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Profinite Groups

A topological group is called profinite if it is isomorphic to the inverse
limit of an inverse system of discrete finite groups.

Examples:
@ Finite groups
@ Direct products of finite groups
@ The p-adic integers Zp under addition
@ Absolute Galois groups

In [2], R. Miller investigated the absolute Galois group of Q (that is,
Aut (@)) viewed as a subgroup of S, (the group of permutations of N).
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Approach

@ Although S, is size continuum, both it and its closed subgroups
can be presented as the set of paths through a countable tree.

@ The subgroups of S, that can be presented this way with finite
branching trees are exactly the profinite ones.

@ We can use these presentations to find the complexities of the
theories of profinite G as well as see to what degree certain
countable subgroups of G will be elementary subgroups.
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Tree Presentations

Definition
Let G be a subgroup of S,,. We define the tree T to be the subtree of
N<¢ containing all initial segments of elements of G. That is,

Tg:={reN:(Jg € G,neN)[r=g(0)g(1)---g(n]}

where m € N is mapped to g(m) under g. We define the ordering of Tg
via initial segments and write 7 ¢ if 7 is an initial segment of o.

v

Let G be a subgroup of S,,. We define the degree of T (deg(Tg)) to
be the join of the Turing degrees of

@ The domain of T under some computable coding of N<“ in which
C is decidable; and

@ A branching function Br : Tg — N U {oco} such that Br(7) is equal
to the number of direct successors of 7 in Tg.
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Topology

Given atree T C N<“, we define [T] to be the set of all paths through
T. We endow [T] with the standard product topology in which the basic
clopen sets are those of the form {f ¢ N¥: 7 C f} forsome 7 € T.

In order for every path in [T] to represent an element of G, we must
have that G is a closed subgroup of S,.
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Profinite Groups and Orbits

Given a subgroup G of S, and n € N, we define the orbit of n under G
as

orbg(n) :={g(n) e N: g € G}.

Proposition

Let G be a subgroup of S,,. The following are equivalent:
(1) G is compact,

(2) G is closed and all orbits under G are finite,

(3) G is profinite.

Jason Block (CUNY) AMS April 21, 2024 6/15




Orbit Independence

Let G be a profinite subgroup of S,,. Let {Og ,}nen be an enumeration
of the orbits under G (all of which are finite). Define

Hp:={g | Ogn:9c G}

Definition
We say that G has orbit independence if it is isomorphic to the
Cartesian product of all H,. That is,

G = HH,,.

neN

A non-example: G = {15,(01)(23)} does not have orbit
independence. Note that G = C,, Hy = {1,(01)} = Gy,
Hy ={1,(23)} = Cy,, and H, is trivial for all n > 1. Thus
G?_HHH”% Cg X Cg.
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Finite Approximations

Let G be a profinite subgroup of S,,. Given g € G, define
9k = 9 | Un<k Og,n- Define

G :={gx: g € G}.

Lemma

If G has orbit independence, then given any first order sentence « in

the language of groups, G = « if and only if Gk |= « for all but finitely
many K.

This follows from the Feferman-Vaught Theorem.
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Complexity of Theories: W/ Orbit Independence

Theorem

Let G be a profinite subgroup of S,, with orbit independence. The first
order theory of G is A relative to deg(Tg).

Proof: G = « iff (3n)(Vk > n)[Gk [= o]. Additionally, G ¥ « iff

(3n)(Vk > n)[Gk |= —a]. Thus, both Th(G) and its complement are £J
relative to deg(Tg).

Jason Block (CUNY) AMS April 21, 2024 9/15



Complexity of Theories: Without Orbit
Independence

Proposition

There exist profinite subgroups G of S, (without orbit independence)
such that the existential theory of G is £3-complete relative to deg(Tg).

This is the worst case scenario for existential theories.

Theorem

Let G be a profinite subgroup of S, (not necessarily with orbit
independence). The existential theory of G is Zg relative to deg(Tg).

Open Question: How complicated can Th(G) be when G does not
have orbit independence?
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Turing ldeals and G

A collection / of Turing degrees is called a Turing ideal if
@ /is downwards closed (under <7); and
@ Givenc,dec /,wehavecao dc |

We call / a Scott ideal if for every ¢ € | there exists d € | that is PA
relative to c.

Given a subgroup G of S,, and a Turing ideal / with deg(Tg) € /, we

define G; to be the subgroup of G all of whose elements are of degree
in I. That is,

G ={g € G:deg(g) € I}.

Question: To what degree is G; an elementary substructure of G?
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Elementarity

Let A be a substructure of 5 and let ' be a class of formulas. We say
that A is a I'-elementary substructure if for all formulas v € I’ and
tuples a € A,

AE~r(a) = BE(a)
We express this as
A =r B.

If this holds for all first order formulas -, then we simply say that A is
an elementary substructure of B and write

A=< B.
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Some Results

Proposition

There exists a profinite subgroup G of S, such that Gy, is not a
3-elementary subgroup of G.

To prove this, we build a G along with a computable g € G such that g
has a square root in G but no computable square root. This group G
will not have orbit independence.
Theorem
Given a profinite subgroup of G with orbit independence and any
Turing ideal |,

G =3 G.
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With Scott ideals

Theorem

Given any profinite subgroup G of S,, and a Scott ideal |,
G =3 G.

Furthermore if G has orbit independence, then

G =G

Thus, to get that G, is an elementary subgroup of G it is sufficient to
have that / is a Scott ideal and that G has orbit independence.

Open Question: If G has orbit independence but / is not a Scott ideal,

or if G does not have orbit independence but / is a Scott ideal, then
G, =3 G. However, must we have G, < G?
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