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Abstract

We extend Baumgartner’s result on isomorphisms of Nj—dense subsets
of R in two ways: First, the function can be made to be absolutely contin-
uous. Second, one can replace R by R”.

1 Introduction

Definition 1.1 For any topological space X, H(X) denotes the set of all homeo-
morphisms from X onto X, and a subset A C X is k—dense (in X) iff |ANU| = k
for all non-empty open U C X.

Then, for X = R, we have

Theorem 1.2

a. If D, E are Xg—dense in R, then there is an f € H(R) such that f(D) = E.

b. Assuming PFA, if D, E are 8y—dense in R, then there is an f € H(R) such
that f(D) = E.

Here, (a) is a classical result of Cantor, while (b) is due to Baumgartner [3, 4].
In both cases, the proof obtains an order isomorphism h from D onto E, which
must then extend to a unique f € H(R). In (b), Baumgartner’s original proof
[3] predates PFA; he simply showed that the result of the theorem, together
with MA 4 ¢ = Ny, can be obtained by iterated ccc forcing over any model of
ZFC + GCH. Using his forcing, the PFA result is immediate by the “collapse the
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continuum trick” (see [4]) ; similar remarks hold for our uses of PFA in this paper.
By Avraham and Shelah [2], the result in (b) does not follow from MA + ¢ = R,
alone.

In this paper, we assume PFA and prove two extensions of (b). First, we
show that both f and f~! can be made to be absolutely continuous (AC). Abso-
lute continuity for real-valued functions is discussed below, and in many analysis
texts, such as Rudin [8]. It is easily seen (Example 2.3 below) that Baumgart-
ner’s forcing yields an f such that neither f nor f~!is AC. If f is Lipschitz
(Va,z[|f(z) — f(2)| < Clx — z|]), then f must be AC, but one cannot improve
(b) to make f and f~! Lipschitz; a ZFC counter-example is described in [7], al-
though this example is implicit in the earlier [1]. Note that in (a), it is easy to
make f and f~! Lipschitz, and also real-analytic; this seems to have been done
first by Franklin [5] in 1925.

Our second extension of (b) replaces R by R™. One such extension is already
known, and is due to Steprans and Watson [9]:

Theorem 1.3 For any infinite k and any finite n > 2, MA(k) implies that if
D, E are k—dense in R™, then there is an f € H(R™) such that f(D) = E.

This makes it appear that the result for R", for n > 2, is “easier” than for R.
When k = Ny, we only need MA +¢ = Ny, not PFA. When k =Ny and n = 1, it is
a well-known open question whether the result of Theorem 1.3 is even consistent
with ¢ Z Ng.

The “easiness” of R™ for n > 2 is explained by the fact that R™ has “more”
homeomorphisms than R. For example, every permutation of a finite subset of
R™ extends to some f € H(R"), while this is clearly false for n = 1, since every
f € H(R) is monotonic (either order-preserving or order-reversing); in fact, the
proofs of (a) and (b) in Theorem 1.2 produce order-preserving functions.

Now, if we set K = N; and demand that our f in Theorem 1.3 be “order-
preserving” (suitably defined), then we do get a harder result that follows from
PFA but not from MA(X;). As with the n = 1 results, we do not know if there
is any consistent version of our results with x > N;.

But, what is the right definition of “order-preserving”? One possibility might
be order-preserving on each coordinate; i.e., for each 7, 2 € R", and each coordi-
nate i = 0,...,n — 1: x; < y; iff f(z;) < f(y;) for all i. But this is “wrong”, in
that there is a ZFC counter-example in R? (Example 6.2). A “correct” definition,
which leads to a PFA theorem, involves the notion of twist:

Definition 1.4 For @, @ € R™\{0}:

£(0,w) = arccos( (7 - @) /(|[v][[|@]]]) ) € [0, ]
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So, we are thinking of v, w as arrows pointing from the origin 0, and we are
measuring the angle between them in the usual way. Note that we sometimes

(not always) place arrows over elements of R” to distinguish them from elements
of R.

Definition 1.5 If FF C R" x R", let
twist(F) = {£(d1 — do, & — &) : (do, &), (d1,&1) € FAdy # dy A&y # &}
Then, let tw(F') = sup(twist(F)).

In our applications, F' will usually be the graph of a bijection, although
dom(F') and ran(F') may be proper subsets of R".
Lemma 1.6 For any FF C R" x R™: twist(F') C [0, 7], and tw(F) € [0, 7], and

twist(F) C cl(twist(F)), and tw(F) = tw(F).

When n = 1, twist(F) C {0,7}, and a bijection F' is strictly increasing (i.e.,
order-preserving) iff tw(F') = 0.

Then we shall prove

Proposition 1.7 Assume PFA. Fiz 0 > 7/2 and Xy—dense D, E C R™. Then
there is an f € H(R™) such that f(D) = E and tw(f) < 6.

The “PFA” is needed here, since it is consistent with MA + ¢ = N, that the
proposition fails for all n > 1 and all § < = (Example 6.3).

The “0 > 7/2” is needed here, since for § < 7/2 and n > 2, there is a ZFC
counter-example (Example 6.1). Of course, when n = 1, Proposition 1.7 is just
Baumgartner’s result, and tw(f) can be 0.

But now, we wish to add into Proposition 1.7 the claim that f is AC. Since
for n > 2, AC is not quite a standard notion, we shall define what we mean here:

Definition 1.8 Let X be a Polish space with a o-finite Borel measure j, and
fix f € H(X). Then f is absolutely continuous (with respect to ) iff for all
e > 0 there is a 0 > 0 such that for all open U, u(U) < 6 — pu(f(U)) <e. f
is bi-absolutely continuous (BAC) iff f and f=' are both absolutely continuous.
When discussing R™, u always refers to Lebesgue measure.

When X = R, f is a monotonic function, and this definition coincides with
the usual definition of absolute continuity for real-valued functions. For general
X and f: If f is BAC, then the induced measures are absolutely continuous
(n < pf < pf~' < p; that is, p(B) = 0 <> u(f(B)) =0 < u(f~1(B)) = 0 for
all Borel B C X). This implication is an equivalence when p(X) < oo, but not
in general; the map x — 2® on R is a counter-example.

We can now combine our two extensions of Baumgartner’s result:
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Theorem 1.9 Assume PFA. Fiz 0 > 7/2 and X;—dense D, E C R". Then there
is an f € H(R™) such that f(D) =FE and tw(f) <6 and f is BAC.

Proposition 1.7 is obvious from this. Theorem 1.9 is proved at the end of
Section 3. We shall prove the n = 1 case first (Lemma 3.6); here, the “tw(f) < 0"
is trivial, making the proof quite a bit simpler; we shall then use the notation in
that proof to motivate the terminology in the general proof. Actually, our proof
for the n > 1 case uses some properties of our forcing poset that are not proved
until Sections 4 and 5.

2 The Basic Poset

We describe here a natural modification of Baumgartner’s poset, obtained by
replacing R by R™ and replacing “order preserving” by a restriction on twists, and
we shall prove that our poset is ccc. Since we plan to use PFA with the “collapse
the continuum trick” (or else just do an iterated forcing argument over a model of
GCH), it is sufficient to assume CH, fix 6, D, E/, and produce a ccc poset P that
forces an appropriate f. For constructing ccc posets in our forcing arguments, we
use the standard setup with elementary submodels, following approximately the
terminology in [6]:

Definition 2.1 Let D, E C R"™ be Xy-dense. Fix k, a suitably large reqular
cardinal. Let (M¢ : 0 < & < wy) be a continuous chain of countable elementary
submodels of H(k), with D,E € M, and each M¢ € Mg 1. Let My = 0. For
x € g Mg, let ht(x), the height of x, be the & such that x € Mgy1\ M.

By setting My = (0, we ensure that under CH, ht(z) is defined whenever
z € R" or z is a Borel subset of R". Observe that {d € D : ht(d) = £} and
{e € E : ht(e) = &} are both countable and dense for each £ < w;. Note that
ht( (z,y) ) = max(ht(z), ht(y)).

Definition 2.2 Fiz § € (0,7) and Ny-dense D, E C R". Assume CH and use
the notation from Definition 2.1 for the elementary submodels. Then, let P} be
the set of all p satisfying:

P1. p e [D x E|=¥ is a bijection from dom(p) onto ran(p).

P2. tw(p) < 6.

P3. For each (d,e) € p, ht(d),ht(e) differ by a finite non-zero ordinal.

Pj. (dy,ep) € pA (di,e1) € p A (do,eo) # (d1,e1) = ht( (do, ep) ) # ht((dy,e1)).

Defineq <piff g2 p;sol =0. Whenn =1, Py = P§ for some (any) 6 € (0,7).
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Consider the one-dimensional version of this, so in the ground model V: D, E
are N;—dense subsets of R. It is easy to see that the sets {p : d € dom(p)} and
{p : e € ran(p)} are dense for all d € D and e € E, so in V[G], |JG is an
order-preserving bijection from D onto E. Viewing |JG as a subset of R x R, let
f=c(UG). Then, in V[G] we have f € H(R) and f(D) = E.

Since the definition of Py contains nothing relevant to absolute continuity, this
cannot suffice to prove Theorem 1.9:

Example 2.3 With f as above, neither f nor f=! is absolutely continuous.

Proof. For p € Py\{1}, let d) = min(dom(p)) and d;, = max(dom(p)) and
e) = p(dy)) = min(ran(p)) and e, = p(d,) = max(ran(p)); then, let h, € H(R)
be the natural piecewise linear extension of p obtained by linear interpolation,
giving it a slope of 1 outside of [d), d}]. Let hy(z) = .

Working in V[G] and using standard density arguments, we can chose p, € G
for n € w such that, setting h,, = h,,,: The h,, converge to f uniformly on compact
sets and the h, ' converge to f~! uniformly on compact sets. Let af, = d;, and
b, =e, (i=0,1),s0 h, maps (a),a,) onto (bY),b,).

We may furthermore choose the p, such that for each n: a%,8% < —n and

al, bt > +n, and for all x € (a2, a}) \ dom(p,): either Al (z) < 27"/(a} — al)

or h,(z) > 2" (b, — b2). Then we have (a2, al) \ dom(p,) partitioned into two
open subsets, U,, W,, (each a finite union of intervals), where z € U,, — h,(z) <
27"/(al — a) and x € W,, — Rl (x) > 2" - (b} —1?). Note that u(W,) <27, so
N =, Upsm Wa is a null Gs; but p(h,(Uy,)) < 27", so h,(W,) is “most of”
(89,bL). Using this, we see that u(R\f(N)) = 0, so f is not AC. Likewise, f~!

n»-’n
i

maps a null set onto the complement of a null set, so f~! is not AC. &

We shall eventually modify P§ by adding some side conditions, obtaining a
proof of Theorem 1.9, but we shall conclude this section by proving that P is
cce. This is a straightforward variant of Baumgartner’s argument:

Lemma 2.4 Fiz 0 > /2 and t € w. Assume CH, and assume that:

1 po = {(d2,€2),...,(d7t el-1)} satisfies (P1)(P3)(P4) above for each a <
Ww1.
2. d!, # dé and €', # eé unless o = 3 and i = j.

Then there are a # f such that Z(dy — di,, el — el,) < 0 for all i <t. Hence, P}
is ccc.

Proof. The ccc follows from the rest of the lemma by a standard delta system
argument.
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Now, induct on ¢t. The case t = 0 is trivial, so assume the result for ¢, and
we shall prove it for ¢ + 1; so now p, = {(d°, g) ..., (d' el)}. Permuting and
thinning the sequence if necessary, we may assume that each ht(p,) = ht(el) >
ht(dy,), and that @ < B — ht(ps) < ht(ps). Note that ht(p,) > ht(d;,) and
ht(p,) > ht(el,) for all i < .

Identify each p, with a point in (R")**2 and let K = cl{p, : a < w;} C
(R™)**2. For each o and each y € R™, obtain p,/y € (R")**2 by replacing the
el by y in p,. Let K, = {y € R": p,/y € K}. By CH, fix ¢ such that K € M,.

For a > (: K, is uncountable because K, € My (p,), el € K,, and €., ¢
Mit(pa)- Fix €4 # € in Ko \ {e2,el, ..., e}, Since > 7/2, e :=0 — /2 > 0.
Now, fix disjoint basic open neighborhoods U,V of €,,¢e, respectively so that
L(xy — 1, ®y — y2) < g/2 for all 1,29 € U and all y1,y, € V.

Of course, U,V depend on «, but we may fix an uncountable S C w;\( such
that they have the same values for all « € S. Then, applying induction, fix a #
in S such that Z(dj — di,, el —el,) < 0 for all i <t. Then, fix any z € U and any
y € V. Then either A(dt dt ty—x) < 7r/2 or A(dt d',x—y) <m/2, since the
sum of the two angles is 7. In any case, x,€,, €3 € U and y, €4, €65 € V.

If Z(df —dy —x) < 7T/2, use e, € K, and ez € Kg;

approximate {(dg, ), ..., (d €a)} and {(d%, eﬂ) -, (dh,e5)}

by {(d ). (dhel)} and {(d.cb).....(dh. L))
Fix p,v such that e/, € U and ¢, € V and Z(d, —di,, e, —eu) < fforalli<t
and Z(dy, — d.,, dj — d,) < /2. Then Z(dl, —dj, e}, — e ) < Z(df —djy,y —x) +

A(dy, —d,, dy —di,) + Z(e], —el,,y —x) < 0.

w
If Z(dj— dt ,x—y) < /2, the argument is essentially the same, using ¢, € K,

|
and ep € K3. W -

Proposition 1.7 is false when 6 < 7/2 and n > 2; see Example 6.1. For an
easy counter-example to the lemma in R?, for suitable D, E: For a < wi, let
Pa = {(da, €q)}, where the d, are distinct points on the z-axis and the e, are
distinct points on the y-axis with ht(e,) = ht(d,) + 1. Then {p, : @ < wy} is an
antichain in P¥.

3 On Absolute Continuity

Here, we make some further remarks on absolute continuity and give a proof of
the n =1 case of Theorem 1.9.

Our forcing arguments will obtain “generic” functions as limits of absolutely
continuous functions. But such limits are not in general absolutely continuous; for
example, in R, every continuous function on [0, 1] is a uniform limit of polynomials
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(which are clearly absolutely continuous). We shall prove absolute continuity by
applying Lemma 3.2.

Lemma 3.1 If f; — f pointwise, all f; are measurable functions, U C X is
open, and ,u(fj_l(U)) < e for all j, then u(f~1(U)) <e.

1

Proof. By pointwise convergence, f~'(U) € Uen Njom ). =

Applying this to f~:

Lemma 3.2 Assume that f; € H(X) for all j € w and fj’1 — f71 pointwise,
where f € H(X). Assume also that for all e > 0 there is a § > 0 such that for all
open U and all j, p(U) <6 — p(fj(U)) <e. Then f is absolutely continuous.

When X = R, one way to obtain the hypotheses of this lemma is to bound
uniformly the derivatives of the f;. For general R", we use the Jacobian. We
review here some standard notation:

If f:R" — R" then 0;f (where i < n) denotes the partial derivative of f with
respect to the 7" variable. Then 0;f : R® — R", assuming that this derivative
exists everywhere. As usual, C'(R",R") denotes the set of all f : R® — R™ such
that each 0; f exists everywhere and is continuous.

We shall use J; to denote the Jacobian matriz; so Jy : R" — R", and J ()
is an n x n matrix whose j® column is 9, f(x) (viewed as a column vector). Recall
that if f and f~' are C! bijections, then Jy—1(f(x)) = (Jy(x))™ .

Also, if f is 1-1 and C' on U, then u(f(U)) = [, |det Js(x)|. Thus we
could obtain the hypotheses of Lemma 3.2 if we had a uniform bound to all the
| det Jy,(x)|. However, in our forcing argument, this turns out to be impossible
for the same reason that we cannot get f and f~! to be Lipschitz in Theorem
1.9. We shall get a somewhat weaker condition on the f;; |det Jy, (x)| < 2 will
hold “most of the time”, that is, pu(f;({z : [det Jy,(x)| > 2})) will be finite. We
plan to apply Lemma 3.4 below to each f;. We state it so that it applies both to
C! functions on R™ and to piecewise linear functions on R.

Definition 3.3 For f : R* — R" and { € (0,00), let W/ = {z € R : ¢ <
|det Jp(x)|} and Z] = {z € R" : £ — 1 < | det J;(z)| < £}

Lemma 3.4 Fiz f € H(R"), and assume that f is C* except on some finite
set. Assume also that [, |det Jy(x)|dx < oo. Fize > 0. Then choose k > 2

so that fw,{ |det Jy(x)| dx < €/2. Let 6 = €/(2k). Then for all Borel sets U,
p(U) <6 = p(fU)) <e.
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Proof. Let U = AU B, where A = U\W/ and B = U NW,. Then u(f(A)) <
ku(A) < k6 = /2 and p(f(B)) < u(f(W])) = [y |det Jp(x)|dz < /2, s0

1

p(f(AUB)) <e =

Our generic f will not be differentiable, but it will be a limit of functions f;
to which Lemma 3.4 will apply. To make the lemma apply uniformly, so that
we can use Lemma 3.2, we shall have a uniform bound Y (¢) to each ,u(Zgj), and

apply:

Lemma 3.5 Fiz f € H(R"™), and assume that f is C' except on some finite set.
Then for all k > 2:

5 e U Z]) < u(F(W]) = [fiyr [ det Jp(2)| da <
D sk fZLf |det Jy(z)|da < 324y KM(ZZ)

Proof. The “=" holds by the change-of-variables formula, the second “<” holds
because W = ., Z/, and the third “<” holds because |det J;(x)| < ¢ for all
<A g . For the first “<”: note that each point z is in no more than two different
7], and | det J;(z)| > ¢ — 1 for all z € Z], so that

fwg | det Jy(z)| do = %Zé>kz fz{ | det Jy(z)| do = %Zm(ﬁ - 1):“(2{) ,

and now use 1(£ — 1) > 1/, which holds because £ > k+1 > 3. &

It might seem more elegant to let Z; = {z € R* : £ — 1 < |det J;(z)| < £}.
Then, the Zg would partition W,f , and the é in the lemma could be replaced by
2. But, our forcing arguments (such as the proof of Lemma 3.6) will use the fact

that since [( — 1,/] is closed, if z ¢ Z], then also = ¢ Z? whenever the derivatives
of f, g are sufficiently close to each other.

In the proof of Theorem 1.9, we shall modify the poset P} to force an f that
is BAC. To do this, each forcing condition p will have a side condition T, that
will enable us to apply Lemma 3.4 to f. First, we describe the one-dimensional
case, where det J¢(x) is just f'(x):

Lemma 3.6 Theorem 1.9 holds when n = 1.

Proof. As remarked in Section 2, it is enough to assume CH and construct a ccc
poset and prove that V[G] contains the required f. Let P be the set of all pairs
p = (0,, Tp) such that
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1. o, €Pyand T, € (QN(0,00))<; let m, = dom(Y,).
2. Y {U1,(0): t>3& L <m,} <1

-1

3. Whenever 3 < { < my,: ,u(ZZU”) < Y,(¢) and u(Zf”p) < T,(0).

4. 1/ max(2,m, — 1) < b, () < max(2,m, — 1) for all z ¢ dom(ay,).

In (3), h, is as defined in the proof of Example 2.3. Define ¢ < p iff 0, < 0, and
T, <Y, s0l=(00).

Working in V[G], let f = cl(U{o, : p € G}); f(D) = E because {p : d €
dom(o,)} and {p : e € ran(o,)} are dense whenever d € D and e € E. Let
T =Y, :p € G}; dom(Y) = w because, by (4), the sets {p : m, > {} are
dense. Note that Y ,., ¢T(¢) < 1. We next prove that f is AC (the proof for f=*
is similar): -

First note that for all p € G and all £ > 3, M(Zfdp) < Y(¢): For ¢ < m,, this
is clear by (3), while for £ > m,, Z;(’p =0 by (4).

For ¢ > 0, choose 0 = ¢, as follows: choose k& > 2 so that ), , T({) <
£/2; then let 0 = ¢/(2k). Now, for p = (0,,Y,) € G, if h = h,, and k >
2: fW;? W(x)de < 3,0 0(Z)) < 30,0 €Y (0) by Lemma 3.5. By Lemma 3.4,
p(U) < 9. — p(h(U)) < ¢ for all Borel U.

Next, choose p; € G for j € w such that h,, — f and hol — f~! point-
wise. To do this, choose p; so that dom(c,,) and ran(o,,) both meet the interval
[a277, (a+1)277] for all a € Z N [—2%,2%]. Then, f is AC by Lemma 3.2.

Back in V', we need to prove that P is ccc, so fix p, € P for a@ < wq; we shall
find o # 5 with p, £ pg. WLOG, each p, = (04, Y), with m = dom(Y) > 3. We
may also assume that each |o,| =¢ > 1, and 0, = {(d,, €%) : i < t}. Further, we
may assume that d?, < d% and e!, < eé holds whenever i < j and «, 8 < w;.

A

Now, since Py is cce, fix a #  with o, L 05; we shall get a ¢ = (0, U 0g,T)
such that ¢ < p, and ¢ < psg. So m = dom('f) > mand T D Y. Taking
T = T need not work because then ¢ may fail to be in P because (3) or (4)
could fail. To partly handle (3), we assume that there is some fixed rational

e > 0 such that u(Z)°*) < T(¢) — & and ,u(Z;”‘;l) < T(¢) — € holds for each
a whenever 3 < ¢ < m,, and that > {{T({) : ¢ >3 & { < m} <1—¢, and
that the o, are close enough together that for each «, 3, |d}, — dj| < ¢/(4t) and
lel, — ej| < €/(4t). Furthermore, assume that for each i with i 41 < #, and each
integer £, if the slope (ef! —e!)/(d5t — di) ¢ [¢ — 1,/] holds for some «, then
(et —el)/(d5™ —di) & [ —1,4] holds for all a, 3; and, likewise, for the slope of
the inverse, (di' — d')/(ei! —€!,). This cures the problem with (3) for £ < m.
However, (4) might fail for ¢ because there is no way to bound, below or
above, the slope between pairs of points (di,,e},) and (dj,ej). Let m be the

smallest number > m that makes (4) hold. If /i = m, we are done. Otherwise:
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Let 0 = 0, Uoz. When m < £ < 1, let ¢, = |Cy|, where Cy = C2 U CP and

Cr={i<t: (d;,eg) # (d%,e%) A (efé - e’a)/(dfg - dza) e—1,4}
Cp ={i<t: (d,e) # (dy ep) N (dy—dy)/ (e —e;) € 0= 1,(]} .

Let T(¢) = (cee)/(2t0). Note that CANCE = 0, so no i lies in more than two of the
Cp,50 ), cpemCe < 2t, and hence ), . ¢T({) < e, which gives us (2); that is,
SUT(0) : 0> 3 & ¢ <} < 1. To verify (3) when m < ¢ < 7, note that, using
e — el < o/(4): W(Z") € Tpae I — db] < cq- 2/ (410 = 1)) < - £/(210);

il

to bound p(Z,° "), use C5. &

In the higher dimensional case, we have no natural analog of h,; instead, our
side conditions will include a function chosen from Fjy, defined below. First, a
remark on norms; we use the Pythagorean norm on vectors in R” and the operator
norm on matrices:

Definition 3.7 For 7 € R", let |7] = (3, (v:)*)/?, and when Y is an n x n
matriz, let |Y|| = sup{||Yv] : 7 € S '}.

Definition 3.8 When 0 > 0, let Fy = Fy denote the set of all f such that:

1. f is a bijection from R™ onto R".
2. f and f~! are C'.

8. JIr VT [||Z]| > r — f(Z) =+ 7]
4. tw(f) < 6.

Applying (2)(3),
Lemma 3.9 If f € Fy, then f~' € Fy, and f and f~1 are BAC.

We remark that replacing “bijection” by “injection” in (1) results in an equiv-
alent definition:

Lemma 3.10 Assume that f : R" — R" is 1-1 and continuous and satisfies (3)
above. Then f is a bijection.

Proof. If n = 1, this is obvious by the Intermediate Value Theorem, so assume
that n > 1. Now, assume that (fgé ran(f). Replacing f by & +— f(Z) — d, we may
assume that 0 ¢ ran(f).

Define p(y) = ¥/||7ll, so p is the natural retraction of R"\{0} onto S" .
For ¢t € [0,00), define h; : S™ ' — S by h(v) = p(f(tv)). Then hg is the
constant map @ — p(f(0)). Fix r,¢ as in (3). For t > max(r, ||]), h(7) =
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(C+ t0)/||¢+ tV]| =~ tv/t = U, so h; converges uniformly to the identity map as
t — oo. But then, the identity map on S™ is homotopic to a constant map, which
is impossible. -

Another simple remark:
Lemma 3.11 If f € Fy, then det Jp(Z) > 0 for all 2.

Proof. det J;(Z) # 0 for all ¥ by (2), and det J;(Z) = 1 for large enough & by
(3), so use the fact that R™ is connected. -

Some more notation on norms:

Definition 3.12 For f : R* — R, ||f|| = sup{||f(z)| : = € R"}, and ||J;|| =
sup{[|J¢(z)| : € R"}.

For f,g € Fy, letd(f,g) = max(||f—gl, ||f*=g||). Then, the ball B(f,&) =
{ge Fo:d(f,g) <e}.

Of course || f|| and/or ||J¢|| may be oo, and ||.J¢| is only defined when f is
differentiable. When f, g € Fy, || f|| = oo, but d(f,g) < oo and 1 < || J4|| < oo.

For forcing the f of Theorem 1.9, it will be convenient to use the distance
function d, since it preserves the symmetry between f and f~!:

Definition 3.13 Following the terminology of Definition 2.2, and assuming CH,
let Y be 1 together with the set of all quadruples p = (0, hy, 5, X)) such that:

o, €PY and T, € (QN (0,00))<¥; let m, = dom(Y},).
YA, () >3 &0 <m,} <L1.

hy, € Fo and hy, 2 op,.

», is a positive rational number.

Whenever 3 <€ < m,: ,u(Zé”)) < Y,(¢) and u(ZéI;l) <Y,(0).
1/ max(2,m, — 1) < det J,, () < max(2,m, — 1) for all .

S T o~

Define ¢ < p iff p = 1 or p,q are quadruples with o, 2 o, and T, 2 T, and
», < 2, and B(hy, ;) C B(h,, »,).

So, h, is an approximation to the f that we are constructing, and s, is a
“promise” that this f will satisfy d(f,h,) < s,. There is no natural 1 in this
poset, so we added one artificially, on top of all the “natural” forcing conditions.
Note that (o, h, ', T) < (0, h, 2, T) always holds whenever s < 5. Also, by (6):

Lemma 3.14 {p:m, > (} is dense for each (.
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Also, we note that we can make a “small change” to h, and obtain an extension
of p:

Lemma 3.15 For each p = (o, h,,,T,) € P?, there is a rational ( = G >0
such that for all g € Fy:

If d(g,h) < 5, and g 2 o, and u(S), u(T) < ¢, where S = {z : g(x) #
h(z)} and T = {y : g7*(y) # h='(y)}, then there is a q¢ < p of the form q =
(0,9, 52, Ty).

Proof. Choose ¢ so that: (A) ¢ < T (e) —w(ZP) and ¢ < Y, (0) — w(ZP ) for
all £ < m,, and (B) 7C<1—Z{€Tp() Z3&€<mp}

For ¢ < p: We need s, < s, and B(g, »,) C B(h, ), and these are satisfied
if we just choose 2, < 3¢, — d(g, h).

But we also need Y, D Y, (so m, > m,), and we must be careful to define ¢
to satisty (1 — 6). For (6), choose any m, > max(3,m,) such that 1/(m, — 1) <
det Jy(x) < (my — 1) for all z.

For (5): (A) implies that (5) (for ¢ < m,) continues to hold with g replacing
h. If my, = m,, we are now done, so assume that m, > m,. Also, assume that
my > 4, since otherwise (5) and (2) are vacuous.

To ensure (5) when max(3,m,) < ¢ < mg,: choose rational Y,(¢) such that
w(Zy)) + M(Zfl) < Y, (0) < w(Z]) + ,u(Zfil) + ¢/m,. But now for (2): We've
added > {¢Y,(¢) : max(3,m,) < ¢ < m,} to the Y in (2). This amount is
bounded above by ¢ (from the {/m, terms) plus

S 1(Z8) + (28 ) < 3lulg(WE)) + (g™ (W )] < 3[u(T) + u(S)] < 6¢,

where k£ = max(3,m,) — 1 (see Lemma 3.5), so we are done by (B).

To verify the second “<” above, use g(W?) C T and g‘l(W,ffl) Cc S. To
verify g(W7) C T, fix x € W{. Then det Jy(z) > max(3,m,) — 1. But also
det Jy,(z) < max(2,m, — 1), so J,(z) # Ju(x), and hence = € cl(S) so g(z) €
cl(g(9)); but g(S) = h(S) =T because g and h are bijections. -

We now need the following two lemmas, whose proofs are a bit more complex
than the corresponding results used in the proof of Lemma 3.6:

Lemma 3.16 Ford € D and & € E, both sets {p : d € dom(c,)} and {p : € €
ran(o,)} are dense in PY.

Lemma 3.17 P is ccc whenever 6 > /2.
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These lemmas will be proved in Sections 4 and 5, after we prove some more
facts about twists and Jacobians.

Proof of Theorem 1.9. Asin the proof of Lemma 3.6, it is enough to assume
CH, construct P? (which is ccc by Lemma 3.17), and show that V|[G] contains the
required f. We again have f = cl(|U{o, : p € G}) and T = [J{Y, : p € G}. Since
f and f~! are uniform limits of continuous bijections, f is a continuous bijection
of R™ onto R™. tw(f) < 6 by Lemma 1.6. Also, f(D) = E by Lemma 3.16, and

.. . . |
absolute continuity for f and f~! is proved as in Lemma 3.6. -

4 Twists and Jacobians

Definition 4.1 p = (0, h, 5, T) € PY is nice iff for all (d,e) € o, h(x) = x+e—d
holds in some neighborhood of d.

Lemma 4.2 The set of all nice p is dense in P?.

This will be used in the proof of ccc (Lemma 3.17). That proof will use the
same basic idea as the ccc proof from Lemma 3.6, which relied on establishing
“o00 £ 03 = Do L pg”. In the proof of Lemma 3.17, we can now say WLOG that
all the p, are nice. The fact that h, and hg are just translations near the various
(d,e) € 0, Uog will aid in the proof of p, £ pg.

We shall prove Lemma 4.2 later in this section, after some preliminaries.

Because we are using the operator norm on the Jacobian, there is a Lipschitz
condition in terms of ||J¢|| when ||.J¢|| < oo:

Lemma 4.3 If f € CYR",R") then || f(c) — f(a)|| < ||Jfll e — all for all ¢,a €
R™.

Proof. Let b = ¢ —a. [[f(c) — f(a)|l is no more than the length of the path
from f(a) to f(c) defined by t — f(a + tb) for t € [0,1]. This length equals

1 1 1 1L
Jo lgfla+t)ldt =[5 1Ts(a+tb) bl dt < [ [T ][[[b]l dt = [T [[b]]. =
Using J¢, we can compute a “local twist”:
Definition 4.4 IfY is a non-singular matriz, let

twist(Y) = {£(7,Y?) : 7€ S" 1} = {L(7,Y7) : ¥ € R"\{0}} .

Then, let tw(Y) = sup(twist(Y)) € [0, 7.
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Observe that for f € Fp, tw(J;(Z)) < 0 for all Z. Also, note that twist(Y) =
twist(Y™1). Also, if f is the function ¥ +— Y@, then twist(Y) = twist(f) and
tw(Y) = tw(f) .

Next, a remark on elementary geometry. Let ¥ be the center of the Earth and
Z a point on its surface, and let w be the center of the Moon and ¢ a point on its
surface. Then the lines o1 and @ point in “almost” the same direction, and the
following lemma gives a crude upper bound to the angle between them:

Lemma 4.5 In R™: say ||[W — ¥]| = T (the distance), and ||Z — ¥]| = r and
| — || = s (the two radii), and assume that T > r+s. Let f = Z(W—U,§—T).
Then B < 7w(r+s)/(2T).

Proof. g = Z(w — v, (§+ U — &) —v). Consider AABC, where A, B,C are the
points ¢ + v — T, ¥, w, respectively. Let a,b be the lengths of the sides opposite
A, B respectively, and let a be the angle at A; 3 is the angle at B. Note that
b=|lg+7—-2Z—d|<r+s<T=a.

By the “law of sines”, b/sin(f) = a/sin(«), so sin(f8) = (b/a)sin(a) < b/a.
Also, f < m/2 because b < a, and 0 < t < 7/2 — sin(t) > (2/7)t, so f <
(/2) (bfa) < (7/2) ((r + 5)/a).

In many (but not all) of our applications, one of r, s will be 0. We remark
that a precise upper bound is 5 < arcsin((r +s)/T"), but the one in the lemma is
simpler and will suffice in all our arguments.

We shall eventually prove the following, which is the “pure Fy” analog of
Lemma 4.2.

Lemma 4.6 Assume that f € Fy and f(d) = e and € > 0. Then there ezists a
g € Fy such that d(f,g) < e, and g(d) = e, and g(x) = f(z) whenever [|[x—d|| > ¢
or ||f(z) —el| > ¢, and g(x) = x — d + e holds in some neighborhood of d.

So, g is close to f, but equals a simple translation near d. A rough idea of the
proof: By translating the domain and range, we may assume that d = e = 0; then
we need to get g(x) = x for x near 0. We first modify f slightly to get a function
h such that h(z) = Az near 0, where A = J;(0). We then get g by “morphing”
A to I near 0. This “morphing” requires some further discussion of matrices:

Definition 4.7 Forn > 1, M"™ denotes the space of all n x n real matrices; this
has the topology of R™. Then, for § > 0, define Ny ={A e M":detA >
0 & tw(A) < 6}.

Some easy closure properties:
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Lemma 4.8 A € N &+ At € NJ' & cA € N +» O7PAO € N whenever
c> 0 and O is an orthogonal matriz.

N is clearly open in M™, and I € Nj}'. But:
Question 4.9 Is N connected when 0 < 6 < w?

The answer is trivially “yes” for n = 1. It is also “yes” for n = 2, as can
be proved by direct computation, using Lemma 4.8 to simplify the form of the
matrix. The following observation makes this question irrelevant for our work
here:

Lemma 4.10 If f € Fp and d € R" and A = J¢(a), then A € N and there is
a C™ path T : [0,1] — N such that T'(0) = I and I'(1) = A.

Proof. To get a continuous T', fix r, & as in (3) of Definition 3.8, and then fix d
with ||d|| > 7. Then let I'(t) = J¢(td+ (1 —t)d). Then, observe that (just because

N} is open in M™), whenever A, B lie in the same connected component of Ny,

they are connected by a C* path lying in N} -

The following lemma expresses the basic matrix morphing:

Lemma 4.11 Assume that h(v) = A(||V||)U, where A : [0,00) — M"™ and for
each r € [0,00), A(r) is non-singular and tw(A(r)) < 6. Assume that M =
sup{||[A(r)7Y| : 7 € [0,00)} < c0. Fize € (0,7/2) and assume that:

|A((1+ o)r) — A(r)|| < (eo)/(mM) (Vo,r > 0) . (%)
Then h is 1-1 and tw(h) < 0 + €/2. Furthermore,
[h (V1) — h(Wo) || = (|77 — Toll/(2M) (1)
for all vy, v7.

Proof. First, we establish (f), which implies that h is 1-1. Let A; = A(%;) for
1 =0,1. Observe:

1AL (@) = To)l| = 1o = ol /1AL ] = (|52 — wol /M (1)

Since 1 is clear from (1) when ||7,| = ||to|| or @% = 0, we may assume that
|to]| = r and ||| = (1 + o)r, where o, > 0. Then (}) follows using (2)(1)(3):

[A (1) — h(to)|| = [[A10h — Agtio| = (AL (T — To) + (A1 — Ag) ]| (2)
[(Ar — Ao)tio|| < (eor)/(mM) < ||oh — Volle/ (7 M) < ||ty — Tol|/(2M)  (3)
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For tw(h) < 6 + ¢/2, we must show that Z(0; — Uy, h(0;) — h(th)) < 0 +¢/2
whenever U # v. This is clear if ||t || = ||ti|| or if one of ¥y, ¥y is 0, so we may
assume that vy, U1, Ag, A1, r, 0 are as above, and we must show that

4(171 — 170,141171 — A()U()) <0+ 5/2

Now, using tw(A(r)) < 6, we know that Z(v) — ¥y, A10; — A17p) < 6, so we now
use Lemma 4.5 to show that

6 = 4(141171 - Alﬁo, Alﬁl - Aoﬁo) S 6/2 .

The “distance” is T = ||A10, — A10o|| > ||0h — ©o||/M > or/M, using (1), and
the two “radii” are 0 and ||A;0y — Aoto|| < r - (e0)/(mM) by (%), so that 5 <
71 (20)/(nM) + 200 /M = /2. W

We shall obtain the A(r) using a path in A}, with the aid of the following:

Lemma 4.12 Given P,Q,( > 0, with P < Qe 'Y<, there is a non-decreasing
C® function ¢ : R — [0,1] such that p(x) = 0 whenever x < P, and p(z) = 1
whenever © > Q, and ¢((1+ o)) — ¢(z) < (o whenever o,z > 0.

Proof. Fix P',Q', (' such that P < P' < Q' = e/“'P' < Q and 0 < ¢’ < ¢. Now,
let () be 0 when z < P’, 1 when x > ', and ('log(z/P’") when P’ <z < @Q'.
Then ¥((1 + o)x) — (x) < ('oc whenever o,z > 0, but ¢ does not satisfy the
lemma because, although it is continuous, it is not C*.

To obtain a C*° function, fix a > 0 such that a < Q — Q" and a < P' — P
and a < (( —(')P/(1+ (), and convolve ¢ with a smooth function supported on
[—a,al. Let § : R — [0,1] be a C* function such that 6(¢f) = 0 whenever [t| > a
and 6(t) = 6(—t) for all ¢ and [ 6(¢)dt = 1. Then let

o(z) = /00 d(t)(x —t)dt = /00 Oz —u)p(u)du .

Then ¢ satisfies everything required except possibly for ¢((1 4 0)z) — p(z) < (o
whenever o,z > 0. Rewrite this as the equivalent

O<z<y — oy —p@) <d(y—z)/z . (*)

This is clear when y < P (since then ¢(y) — ¢(z) = 0), so assume always that
y > P. Also, () is clear when ((y—x)/xz > 1, which is equivalent to (y > (1+()z.
Using y > P, we may assume now also that (P < (1 + {)z. This implies that
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x — a > 0 (using our third assumption on a), which justifies the following, using

O<u<v—=9w) -y <v-—u)/u
— [ sty -0—ve-ta<¢ [ s0ly-o/-old .

This will give us () if we know that

vt € [—a,a] ((I(y—2)/(x—t)] <((y—a)/z) . ()

But (1) is equivalent to ¢//¢ < min{(z —t)/z : t € [—a,a]}, and this min is just
1—a/z, so we shall have () if a/x < 1—-"/¢ = ({—(")/C. Since we are assuming
that x > (P/(1 + C) we just need a < (¢ — ¢')P/(1 + (), which was our third

assumption on a. !’

Lemma 4.13 Lemma 4.6 holds in the special case that d=¢e=0 and f(#) = Az
in some neighborhood of 0.

Proof. Fix 6 € (0,6) such that f F4; make sure that 0 — 0 < 7/2. Then,
applying Lemma 4.10, let I' : [0,1] — N2 be a C° path in N with I'(0) = I
and T'(1) = A. Note that a smooth path is also Lipschitz, so fix K > 0 such
that ||I'(to) — T'(t1)|| < K|ty — t1] for all to,t; € [0,1]. Also fix R > 0 such
that f(U) = AT whenever [|0]| < R. Let M = sup{||(T(¢))7*| : t € [0,1]}. Let

= inf{[|f(0)| : ||U]| > R}. Let J = sup{||l'(¢)]| : ¢t € [0,1]}; note that J > 1.
Then choose @, ¢ satisfying:

0<¢<(0—0)/(nMK) <1/2KM).
0<@Q<R

L0 <7JQ/(C —||AIIQ) < (6 - 9).
- JQ <e/2and VE[||Z] < Q@ = [IF(@)]] < e/2].

Fix P € (0,Qe™%¢), and then fix ¢ as in Lemma 4.12. Let A(r) = I'(¢(r)).
Then A(r) =1 for r < P and A(r) = A for r > Q. Define h(v) = A(||v]|)v. By
Lemma 4.11, tw(h) < 6 and h is 1-1 if we can show:

o

/o T

N1+ o) - Tl < S Do o> 0)

But this follows from (a) above, using ¢((1+ o)r) — ¢(r) < (o and our Lipschitz
constant K, which implies that [|[I'(¢((1 4+ o)r)) — I'(p(r))| < (Ko.

Note that h(¥) = f(¥) whenever @ < ¥ < R. Let g(¥) be h(¥) when ||¢]] < R
and f(0) when ||v]] > Q.
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To show that g is 1-1: fix vy, v; with vy # v1; we must show that g(vg) # g(v1).
Let r; = ||0i]|]. We may assume that ro < r1. But also, g(vy) # g(v1) is clear
whenever g[{¥, 01} equals either f[{0y, 1} or h[{¥y, U1}, so we may assume that
ro < @ and r1 > R. Then |[lg(vo)|| = [[A(ro)vol| < JQ and [[g(v1)[| = [|f(v1)l| =
C, s0 g(vy) # g(v1) because JQ < C by (c).

To prove that tw(g) < 6, fix vg, vy, 79,71 as above with vy # vy; we must show
that that Z(0, — ¥, (1) — g(%h)) < 0. By the same reasoning, we may assume
that rg < @ and v > R.

Now, we have (@ — @, f(#h) — f(@)) < 6, and shall use Lemma 4.5 to
conclude that Z(v, — i, g(v1) — g(¥h)) by verifying that

~

B = Z(f(Wh) — f(¥h), (1) — g(tp)) <0 -6 .

Note that g(v7) = f(¢}), while g(v) = h(th) = A(ro)vy and f(vh) = Avhh. Then
the “distance” is T' = || f(v1) — f(¥p)]| = C — ||A||Q, and the two “radii” are
1F() = g(@)] = 0 and [|f(t) — g(@)ll = [I(A = A(ro))to]| < 2J@Q, so 5 <
7-2JQ+2(C— |A|Q) <68 by (c).

To prove that ¢(Z) = f(Z) whenever ||Z]| > ¢ or ||f(Z)|| > e: For ||Z]| > ¢,
just use Q < ¢, by (d). For || f(Z)]| > €, use (d), which implies that ||f(Z)| >
e = |17 2 Q — g(7) = f(2).

To prove that ||g — f|| < &, use (d) to show that ||Z|| < @ implies that
lg(@) - £(@)]l < lg@|| + @Il < JQ+ @) < e/2+2/2

To prove that [|[g7! — f7!| < &1 We want f(Z) = g(2) — ||T— 2] < e.
Since f, g are both 1-1, this is trivial unless f(Z) # ¢(Z) and f(Z) # ¢g(2). Then
I1Z]1, [|12]] < @, so apply the fact that @ < /2.

Finally, we must prove that ¢g=! is C'. Since f~!is C%, it is sufficient to
prove that h~! is C'. Since h is a C! bijection, it is sufficient to prove that .J} is

everywhere non-singular, which follows if we show that h~! is Lipschitz; but this
is clear from Lemma 4.11.

Next, we need to show that every function in Fy is close to some f € Fy such
that f(¥) = AZ in some neighborhood of 0. We first show that every “small
modification” of a function in Fy also lies in Fy.

Lemma 4.14 Fiz f € Fy, and fiz 0 € (tw(f),0) with 0 —0 < /2. Let g : R* —
R" be a C* function such that Ir VZ [||Z]| > r — g(Z) = 0]. Assume also

=1|l\9

|g(Th) = g(to)|| < —=(0 — 9)||f( 1) — f(@0)]] (Vo 7h € R™) . (O

Then f + g € Fp. Furthermore, d(f, f + g) < ||g| - || Js-1]].
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Proof. Let h = f+g. It is clear that & is C* and 1-1 and satisfies (3) of Definition
3.8. It follows from Lemma 3.10 that & is a bijection. It is easy to see from ( ]
that J,(Z) must be non-singular, so that ! is also C.

To prove that tw(h) < 6, we must show that Z(0; — Uy, h(0)) — h())) < 6.
whenever 7y # #. Now Z (0 — ¥y, f(#1) — f(@)) < 6, so we apply Lemma 4.5 to
show that .

B = L(f(v1) = f(¥), h(vh) — M(1p)) <0 -0 .
Here, h = f + g, so 8 = Z(f(vh) — f(0), f(01) — [f(¥0) + 9(%h) — g(@1)]). Then
the “distance” is T' = || (1) — f(t)|| and the two radii are 0 and | g(v7) — g(%)|],
so <7 lg(@h) = g(@o)|l = 2I[f(01) — f(¥0)]| <0 — 6, using ()]

Regarding d(f, f + g) and referring to Definition 3.12: It is obvious that
If = (f + 9l = llgh < lgll - 7=, but to bound [[f= — (f + g)7"||: say
f7HY) = Z and (f + )7 (y) = 2. Then f(Z) = § = f(Z) + g(%). Now

lgll = (17 (2) = (f(2) + gDl = [1£(2) = F@ = |7 = 2/ Tl

1

so (|7 =2l < llgll - 1Ty || =&

Lemma 4.15 Fiz f € Fp, and assume that f(0) = 0. Let A = J;(0). Fiz any
e > 0. Then there exists an h € Fy such that d(f,h) < e, and h(0) = 0, and
hZ) = f(Z) whenever |Z|| > ¢ or || f(Z)|| > €, and h(Z¥) = AZ holds in some
neighborhood of 0.

Proof. Fix 0 € (tw(f),0), with 6§ — 0 < 7/2. h will be f + g, where ( CJ_1
of Lemma 4.14 holds. Let L = |Jy-1||; so L > 1. Then, applying Lemma
4.3, Hfil(y_)l) — fﬁl(y_)o)H < LH?jo — gl“ holds for all g)an_)th;fl‘ Shrlnklng e if
necessary, we may assume that e < 2(6 — ) /; then ( Lkl follow from:

lg(vh) — g(@o)|| < (e/L)||vy — vl (Vo0 € R™) . (O

Also, d(f,h) < |lg||L by Lemma 4.14, and we shall in fact get ||g|| < &/L.
Choose P,Q, R,( with 0 < P < @ < R and ¢ > 0, and choose ¢ : R — [0, 1]
to satisfy:

a. ( <e/(2L).

b. R <¢/2;and ||AZ — f(Z)|| < e/L and ||J;(Z) — A|| < ¢ whenever ||Z]| < R.
c. @ < R/2, and ||AZ|| + || f(@)|| < (¢/L)(R/2) whenever ||Z]| < Q.

d. ¢ is C* and non-increasing, and ¢ (t) = 1 for all ¢ < P, and v¥(t) = 0 for

all t > @, and ¥(t) — ¥((1 + 0)t) < (o whenever o,t > 0.
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There are such P, as in (d) by Lemma 4.12. Note that ¢ < 1 and (,R < 1/2
and @ < 1/4. Let g(Z) = ¢(||Z])(AZ — f(Z)). Then ||g|| < e/L by (b). We
need g(Z) = 0 (and hence h(Z) = f(Z)) whenever ||Z|| > € or || f(Z)|| > . When
|IZ|| > €, use @ < R < e. When ||f(Z)|| > &, note that ||Z|| > @ because
17| < Q@ — || f(Z)]| < e by (c). Now, we are done if we verify ( O]

Let r; = ||¥;||. We may assume that 7o < r;. We may also assume that ro < @,
since otherwise ( Ok trivial.

If 11 > R, then g(7,) = 0 and ||y — ]| > (R — Q), so it is sufficient to verify

lg(@)l| < (¢/L)(R—-Q)

which follows from (c) above.
From now on, assume that r; < R. Define (v, ;) by:

W(0o, 0h) = f(th) — f(to) — A(th — To) = k(th) — k(th) ; k(0) = f(V) — AT .

Note that Jk(U) = Jf(ﬁ)—A Then, ’|U7(170,171)|| S C||171—170|| when ||171||, ||170|| S .R7
to see this, use (b) above and Lemma 4.3. Let r = r¢ and 7 = ((1 + o)r). Now,
using r < @ along with (d) and or =r; —rg < |7 — ]|

lg(wh) — ( )H

[ (r) [A(@) = o) = F(01) + f(@0)] + ((r1) = (ro))(Ado — f(0))]| <

Hw(vo,vl)H + (1 +0)r) —o(r)] - [[w(@, 0)]| <

(It = ol + Co-¢Q < (¢ +Q/m)|Th — ol -

So, we are done because (¢ + ?Q/r) < (1+()-¢/(2L) <e¢/L. *® -*®
Proof of Lemma 4.6. First, replacmg f by T f(Z+ d) — ¢, it is sufficient

to prove the lemma in the case that d=¢é=0. Then, using Lemma 4.15 (to get

h) followed by Lemma 4.13 (to get g from h) yields everything required except

that we’ll have d(f, g) < 2¢; so, apply these two lemmas with /2 replacing e. -

Proof of Lemma 3.16. We show that W := {p : d € dom(0,)} is dense. Fix
p=(0,h,5Y) € P with d ¢ dom(c); we shall find a ¢ = (0gs hgy 74, Tg) < p
with ¢ € W. Fix ( € w such that & := ht(d)+£ # ht(Z) for all Z € dom(o)Uran(o).
Let B, = {€' € E : ht(e) = &}.

Let @ = h(d). Fix 6 € (tw(h),6), with § — 0 < 7/2. Let M = ||J,|| and
L =||Jy-1||; 0 M,L > 1. Fix Q, P,1, ¢, €, d so that:
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a. Q <min{||d—d| : d € dom(c)} and u(B(0, MQ)) < ¢, (see Lemma 3.15).

b. 0 < P <@Qand®y : R — [0,1]is a C* non-increasing function, and ¢(t) = 1
for all t < P, and ¢(t) =0 for all t > Q.

c. 0<e<2(0—0)/(xL||¢'|), and & < s5,/L.

d. €=c+de E;and ||d]| <e.

Let hq((f+ 7) = h(d + 0) + ¢ (||7])a; h, D o by (a). Let 0, =0, U {(d,&)}. Then
hy D 04 D 0. Now apply Lemma 4.14, with f = h and g(d+v) = v (]|¢]|)@. This
yields h, € Fy and d(h, h,) < L||g|]| < L||@|| < Le (using (d)).

But to see that Lemma 4.14 applies here, we need to verify ( [} dhat is,
lg(d + @) = g(d + W)l < (206 = 0)/m) [|h(d + vy) — h(d + Do)l Let ri = [[a];
we may assume that ro < 7. Then ||g(d+ ) — g(d+ )| < ¢|[¢'||(r1 — 70) and
||h(d+ 171) - h(d—f- 170)“ Z HUI - 170||/L Z (7’1 - To)/L, SO ( Eﬁﬁblds by (C)

We obtain s, and T, by using Lemma 3.15. This lemma requires both
d(h,h,) < 2, (which holds by (c)) and u(S),u(7") < (,. For this second in-
equality, apply (a) and note that S C B(d, Q) and T C h(S) C B(¢, MQ).

Observe that o, € P¢: (P2) holds because o, C h,, and (P3)(P4) hold by (d)

and our choice of . -

Proof of Lemma 4.2. If p € PY and m = |o,|, then we use Lemma 4.6 m
times to construct p = qo > q1 > g2+ -+ > @m, where g, is nice. All ¢; have the
same o, = 0p, but hy, will be a translation in some neighborhood of ¢ many of
the ((1_25) € o0,. Given ¢;, we use Lemma 4.6 to construct h
that Lemma 4.6 lets us ensure that h

g1 from hg. Note

and h,, are close enough to be able to
(L

qit+1
use Lemma 3.15 to build an appropriate s, and T, .

The following consequence of Lemma 4.14 will be useful:

Lemma 4.16 Fiz 0 € (0,7). To each f € Fy, one can assign positive rationals
er and oy and My such that:

Whenever f,g € Fy with 0y =0y =0 and ey = e, =¢ and My = My, = M: If
| f—gll <eand|J;—J,| <0 then (f+g)/2 € Fy. Furthermore, d(f, (f+g)/2) <
lg = 1 1T 11/2-

Proof. Choose My > ||Js-1]|; then M; > 1. Choose e; < (0 — tw(f))/m. Then
er <1, and f € Fy, where 6 — 6 > ney. Choose dy < 4ey/M;.

Now use Lemma 4.14. Let h = (¢ — f)/2, so (f +¢)/2 = f + h. Then (O
requires |[h(v) — h(%)| < 2(6 — 0| f(@) — f(¥)]|, which will be satisfied if we
have ||h(01) — h(v)| < 2e||f(01) — f(Wo)[- Now [[Jull = [|Jy = Jgll/2 < 6/2 so
[h(Th) = h(Wo)|| < [lor = woll - 6/2, while [[f(th) — f(0)l| = [[v1 — vol| /M, so we
are done because /2 < 2e/M. -*®
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5 Proof of ccc

Our proof imitates the ccc proof in Lemma 3.6. We start with p, for a < w; and
prove that two of them are compatible. By Lemma 4.2, we may assume that all
the p, are nice. We now apply some preliminary thinning. Since there are only
Ry possibilities for sz, and T,, we may assume that each p, = (aa, he, s, T). We
may assume that |o,| =t for all o, so g, = {(d2,€2),...,(d5t e1)}. We may
also assume that there is a fixed 0 € (7/2,0) such that all Do € ]P’a.

By niceness, WLOG there is a fixed > 0 such that each h, is a translation
on each B(d,r); so ho(x) = x + €', — d’, whenever ||z — d'|| < r; hence also
h'(y) =y + di, — €', whenever ||y — ¢ || < r. We choose our r small enough so
that also ||d, — & || > r and ||e!, — €/ || > r whenever i # j. WLOG, the o,
are close to some common condensation point {(d°€°),..., (d"™ =1}, so that
|di, —d'|| < r and ||e}, — €'|| < r, and hence also ||d’ — d’|| > r and ||e’ —€’|| > r
whenever ¢ # 7.

Also, WLOG (by Lemma 4.16), all (h, + hg)/2 € F;. After a bit more
thmnlng, we apply Lemma 2.4 to fix a # 3 such that o, and og are compatible
in 730 Then ¢ := o, U op € PO We now construct a ¢ € P? with ¢ < Pa and
q < ps. Let 0, = 0. Let h = (ha+hg)/2. Although h € F;, we cannot let hy=h
because h need not extend o; but it is “close enough” to ¢ that we may vary it
slightly to obtain our h, D o with h, € Fy. Finally, we make sure that our r was
chosen to be small enough that the argument of Lemma 3.15 can be applied to
choose sz, and T,.

The hardest part of the argument is modifying h to obtain hg. We shall have
hy(x) = h(z) unless z is near some d’, ,dj3. More specifically, let d' = (di, + d 5)/2
and &' = (e, + €})/2. Using ||d}, — deH << r, we have

h(z) = (x+e, —d\+a+es—dy)/2=a+¢ —d

when ||z — d5| < 7/2, and likewise A~} (y) = y + d’ — ¢ when ||y — eBH <r/2. In
particular, h(d') = é'. Then we shall have h,(z) = h(z) unless ||z — d*|| < r/2 for
some i, so the changes are only within the various B(d’,r/2). We need to make
sure that we can make these changes without bringing tw(h,) above 6. Using
|d" — d7|| > r, the changes to h inside the various B(d’,r/2) will not interfere
with each other.

Focusing on one i: if di, = df, then let hy] B(di,r/2) = h|B(d',r/2). Now,
assume that d, # dj and hence el, # ¢ we need to get hy(d,) = e, and
hq(dy) = ej. Since h(d’) = ¢', we can temporarily change coordinates in the

domain and range and assume that d' = & = 0, so that now h( ) = x for
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x € B(0,7/2). Then, let d = d!, and e = €, so dj = —d and €} = —e, and we
need to get h,(d) = e and hy(—d) = —e. WLOG K := ||e||/||d|| > 1; otherwise,
we can interchange d with e and h with h~* in the argument. We remark that
there is no a priori upper bound to K in this argument.

In changing h to h, within B(0,r/2) we have two tasks: ezpand and rotate:
That is, we must rotate d by angle Z(d,e) so that it points in direction e; note
that Z(d,e) = Z(d, — dj, €, — e) < tw(o) < 0. At the same time, we must
expand d by a factor of K so that it has length ||e]|.

The following lemma involves a pure rotation, without expansion:

Lemma 5.1 Given 7/2 < 0<0<mand0<ry<r with r/ro > 65/(9*93, and
given d, & with 0 < ||d|| = ||e]| < ro and £(d, &) < 6:

There is an f € Fy such that f(d) = & and f(Z) = A(||Z|)) T for all 7,
where A : R — SO(n) is a C* function, with A(r) = I whenever r > 1, and
A(r) = A(0) whenever r < ry.

Proof. Let o = A(CZ €) < 0. We may assume that our coordinates are chosen so
that d_: € are in the x1, o plane, with € obtained by rotating by o in the positive
direction. Then A(r) = Ry, where R, is just rotation by angle « in the x1, x5
plane, and ¥ € C*(R, [0, g]) is a non-increasing function with ¥ (r) = o when
r < 1o and ¥(r) = 0 when r > r1. Then we are done if we show that we can
choose 9 so that f € Fp.

Let ( = %(0 — é)/g Let ¢ = g1, where 15y € C*(R, [0, 1]) is chosen so that
Yo(r) — ¥o((1 + o)r) < (o whenever o, > 0. This is possible by Lemma 4.12
because 71/rg > €'/, Now 9(r) — ((1 +o)r) < 2(0 — 0)o whenever o, > 0.

To prove that tw(f) < 0, we fix ¥y # 71, with g; = f(;), and show that
V= LT = To, G — Go) < 0+ (0 —0). T ||| = [|Z1] or [[Zo]| = 0 then v <,
so we may assume that 0 < r = ||Zo|| < (14 o)r = ||Z1||. Then gy = Rym)Zo
and gjl = R¢((1+(7),«)f1. Let yo = R¢( 140 ,«)fo Then Z(_‘l — fo,?jl — gz)k) =
(1 +0)r) < 0. Also, ||Gh — 55|l = or and [|5h — G5l < r[e((1 + o)r) — (r)], so
50 — g5l /Nl — w5l < 2(0 — 0). Then we use Lemma 4.5 to conclude that

Bi= L — o ih —G0) <00,
and hence that v < o+ (0 — ). Here, the “distance” is T = ||y1 — Y| =0
and the two radii are 0 and ||go — 75| < r[v(r) — (1 +o)r)] < r[2(6 — 0)], s
B<r-r[2(0—0)o] +2r=60—0. W
We next consider the twist of a pure expansion, without rotation:

Lemma 5.2 Assume that f(Z) = v(||Z])@, where v : [0,00) — [0,00) and the
map r — v(r)r is strictly increasing. Then tw(f) < 7/2.
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Proof. We prove that v := Z(&; — &y, v(||71])71 — v(||Zo||)Z0) < 7/2 whenever
Ty # ¥1. Since v = 0 when ||Zy|| = ||Z1|| or ||| = 0, so we may assume that 0 <
r = ||l < s=||Z1]|. Now, we may work entirely in the plane of &y, 1, which we
identify with C, and we may assume that 7 is on the positive z-axis. We can now
write ) = re®® and 7 = s. Then v(||Z;|)To = e and v(||#]|)# = s', where
r < s and hence 1’ < §'. Then v = Z(s —re®, s — r'e®) = /(1 — ue®, 1 — ve®d) |
where u = r/s < 1 and v = /s’ < 1. Then v < 7/2 because both 1 — ue®

and 1 —ve® lie in the same quadrant: namely quadrant I if § € (7, 27) and IV if
1L

d€(0,m). Ifd=0o0rd=m, theny=0. &

Putting these two lemmas together:

Lemma 5.3 Given 7/2 < 0 < 6 < 7 and [ € Fy and 0 < ro < 14 with

rafro > /0027 /(6 — 6)] and f(Z) = Z whenever ||Z|| < 74, and given d, & with
cither d=&=0 or 0 < ||d||, |e]| < ro and £(d, &) < 8:

There is a g € Fy such that g(d) = & and g(Z) = f(&) whenever ||Z|| > r4,
and g(Z) = v(||Z|)A(]|Z]]) & whenever ||Z|| < 1y, where A : R — SO(n) and v :
[0,00) — [0,00) are C™ functions, and the map r +— v(r)r is strictly increasing.

Proof. If d = &= ( then we can let ¢ = f. Then WLOG, 0 < ||d|| < ||€]| < ro,
since if ||é]] < ||d||, we can interchange ||d]|,||€] and use the proof below to
construct f~1. Let K = ||é]|/||d]| € [1, o).

Choose ry,re,r3 with 719 < r1 < 19 < r3 < 14 and ri/rg > e5/0-0) and
ro/r1 > 2 and ry/rs > /(0 — 0). Define s; = r;/K fori = 0,1,2.

Choose v so that v(r) = K for r < sy and v(r) = 1 for r > r3. We can make
r +— v(r)r strictly increasing and with positive slope because K - sy =19 < 1-73.

As in the proof of Lemma 5.1, let A(r) = Ry, where R, is rotation by angle
a, and 1 € C*(R, 0, g]), where ¢ = A(J,e“') < . Again, ¢ is a non-increasing
function; but now (r) = ¢ when r < sy and ¥(r) = 0 when r > s, and
Y(r) —((1+o)r) < 2(0 - 0)o whenever o, > 0. There is such a ¢ by Lemma
4.12 because s1 /sy = r1/ro > e/ (200,

This defines g. To prove that g € Fy, we fix Zy # &1, with ¢; = ¢(Z;), and
show that v := Z(Z1 — &, 11 — 9o) < 0. We may assume that ||Zo|| < ||71]|, and
we consider the various cases for the values of ||Zy||, | Z1]]:

If ||| > ry and ||Zo|| > 75, then v < 6 because tw(f) < 0 and each §; =
9(T;) = f(T). .

If ||Z1]| > 74 and ||Zo]] < r3: Then ||g1|| > rq and ||%o|| < r3. Also, Z(Z; — 0,
71— 0) = £(7 — 0, (1) — f(0)) < 0 because tw(f) < 6. We shall show that

— ~

L7 — 0,7 — ) < (0—0)/2 and Z(ii — 0,510 — i) < (0 —0)/2 .
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Applying Lemma 4.5, the “distance” T is either ||Z, — 0| or ||y — 0|, so T > 74,
and the two radii are 0 and one of ||Zy||,||7o||, so each of the two angles is bounded
by 7 - 15 + 2y < (0 — 0)/2 because r3/ry < (0 — 0) /7.

In the remaining cases, ||Zo| < ||71]| < ra.

If 0 < ||| < [|Z1]| < s2, then vy < 0, as in the proof of Lemma 5.1.

If 51 < || @] < ||Z1]| < ra, then v < 7/2 < 6 by Lemma 5.2.

All that remains is the case that 0 < ||Zy|| < s1 and s < ||71]] < 740 Then
Z(fl—(_)‘, gl—ﬁ) = 0. AlSO, é(fl—(_)‘, fl—fo) S (7'('/2)(81/82) and 4(@1-6, gl—ﬁ) S
(m/2)(r1/r2), s0 v < 7/2 because sy/s1 = ro/T1 > 2.

Note that our argument requires no lower bound to r3/79; we just need ry < 73.
If ro & r3 then || Jp-1(9)|| > 1 for some ¢ with 7, < ||¢/]| < 73, but our proof does

not maintain any upper bound on ||J¢|| and ||.J;-1|| anyway. -*®

Before we choose sz, and T,, we need some more preliminaries:

Definition 5.4 For f,g € Fy, let
A(f,g) = max(|[f — gll. 5 = Joll. 1 f 7" = g7 | Jp=1 = Jg=1l). Let Ba(f,e) =
{g € Fy:da(f,g) <e}, and B(f,e) = Ba(f,e) ={g € Fo: d(f,g) < e}.

Note that A(f,g) > d(f,g) (see Definition 3.12), and A(f,g) = A(f~1,¢g71),
and d(f,g) = d(f~',g7") Also, both (Fy,d) and (Fp, A) are separable metric
spaces, and neither is complete. Although A might seem more “natural” then d
as a metric on our space JFy of C! functions, our generic function f will not be
C*, and is a limit of (h, : p € G) only with respect to d, not A.

Definition 5.5 Fiz f € Fy, and let K C (1,00) be closed in R. Then Zi =
{r € R" : det J¢(x) € K'}.

Note that Z}; is compact because J¢(x) = I outside a bounded set. Also,
7] = Z[J;_w (¢>3) and W/ = Z[J;OO) (¢ > 2) (see Definition 3.3).
Lemma 5.6 Fiz K C (1,00) such that K is closed in R, and fiz f € Fp:
1. For all ¢ > 0, there is an open U D K such that ,u(Zé) < u(Z{() +C.
2.¥¢>03e >0Vg € Fy [A(f,g9) <e—

W(Z8) < W(ZE) + ¢ A w28y < Wz + q.

Proof. For (1): Get open U,, D K with all U,, C (1,00) and U,, N\, K. Then
M(ng) N 1(Z1]) because the ,u(Z%m) are finite.

For (2): By symmetry between f, f~!, we need only consider the “u(Z%) <
M(Zlf() + (7 part of the conjunction. Note that this “<” might be much less; for
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example, K may be a singleton with ,u(Z{() > 0; but there may be g arbitrarily
close to f with Z7. = 0.

First fix an open U with K C U C U C (1,00) and ,LL(Z%) < w(ZL)+¢. Then
it is sufficient to choose e > 0 so that Vg € Fy [A(f,g9) <& — Z% C Z%] First
fix 7 > 0 such that Jy(z) = I whenever ||z|| > r. Then, since K C (1,00) we can
fix €9 > 0 such that det J,(x) ¢ K whenever |z|| > r and A(f,g) < €. Then
we shall choose our desired € so that € < gy. If there is no such ¢, then get a
sequence g, — [ (wrt A) and z,,, € Z9" \ Zg with all A(f, gm) < €9. Then all
|zm|| < 7, so, passing to a sub-sequence, we may assume that z,, — x. Then
det J¢(z,,) — det J¢(z) ¢ U (since U is open) and det J,,, (x,,) — det J¢(z) € K

(since K is closed), which contradicts K C U. -

Note that K need not be bounded here; in particular, it could be some [¢, 00)
with ¢ > 1, so this lemma applies to the ng .

Note the following related to Lemmas 4.14 and 4.16. In both of them, we are
starting with an f € Fy and we are constructing a new function k£ € Fy, and
we easily verify that ||f — k[, ||/~ — k||, and ||J; — Ji|| are “small”, and we
want to show that ||J;-1 — Jp-1]] is “small”, so that A(f, k) is small. Applied to
Lemma 4.16, k = (f + g)/2, where g is “near to” f.

Lemma 5.7 For each f € Fp, and each € > 0, there is a 6 € (0,¢) such that:
For all k € Fo, if || — k|| < &, [|[[7' = k7Y < 48, and ||J; — Ji|| < 0, then
| Jp=1 — Jp—1|| < &, and hence A(f, k) <e.

Proof. To bound ||Jf-1 — Ji-1|, fix y and we bound ||J¢-1(y) — Ji-1(y)||. Let
[7y) = wand kY (y) = 2, so f(x) = k(z) =y, and [|Jp-1(y) — S (n)]| =
1077 (@) ™ = (e()TH < ()78 = (Tp(2) T+ 1 ()7 = (De(2) 7

For the first summand: Given f, the map z — (J¢(z))~! is continuous on
R", and hence uniformly continuous (since J¢(x) = I outside a bounded set), so
choose § > 0 small enough that Va, z [[lz — z|| <& —= [[(Jp(2))™' = (J(2)) M| <
e/2]. Now note that ||z — z|| = || /7 (y) — k()| < If 71— k7Y < 6.

For the second summand, let 2a = inf{det(J;(z)) : = € R"}. For ¢ small
enough, Vk, z [||Jf — Ji|| < 6 — det(Jx(z)) > a]. A still smaller ¢ ensures that for
all such k and all z, ||(J¢(2))™' — (Jk(2)) Y| < /2. Here, we use the standard

formula for the entries of the matrix Y~! as a polynomial in the entries of ¥
1

divided by det(Y). =

We remark that the proof for the first summand is not uniform in f, in that ¢
really does depend on f. Define Ag(f, g) = max(||f—gll, |Jr— Tl I/~ =g~ ).
This lemma shows that A and Ay yield the same topology on Fy. But, they are
are not equivalent metrics. A sequence that is Cauchy with respect to Ag may
fail to be Cauchy with respect to A.
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Proof of Lemma 3.17. We begin with the details of the thinning argument.
We start with p, = (04, ha, #a, La), for a < wq, with m, = dom(Y,). Then,

1. WLOG, all m,, >4, and all |o,| > 1, and all p,, are nice.

2. WLOG: all T, are the same Y; and all s, are the same s; so p, =
(Cayhay 22, T); and all |o,| = t > 1. Let m = dom(Y) > 4, and let
oo ={(di,e) i <t}

3. 0 € (7/2,0), and WLOG all p, € P? and all (hy + hs)/2 € Fy.

4. WLOG: there is a fixed r > 0 such that each h, is a translation on each
B(d,,r); so ho(z) = x + €', — d', whenever ||z — d'|| < r; hence also
h'(y) =y +d, — e, whenever ||y — el | <r.

5. WLOG: there is some fixed rational € > 0 such that u(Z) < Y(¢) — ¢ and
M(Z?EI) < Y(¢) — € holds for each o whenever 3 < ¢ < m, and Y {¢(Y(¢) :

3<l<m}<l—=3c,and Zs o =Zy =0
6. 0 = {(d€%),...,(d" ', e 1)} is a condensation point of {c, : @ < wi}

(considering these o, as points in (R™)?), and h is a condensation point of
{he : @ < wi} (with respect to the metric A). Also, o € P§ and h € F;
and p(ZF) < Y(0) — e and p(Zl") < T(¢) — & whenever 3 < ¢ < m, and
z! zh " .

[m—1-¢,00) = Zfm—1-¢,00) =

7. WLOG: || — d/|| > 87r/(6 — ) and |l — || > 8mr/(6 — f) whenever
i # 7, and p(B(0,7)) < e/(2t). Also, r < »/8 and u(B(0,7)) < /8.

8. v is small enough so that for all g € Fp, if A(g,h) < v then u(Z}) <
w(Zh) + /2 and ,u(fol) < w(ZF") + /2 whenever 3 < £ < m. Also, for
all such g, Z )= 0 and 79 y = 0. Also, v < »/8.

g
[m—1—¢/2,00 [m—1—¢/2,00

9. WLOG: A(h, (ha + hs)/2) < v for all «, 5.

10. Let r4 = 7/2, and choose 7o € (0,74) so that r4/ro > ¢/@=D[21/(0 — 6)].
WLOG, ||d:, — d'|| < ro/8 and ||e, — €'|| < (/8 for all 1.

To justify some of these steps:

For (1): use the facts that {p : m, > 4} is dense (Lemma 3.14), and {p :
|op| > 1} is dense (e.g., by Lemma 3.16), and the nice p are dense (Lemma 4.2).

For (3): Use Lemma 4.16.

For (5): Note that sup, det J,, (x) = max, det Jy,, () < m—1, using Definition
3.13 and the fact that det J,_ (x) = 1 outside a bounded set.

For (6): use separability of the spaces involved. To ensure that o € Pg and
h € Fj, etc., we may take o to be one of the o, and take h to be one of the h,.

For (7): shrink r if necessary.
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For (8), see Lemma 5.6. Regarding getting Z[g7n—1—5/2,oo) = (: we have
Vz [det Jp(z) < m—1—¢|, soif ||J,—J,|| is small enough, we’ll have Vz [det J,(z) <
m—1—¢/2].

For (9): (ha + hg)/2 = h+ ((ha — h) + (hg — h))/2. By making all the
A(h, hy) small enough, we can make each d(h, (ha +hg)/2) and ||Jh — Jne+hg) 2|l
arbitrarily small (see Lemma 4.14). Now apply Lemma 5.7 to guarantee that
A(h, (ho + hg)/2) is small.

We remark that the g, r, in (10) correspond to the rg, 4 in Lemma 5.3.

Now, to verify the ccc, fix o # 8 such that o, and o are compatible in IP’g.
Then 0 1= 0,Uo0s € IP’g. We show that p f ¢ (in P?) by constructing a ¢ € P?
such that ¢ < p, and ¢ < ps. Let 0, = 0. Let h= (ha + hg)/2. Then he F; by
(3), but we must modify h to obtain hq. To do this, we apply Lemma 5.3 ¢ times
in parallel.

Let d = (di, + dj)/2 and e = (€ +A€%)/2' Then h(d) = é, and h is
translation, h(z) = z + €' — d', mapping B(d',r,) onto B(é',r4). Also, by (8)(9),
A(h,h) < v and p(Zh) < w(ZP) + /2 and p(Z0") < w(ZF") + /2 whenever
3 < 0 < m. Hence, u(Z}) < T(0) — /2 and u(Z}") < T(0) — /2

We let hy(z) = h(z) for = ¢ \J, B(d',r4). For each i, hy[B(d',ry) is ob-
tained from h|B (a?z, r4) by one application of Lemma 5.3 (temporarily changing
coordinates and assuming that d = é = 0). Now that we have h,, we must
verify that tw(h,) < 0; that is Z(xq — zo,y1 — yo) < 6, where yo = hy(xo) and
y1 = hy(xy). This is only a problem if zo € B(d',r,) and z; € B(d’,r,), where
i # j. Now [|d, —d'| < r0/8 and ||dj — d'|| < 70/8, so |di — di|| < ro/8.
Thus, ||zg — d'|| < r. Likewise |lz; — d&||,||yo — €|, |ly1 — €’|| < r. Since
Z(di —d' el — ') < 6, (using o € PY), it is sufficient to note by Lemma 4.5
that Z(d7 — di, 21 — 20) < (0 — 0)/8 and Z(e? — €', y; — yo) < (0 — 0)/8. For the
first angle, the “distance” T = ||d* — d’| > 8nr /(6 — 0), and the two radii are
< r, so the angle is bounded by 7 - 2r + 167 /(6 — ).

Finally, we choose s, and T, using the method of proof of Lemma 3.15; see
also the corresponding argument in the proof of Lemma 3.6.

For ¢ < pa,ps, we need s, < s and B(h,, s,) C B(hq, ) N B(hg, ), and
these are satisfied if we choose s, < s —max(d(hy, ha), d(hy, hg)); this number is
positive by (7)(8)(9): Note that d(hy, he) < d(hg, k) + d(h, h) 4+ d(h, ha). By (9),
d(h,h) < v and d(h, ho) < v, and v < 5/8 by (8), and d(hg, h) < 2ry =1 < /8
by (7).

Also, for ¢ to be in P, we are required to choose m, > m so that 1/(m,—1) <
det Jp, (x) < (mg — 1) for all z; then, for m < ¢ < my, we need to choose Y4(¢)

to satisfy: > {lY,(¢) : £ > 3 & ¢ < my} < 1, as well as ,u(Zélq) < T,(¢) and
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M(Zél‘;l) < T,(¢) whenever 3 < ¢ < m,.

When ¢ < m: We already have Y,(¢) = T(¢). By (6), u(Z}) < T(() —e.
By (9), A(h,h) < v, so by (8), ,u(Zgl) < YT(l) —e/2. But hq,ﬁ differ on a set of
measure no more than t - u(B(0,7)) < £/2 (by (7)), so u(Zézq) < Y (). The same
argument works for h_*.

When m < ¢ < my: We choose Y,(¢) just large enough to make N(Zézq) <

T,(¢) and M(Zél‘;l) < T,4(¢) hold, making sure that >° _,_,, €T¢(f) < 3e. Then
q will satisfy (2) of Definition 3.13 by (5). This choice is possible if we have

Zmékmﬁ,u(Z?q) < 3¢/2 and nge@oéﬂ(zyl) < 3¢/2; then we can choose
T, (0) > u(Z)) +,u(Z£q_1). For the first » : by Lemma 3.5, 37, (2} <
3,u(hq(Wh'1 ). Now Wh_ = (sce (8)), which implies that 3u(hq(WTZZl)) <

m—1

3t - u(B(0,r)) < 32/2. The argument for the second ¥ is the same. -

Observe that in building A, from iz, we lose any bound that we had on the
Jacobians; in particular, d(hy, h) is small but A(h,, h) isn’t.

6 Examples and Remarks

We provide here the examples mentioned in the previous sections.
The following shows that the “6 > 7 /2” in Proposition 1.7 cannot be replaced
by “60 > 7/2":

Example 6.1 There are N, —dense D, E C R? such that no bijection f : D — E
satisfies tw(f) < /2.

Proof. Let E = E x E, where E is an N;—dense subset of R. Let D C R? be any
N;—dense set of the form J, ., Dy, % {yn}, where each D,, C R.

Now, fix a 1-1 function f : D — E with tw(f) < 7/2, and we shall show
that f is not onto. For this, it is sufficient to show that for each n € w, there
is a countable A, C E such that ](f(lA?n X {yn}) )il < 1forallte E\An; here,
(X)e=Au: (t,u) € X}.

Fix n. For z € Dy, let f(z,yn) = (gu(2), hn(2)), where g, hy : D, — E. Then
gn : D, — R is non-decreasing (using tw(f) < 7/2), so each g, {t} is a convex
subset of Dy, so A, := {t: lg, H{t}| > 2} is countable. If ¢ € E\A,, then there is

il

at most one x such that g, (z) = ¢, which implies that |(f(lA)n X{yn}) )i < 1. W@
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Example 6.2 In Example 6.1, D and E can be taken so that the two coordinate
projections my and 7w are both 1-1 on D and on E. Then note that no bijection f :
D — E is order-preserving on each coordinate (i.e., m;(d'") < m;(d) iff m(f(d')) <

mi(f(d)) fori=0,1).

Proof. To get D, E, start with Dy, Ey satisfying Example 6.1, and obtain D, F
by rotating D, F by some angle a chosen to make o, mp 1-1. Such an o obv1ously
exists under ﬂCH but in any case, it is easy to choose E and the D and the y,

in the proof so that a = 40° works.
For the “note that”, observe that if Z(d' — d,e¢’ —e) > /2, then d' — d and

S l
¢/ — e lie in different quadrants. -

We next point out that Proposition 1.7, and hence also Theorem 1.9, cannot
be proved from MA 4+ ¢ = X, alone:

Example 6.3 [t is consistent with MA 4 ¢ = Ny that there are Ny—dense D, E C
R? such that 7 € twist(f) whenever f is a bijection from D onto E.

Proof. Work in a model of MA + ¢ = X, in which there is a 2-entangled subset
of R of size Ny (see [1, 2]), and partition this set into disjoint pieces A, and B,
for ¢ € Q. We may assume that all A, and B, are X;—dense in R.

Then, let D = J, A;x{q} and £ = {J, By x{q}. Say f : D — E'is a bijection.
Then fix ¢,7 € Q and A € [A,]* and B € [B,]™ and a bijection g : A — B such
that the map (x,q) — (g(x),r) is a sub-function of f. By entangledness, g is not
order-preserving, so choose a < a’ in A such that g(a) > g(a).

1

If d=(a,q) and d' = (d’,q) then Z(d' — d, f(d') — f(d)) = 7. *®

It is easy to modify Examples 6.1, 6.2, and 6.3 to replace R? by R" for any
n > 2.

Question 6.4 Forcing with P%, with 0 € (7/2,7), are {p : d € dom(p)} and
{p: e € ran(p)} dense for alld € D ande € E?

If the answer is “yes”, then we could dispense with the side conditions in the
proof of Proposition 1.7, resulting in a much simpler proof, but we needed the
side conditions anyway in the proof of Theorem 1.9 to ensure that the generic
function is BAC.

The interest of this question for forcing is only when # > 90°, but a simple
example in the plane shows that the answer is “no” with § = 18°: Let p =
{(d;,e;) : i < 3}, where dy = (0,10), ¢g = (0,—-9), di = e; = (0,—10), and
dy = €3 = (0,11). Then tw(p) = 0, so p € P?. Let d = (10,0) and suppose that
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pU{(d,e)} € PY. Let e = (z,y). The requirements Z(d — dy,e — ep) < 18° and
Z(d —dy,e —ep) < 18 imply that 0 < 2 <1 and —10 < y < —9. But then we
have Z(d — dy, e — e3) > Z((10,0) — (0,11), (1,—-9) — (0,11)) =~ 39°.

We remark that in Theorem 1.9, if we change “N;—dense” to “Ny—dense” (i.e.,
countable and dense), then we actually get a ZFC theorem, since we only need to
meet Ny dense sets in our (slightly modified) forcing poset. But then, it is simpler
not to use forcing at all; the desired function f can be obtained as a uniform
limit of a sequence of functions, similarly to the argument in Franklin [5]. At the
same time, the function can be made C'*°, by making all the derivatives converge
uniformly. Also, we can now get tw(f) < @ for any given 6 > 0; the requirement
0 > /2, which was needed for the ccc proof, can be dropped.
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