RT}, SRT? and <, reducibility J

Reed Solomon
University of Connecticut

(with Damir Dzhafarov, Ludovic Patey and Linda Brown Westrick)

RT,{, SRT% and < reducibility Reed Solomon University of Connecticut



Set up for reverse mathematics

Second order arithmetic: number and set variables, +, -, <, €, 0, 1.
Zy: PA™+ set induction + comprehension scheme.
Models: M = (M, Sy, +m, - - - ) with Spy € P(M).

Project: Prove implications (or equivalences) between theorems (or
subsystems) over a weak base theory.

RCAp: PA™ + ¥? induction +A9 comprehension scheme.

If M =w, M is an w-model and we identify it with S C P(w).
An w model satisfies PA™ and full induction.

(w,S) E RCAg < S closed under @ and <r.

REC is the minimal w-model.
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Ramsey's theorem for singletons and induction

RT} : Vf : N — k3X (X infinite A f | X constant)
For all k € w, REC = RT} and RCA I- RTj.
RTL . : Vk(RT})

Again, REC = RTL .

Theorem (Hirst)
Over RCAg, RTL _ is equivalent to BY).

<oo

For any w-model S of RCAq, S |= RTL _.
But RCAq I/ RTL .
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COH

COH: For every sequence of sets (R; | i € N), there is an infinite C s.t.
VI'(C C*"RVCC* ﬁ,)

You can think of COH as an infinite collection of RT3 instances

0 if XEﬁ,’
f’(x)_{ 1 if xeR

to solve simultaneously but each allowing finitely many errors. Or as an
infinite collection of RT} instances

if xe Fz,’ N ﬁ2i+1
if x € Ry ﬁ52;+1
if x € RyiNR2ip
if xe RN R2,‘+]_

fi(x) =

W N = O
=
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RT3, SRT3 and D3

Let f : [N]2 — 2. H is homogeneous for f if f | [H]? is constant.
RT3: Vf:[N]> — 2 3H(H is infinite and homogenous)

(RT3 can be proved using w + 1 successive applications of RT3.)

We say f is stable if lim, f(x,y) exists for every x.
SRT3: Vstable f : [N]> — 2 3H (H is infinite and homogenous)

We say H is limit-homogeneous for a stable f if there is a color i such that
lim, f(x,y) =i for every x € H.

D3 : V stable f: [N]?> — 2 3H (H is infinite and limit homogenous)
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Connecting D%, RT?, SRT% and COH

D3 is equivalent to SRT3 over RCAq + BXS.

(Cholak, Jockusch and Slaman) RT3 is equivalent to SRT3 4+ COH over
RCAp. COH does not imply RT3 over RCAg (for induction reasons).

(Hirschfeldt and Shore) There is an w-model of RCAg + COH which does
not satisfy RT3.

(Chong, Slaman and Yang) There is a nonstandard model of
RCAo + SRT3 which is not a model of RT3.

Question: Does SRT% imply RT% on w-models of RCAq?
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w-reducibility
Let P be a true M3} sentence of the form
VX (9(X) = IX (X, X))

where ¢ and 1 are arithmetic statements. We refer to an X such that
©(X) as a P-instance and we refer to the corresponding witnesses X such
that ¢(X, X) as solutions to X.

Given two principles of this form P and @, rather than asking if
RCAg F Q@ — P, we ask how they compare on w models.

P <, Q & VTuringideal S (S = Q — S = P)
& every w-model of RCAg + @ is an w-model of RCAg + P

Question: Does RT3 <., SRT3? Does COH <, SRT3?
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Stronger reducibility: P <. Q

P <: Q < for every P—/i\nstance X, there is a Q-insAtance Y <+ X such
that for every solution Y of Y, there is a solution X of X with
X< XaY.
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Example 1
SRT3 <. D3

Given an SRT3 instance f : [w]?> — 2, we view f as a D3 instance. Let H

be an infinite limit-homogeneous set for f with color /. We thin H to a
homogeneous set:

e Set hg = the least element of H.

e Let h,41 = the least element x € H such that x > h, and
f(hm,x) =1 forall m < n.

e The set {hg, h1,...} is homogeneous for f.

This procedure uses both the D3 solution H and the SRT3 instance f to
compute the SRT3 solution to f.
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Stronger reducibility: P <. Q

P <4 Q < for every P- mstance X, there is a Q- mstance Y <T X such
that for every solution Y of Y, there is a solution X of X with X <r Y.
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Example 2
RTL . <s« RT3

Given f : w — k. Define f-computable coloring g : [w]? — 2

0 if f(x)="f(y)
g(x’y):{ 1 if f(x)yéf&)

Let H be an infinite homogeneous set for H. We must have g | [H]? = 0,
so H is homogeneous for f as well.

Once we have RT3 solution H, we do not need to use RTL _ instance f to

help compute RT1<00 solution.
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Example 3
RT: <, D? <, SRT? J

Given f : w — k. Define f-computable coloring g : [w]? — k by
g(x,y) = f(x). The coloring g is stable and any limit-homogeneous set
for g is monochromatic for f.
Theorem (Dzhafarov)
o SRT3 % D3 and in fact SRT3 #s. D2
e COH £, SRT3
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A list of questions from Hirschfeldt, Jockusch and Dzhafarov:
©® Motivating Question: Does RT3 <., SRT3? Does COH <, SRT3?
® Does COH <. SRT3?
© Does RT} <. SRT3?
© Does RT} <. SRTZ when k < (?
© Does COH < . SRT? for £ > 2? Does COH <, SRT2 _?

Theorem (Dzhafarov, Patey, Solomon and Westrick)

o Ifk > ¢, then RT %5 SRT?.
o COH % SRT2 (almost certainly).
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