corresponds to WKL;
® lim and its iterations correspond to ACAy;

the interval of the Weihrauch lattice between UCyn and TCJy
corresponds to ATRy.



Arithmetical Transfinite Recursion in
the Weihrauch lattice

ATR is the function producing, for a well-order X, a jump
hierarchy along X.

Theorem (Kihara-M-Pauly 2020)
UCy =w ATR.

ATRj is the function producing, for a linear order X, either a jump
hierarchy along X or a descending sequence in X.

Theorem (Goh 2019)

UCxy <w ATRg <w Cyn and the inequalities are strict even with
respect to arithmetic reducibility.



The function corresponding to H%-CAO

Tr is the set of subtrees of N<N.
® Xt ¢ Tr — 2 such that xq1 (T') = 1 iff T is well-founded.

e II{-CA = @ - Tr™ — 2% maps (T}, )nen to the characteristic
function of {n € N | T}, is well-founded }.

IT1-CA is the natural candidate to correspond to IT3-CA,.



The perfect tree theorem

The Perfect Tree Theorem asserts that if 7' € Tr, then either [T7] is
countable or T" has a perfect subtree.

In reverse mathematics it is equivalent to ATRg.

® PTTy: CTr = Tr maps a tree with uncountably many paths
to the set of its perfect subtrees.

e List : CTr = (N")Y x N maps a tree with no perfect subtree
to a list of its paths and their number.

e wlist : CTr = (N")Y maps a tree with no perfect subtree to
a list of its paths.

® PTT,: CTr = Tr x (NY)Y maps a tree to a pair (177, (p,))
such that either 7" is a perfect subtree of T or (p,,) lists [T].



The perfect tree theorem in the
Weihrauch lattice

Theorem (Kihara-M-Pauly 2020)

IT}-CA
1
TCin, PTTS

TCNN
t
Cyy, PTTy

t

UCxw, List, wlList




The perfect set theorem

The perfect set theorem deals with closed sets in Polish spaces.

In reverse mathematics it is equivalent to ATRy.

For X a computable Polish space let PST; x : A7 (X) = A (X)
be the function mapping an uncountable closed set C' to a perfect
closed subset of C'.

Theorem (Cipriani-M-Valenti)

Moreover Cyw =w lim xPST v so that Cyw =§ PST .



Perfect kernels of trees

The Perfect Kernel Theorem asserts that if 7" € Tr, then T has a

largest (possibly empty) perfect subtree, called the perfect kernel
of T.

In reverse mathematics it is equivalent to TT{-CA,.

Let PKp : Tr — Tr be the function that maps a tree T to its
perfect kernel.

Theorem (Hirst 2020)
IT}-CA =w PKry.



Perfect kernels of closed sets
The perfect kernel theorem extends to closed sets in Polish spaces.

For X a computable Polish space let PKx : A~ (X) — A (X) be
the function mapping a closed set C to its perfect kernel, i.e. the
largest perfect closed subset of C.

Theorem (Cipriani-M-Valenti)

I-CA, PKry

PSTLQN 5 PSTLNN

Moreover II{-CA <y lim xPKyn so that IT{-CA =%, PKy.



The Cantor-Bendixson Theorem for
trees

The Cantor-Bendixson Theorem for trees asserts that if 7' € Tr,
then T has a (possibly empty) perfect subtree 7" such that

[T]\ [T"] is countable. T" is in fact the perfect kernel of T' and
[T]\ [T"] is called the scattered part of T

In reverse mathematics it is equivalent to IT{-CA,.

CBry : Tr = Tr x (N')N x N maps a tree T to the perfect kernel
of T', a list of the scattered part of T" and its size.

WCBT, : Tr = Tr x (N')Y maps a tree T to the perfect kernel of
T and a list of the scattered part of T

Theorem (Cipriani-M-Valenti)
IT}-CA =w wCB1, =w CBry.



The Cantor-Bendixson Theorem for
closed sets

The Cantor-Bendixson Theorem also extends to closed sets in
Polish spaces.

For X a computable Polish space

CByx: A (X) = A (X) x X" x N maps a closed set C' to the
perfect kernel of C', a list of the scattered part of C' and its size.
wCBy : Tr = A= (X) = A~ (X) x X" maps a closed set C to
the perfect kernel of C' and a list of the scattered part of C.



The Cantor-Bendixson Theorem for
closed sets in the Weihrauch lattice

Theorem (Cipriani-M-Valenti)

ITi-CA, PKry, wCBry, CBy

AN

CBNN

PKQN, PKNN, WCB2N,WCBNN, CBQN

i

CNN

We do not know whether Cyn <w CBypn.



Summing up

IT}-CA, PKry, wCBTy, CBy

‘\J?R’I\N‘

PK oy, PKyg, wCBox, wCByy, CBo

— A

I el ~/
CNN, PTT1

PSTLQN, PSTI,NN

— A

UCxn



The first order part

Definition (Dzhafarov-Solomon-Yokoyama)

The first order part of f: CX =2 Y is a specific function
Lf: CNN x X = N such that its Weihrauch degree is
max{ g | g<w f A the codomain of g is N }

Theorem (Solda-Valenti)

If f = h then ' f =y h*".

If h is total, pointed and with codomain N, then h** = h°.
Since IT}-CA WXHI we have 'TI{-CA = an = XH1

On the other hand, we show that 'PKyn =w IT-Cy <w XEU%
This yields TT}-CA %y PKy.



The deterministic part

Definition (Goh-Pauly-Valenti)

The deterministic part of f: CX == Y is a specific function
Det(f) : CNN x X — NN such that its Weihrauch degree is
max{ g | g <w f A the codomain of g is NN A g is single-valued }

We use the deterministic part to show IT{-CA £w CByx by proving
that the solutions to Det(CByw) are hyperarithmetic in the input.



The completion

In the proof of wCBgyn <yw PKyn we use the completion of a
multi-valued function (originally due to Dzhafarov and
Brattka-Gherardi).



Direction for further research

® Does Cyn <w CBn?

® Extend the research to computable Polish spaces other than
NN and 2N. Here CBx is probably the most interesting
function.

® Move on to other theorems equivalent to TT3-CA,.



The end

Thank you for your attention!
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