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Abstract
We consider covering 8; x Ny rectangles by countably many smooth
curves, and differentiable isomorphisms between N;-dense sets of reals.

1 Introduction

In this paper, we consider two different issues, both related to the question of ob-
taining differentiable real-valued functions where classical results only produced
functions or continuous functions.

Regarding the first issue, the text of Sierpinski [12] shows that CH is equivalent
to his Proposition P, which is the statement that the plane “est une somme d’une
infinité dénombrable de courbes”. Here, a “curve” is just the graph of a function
or an inverse function, so P says only that R* = (J,.,(f; U f1), where each f;
is (the graph of) a function from R to R, with no assumption of continuity. The
proof actually shows, in ZFC, that for every E € [R]*, there are f; : R — R with
E? C U, (fi U f71), and that this is false for all E of size greater than ;.

Usually in geometry and analysis, “curve” does imply continuity, so it is nat-
ural to ask whether the f; can all be continuous, or even C*:

Definition 1.1 Forn € wU{oco}, call E C R n-small iff there are C" functions
fi : R — R such that E* C \J,o,(f; U f;). Here, C° just means “continuous”,
and C'*° means C™ for alln € w.

Countable sets are trivially co—small, and by Sierpiniski, |F| < X; for every
0-small set E, so we are only interested in sets of size N;. Every 0-small set is of
first category and measure 0 (and perfectly meager and universally null). Just in
ZFC, we shall prove the following in Section 2:
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Theorem 1.2 There is an E € [R™ which is co—small.

The existence of a O—small set is due to Kubi$ and Vejnar [9].

But now we can ask whether every E € [R]* is n-small for some n. Even
when n = 0, this would imply that every such E is of first category and measure
0 (and perfectly meager and universally null), which is a well-known consequence
of MA(X;). In fact, the following theorem follows easily from results already in
the literature, as we shall point out in Section 2:

Theorem 1.3

1. MA(Ry) implies that every set of size ¥y is 0—small.

2. PFA implies that every set of size Ny is 1-small.

3. MA(Xy) does not imply that every set of size Ny is 1-small.
4. In ZFC, there is an E € [R|* which is not 2-small.

We remark that Sierpinski’s use of “curve” is unusual in another way: Usually,
we would call a subset of R? a curve iff it is a continuous image of [0, 1], and not
necessarily the graph of a function; but with that usage, the plane is always a
countable union of curves by Peano [11].

Our second issue involves the isomorphism of N;-dense subsets of R.

Definition 1.4 E C R is Ny-dense iff |E N (z,y)| = Ny whenever z,y € R and
x <vy. F is the set of all order-preserving bijections from R onto R.

By Baumgartner [3, 4], PFA implies that whenever D, E are N;-dense, there
is an f € F such that f(D) = E. By [2, 1], this cannot be proved from MA ()
alone. Clearly, every f € F is continuous, but we can ask whether we can always
get our f to be C".

For n = 2, a ZFC counter-example is apparent from Theorems 1.2 and 1.3,
since we may take D to be 2—small and E to be not 2—small, and also assume
that D=D+Q={D+¢q:q € Q}and E = E+ Q. Note that D is 2-small iff
D + Q is 2-small, and the latter set is also N;-dense.

But in fact, even n = 1 is impossible, since the following holds in ZFC, as we
shall show in Section 3:

Theorem 1.5 There are Ni-dense D, E C R such that for all f € F and X;-
dense D* C D and E* C E with f(D*) = E*: Ifp < qanda = f(p) and b = f(q)
then:
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1. Either f is not uniformly Lipschitz on (p,q) or f~' is not uniformly Lip-
schitz on (a,b); equivalently, whenever 0 < A € R, there are xy,z1 € (p, q)
such that either |f(x1) — f(xo)| > Al — 20| or |z — 0] > Al f(x1) — f(20)].

2. Fither f' does not exist at some d € D* N (p,q) or (f~')" does not exist at
some e € E*N(a,b).

3. If f/(d) exists for all d € D* N (p,q), then f'(d) = 0 for all but countably
many d € D* N (p,q).

In particular, f cannot be in C'(R), since f’ cannot be 0 everywhere, so if f’
were continuous, there would be an interval on which f’ > 0, contradicting (3).

On the other hand, f’ can exist everywhere and be 0 on a dense set if [’ is
not required to be continuous:

Theorem 1.6 Assume PFA, and let D, E C R be Xy-dense. Then there exist
f €F and D* C D such that D* is Ny-dense and f(D*) = E and

1. Forallz € R, f'(x) exists and 0 < f'(x) < 2.
2. f'(d) =0 for all d € D*.

By (1), f satisfies a uniform Lipschitz condition with Lipschitz constant 2.
The “2” is an artifact of the proof, and may be replaced by an arbitrarily small
number; if £ > 0, we can get our f with f/(x) < 2 so that f(D*) = (1/¢)E; then
ef'(z) < 2e¢ and ef(D*) = E. In (2), the f'(d) = 0 is to be expected, in view of
Theorem 1.5(3). We do not know whether we can make D* equal D.

The proof of Theorem 1.6 in Sections 4 and 5 actually shows that one can force
the result to hold in an appropriate ccc extension of any model of ZFC + 280 =
N; + 2% = N,. Then the result follows from PFA using the same forcing plus the
“collapsing the continuum” trick.

We remark that Theorem 1.6 contradicts Proposition 9.4 in the paper [1]
of Abraham, Rubin, and Shelah, which produces a ZFC example of N;-dense
D,E C R such that every f € F with f N (D x E) uncountable fails to be
differentiable at uncountably many elements of D. Their “proof” uses ideas
similar to our proof of Theorem 1.5, but insufficient details are given to be able
to locate a specific error. Burke [5] also noticed a problem with this result from
[1] and gave a correct proof of a result similar to our Theorem 1.5; see Proposition
1.2 and Remark 1.4 of his paper.

2 On Smallness

We first point out that Theorem 1.3 follows easily from known results:
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Proof of Theorem 1.3. For (1), fix £ € [R*. By Sierpinski, £E? C
Uie, (fi U f;71), where each f; is the graph of a function and |f;| = N;. Then,
assuming MA(R;), a standard forcing shows that for each i, there are Cantor sets
P;,, for n € w with each P;, the graph of a function and f; C J,, Pi,n- Now each
P, , extends to a function g;,, € C(R,R), so that E? C Um(gzn U g;&)

For (2), use the fact from [6] that under PFA, every A € [R?*™ is a subset of
a countable union of C! arcs. Now apply this with A = E x E, and note that
every C'! arc is contained in a finite union of (graphs of) C'! functions and inverse
functions.

(4) also follows from [6], which shows in ZFC that there is an A € [R?]™
which is not a subset of a countable union of C? arcs. So, choose F such that
ACEXE.

Likewise, (3) follows from [10], which shows that it is consistent with MA(X;)
to have an A € [R?]* which is a weakly Luzin set; and such a set is not a subset

. 111
of a countable union of C! arcs. ¥

Next, to prove Theorem 1.2, we first state an abstract version of the argument
involved:

Lemma 2.1 Suppose that T is an uncountable set with functions f; on T for
i € w such that for all countable Q C T, there is an x € T such that Q C {f;(x) :
i € w}. Then there is an E C T of size ¥y such that Ex E C AUU,(fiU fi),
where A is the identity function.

Proof. Note, by considering supersets of ), that there must be uncountably

many such z. Now, let £ = {e, : @ < w;} where e, is chosen recursively so that
in

ea ${ec:E<a} C{filea) i €w}. W
To illustrate the idea of our argument, we first produce an E € [R]™ which is
O—small, in which case T' can be any Cantor set.

Lemma 2.2 There are f; € C(2¥,2%) for i < w such that for all countable non-
empty @ C 2%, there is an x € 2* such that Q = {fi(z) : i < w}.

Proof. Let ¢ map w X w 1-1 into w, and let (f;(z))(j) = z(p(i,7)). Now, let
Q ={y; : i € w}. Since pis 1-1, we may choose x € 2¢ such that z((7, 7)) = v:(j)
for all 7, j; then f;(x) = y;. -

So, if T'C R is a Cantor set, then 7' = 2¥, and the existence of an E € [T]™
which is O—small follows from Lemmas 2.1 and 2.2, and the observation that every
function in C(T,T') extends to a function in C(R, R).
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Now, if we want our functions to be smooth, as required by Theorem 1.2, we
must be a bit more careful. The f; will be defined on the standard middle-third
Cantor set H, but they will only satisfy the hypothesis of Lemma 2.1 on a thin
subset ' C H.

To simplify notation, H will be a subset of [0, 3] rather than [0,1]. For
z € [0,3], v € H iff x has only 0s and 2s in its ternary expansion, so that
r = Y .., 2(n)37", where each z(n) € {0,2}, and we write x in ternary as
z(0).z(1)x(2)z(3)x(4) ---. If z,y € H with z # y, let §(x,y) be the least n such
that z(n) # y(n), and note that 37" < |z — y| < 371

Fix any I' : w — w such that I'(0) = 0, I is strictly increasing, and I'(k+1) >
(T(k))? for each k. The minimum such T is the sequence 0, 1,2, 4,16, 256, . . ., but
any other such I' will do.

We view z in H as coding an w-sequence of blocks, where the £ block is a
sequence of length I'(k+1)—T'(k). Note that I'(k+2)—T(k+1) > T'(k+1)—T(k)
for each k, so the blocks get longer as k .

More formally, for x € H and k > 0, we define B} : w — {0,2} so that
Bi(j) = (I'(k)+j) when j < I'(k+1)—T'(k) and Bf(j) = 0 for j > I'(k+1)—T'(k).
Note that z is determined by (Bf : k € w). Let Bf(j) = 0 when k£ < 0.

Now, we wish each z € H to encode a sequence of w elements of H, (f;(z) :
i € w). We do this using a bijection ¢ from w X w onto w. We assume that
max(i,7) < max(i,j) — ¢(i,j) < @i, ") for all 4, 7,4, 7', which implies that
max(i, j)? < (i, j) < (max(i, ) + 1)

In the “standard” encoding, as in the proof of Lemma 2.2, an = € {0,2}*
encodes w elements of {0,2}¥, where the i element is j — z(¢(i,7)). But here,
for x € K, we apply this separately to each of the w blocks of x, and we shift
right two places to ensure that the functions are smooth. Define f; : H — H so
that for © € H, f;(x) is the z € H such that Bi(j) = Bf_,(¢(i,7)) for all j; so
Bi(j) = 0 when k < 2. There is such a z because

JET(k+1)=T(k) = ¢(i,5) 2 j = D(k—1)=T(k—2) = Bi(j)=0 .

Let S ={0,2}<“. For ¢ € wand s € S, define f: H — H so that for x € H,
f#(x) is the z € H such that z(n) is s(n) for n < lh(s) and f;(z)(n) for n > Ih(s).

Note that most elements of H are not in |J{f7(H) :i € w & s € S}, but the
T of Lemma 2.1 will be a proper subset of H.

First, we verify that we get C* functions. Following [6], call f : H — H flat
iff for all ¢ € w, there is a bound M, such that for all u,t € H, |f(u) — f(t)] <
M,|u —t|?. By Lemma 6.4 of [6], this implies that f can be extended to a C*
function defined on all of R, all of whose derivatives vanish on H.

Lemma 2.3 Each f; is flat.
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Proof. Fix x,y in H with z # y. Let n = 0(z,y). Fix k € w so that I'(k) <
n < D(k+1). Assume that f(z) # ff(y). Then I'(k+2) < 6(f5 (), ff(y)). Now
[z —y[ > 37" > 37TW nand |f7(x) — fi(y)] < 37TEH 5o

’fzs(x) B ff(y)!/\x o y’q < 3~ L(k+2)+1+ql'(k+1) < 37(F(k+1))2+1+q1“(k+1)

Y

which is bounded, and in fact goes to 0 as k  oc. -

Now, we define T' C H: For x € H and k € w, let ¢} be the least ¢ € w such
that Vj > ¢ [Bj(j) =0]. So, f; <T'(k+1)—I'(k).

Call ¢ : w — w tiny iff limy_ . (¢¥(k)")/k = 0 for all n € w. Note that tininess
is preserved by powers and shifts. That is, if ¢ is tiny, then so is k +— ¥ (k)" and
k— r+ (k4 r) for each r > 0.

Proof of Theorem 1.2. Let T" be the set of x € H such that k — ¢ is tiny.

Then T is an uncountable Borel set, and we are done by Lemma 2.4: -

Lemma 2.4 Ify; € T fori € w, then there is anx € T and s; € S fori € w
such that f7(z) = y; for alli.

Proof. Fix any ¢ : w — w such that ¢(k) < T'(k + 1) — I'(k) for all k. Then
we can define 2 € H so that B (p(i,7)) = B},,(j) whenever ¢(i, j) < ¥(k); let
Bk(m) = 0 for m > (k). Then x € T provided that v is tiny.

For each i, the function k — (i 4+ 6Z3r2)2 is tiny. Now, fix a tiny ¢ such that
(k) <T(k+1) —T(k) for all k € w and ¢ >* (k — (i + (},)?) for each i; this
is possible by a standard diagonal argument.

Now fix 4. Then fix 7 € w such that (k) > (i + £}',,)* for all k > r. Let
si = y;[I'(r +2). Let z = f’(x). We shall show that z = y;. So, fix n € w,
and we show that z(n) = y;(n). This is obvious if n < T'(r 4+ 2), so assume that
n>T(r+2). Then fix k >r+2and j < '(k+1)—T'(k) with n =T'(k) +j. We
must show that Bf(j) = B (j).

By definition of f;*, Bi(j) = Bj_,(¢(i,7)), whereas we only know that
BY'(j) = Bi_5(e(i, j)) when ¢(i, j) < (k—2). So, assume that (i, j) > ¢ (k—2);
we show that Bi(j) = 0 and B}*(j) = 0.

Now B} (j) = 0 because otherwise j < £¥'  and then ¢(i,7) < (i + j)* <
(i + 04)* < ¢(k — 2), a contradiction.

Also, Bi(j) = Bi_5(¢(i,j)) = 0 by the definition of z, since ¢(i, j) > ¥ (k—2).

il
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3 Non-Isomorphisms
Here we prove Theorem 1.5. First,
Lemma 3.1 There are Cantor sets H, K C R such that

Ve > 040 > 0Vxg, 1 € HVyo,y1 € K
[0<|ZE1—ZEO|<5 A O<|y1—y0|<5 —
(yl - yO)/(xl - ZL‘O) € (_575) U (1/57 OO) U (_007 _1/5)]
Proof. We obtain H, K by the usual trees of closed intervals:
H=N,co U{l:0e€™}and K =, ., U{J- : 7 € "2}
I, = lay,b,] and J, = [c;, d].

Uy = Qg0 < bo”“O < Ug~1 < bo”“l = bo‘-
Cr = Cr~ < dr—~9 < Cr~1 < dr~1 = d,

Gl W

Whenever lh(o) =1h(7) =n: by — a, = p, and b, — a,; = ¢,.

Informally, assume that lh(c) = lh(7) = n. Then I, x J; is a box of dimensions
Pn X ¢n. It will be very long and skinny (p,, > ¢,). Inside this box will be four
little boxes, of dimensions p,.1 X g¢n11, situated at the corners of the p, X g,
box. These little ones are much smaller; that is, p, > ¢, > ppi1 > ¢uy1. Now
suppose that the two points (g, o) and (x1,y;) both lie in I, x J., but lie in
different smaller boxes I,~, X J;~,. So, there are (3) = 6 possibilities. For two
of them, between I,~, x J~¢ and I,~, x J.~1 (1 € {0,1}), the slope |Ay/Az| is
very large. For the other four, between I,~¢ x J,~, and I,~; x J.~, (v € {0, 1}),
or between I,~qg X J,~¢ and I,~1 X J.~1 or between I,~¢ X J,~1 and I,~1 X J,~q,
|Ay/Ax| is very small.

More formally, assume that pg > qo > p1 > ¢ > --- and ¢,/p, — 0 and
Prt1/qn — 0 as n — oo. Fix (xo,y0) and (z1,y1) in H x K, and then fix n such
that for some o,7 € "2, (xo,%), (x1,11) € I, X Jr, but (xo,%0), (x1,y1) are in
two different smaller boxes I,~, x J;~,. Note that thisn — oo as § — 0. In
the two large slope cases, |Ay/Ax| > (¢, — 2¢n+1)/Pnr1 — 00 as n — 00, since
Gn/Pns1 — 00 and ¢,11/pnr1 — 0. In the four small slope cases, |Ay/Az| <

1

Gn/(Pn — 2pns1) — 0, since p, /g, — oo and p,.1/¢, — 0. W@

Proof of Theorem 1.5. Fix H, K as in Lemma 3.1, and then fix H € [H]™M
and K € [K]™. Let D=J{H+s5:scQ}and E = J{K +1:tecQ}.

Now, fix f, D*, E*,p,q,a,b as in Theorem 1.5. Then the function f* := f N
((D*N(p,q)) x (E*N(a,b))) is uncountable, and is an order-preserving bijection
from D* N (p,q) onto E* N (a,b).
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Now fix s,¢ € Q so that f*N(H +s) x (K +1) is uncountable, so in particular
it contains a convergent sequence. So, we have (z,,y,) € f* for n < w, with
Tn — x, and y, — y, asn ' w, andxn€ﬁ+sandyn€l~(+tforalln§w.
We may assume that all the z,, are distinct and that all the y,, are distinct. Since
f* is order-preserving and the property of H, K in Lemma 3.1 is preserved by
translation, Ve > 0 3n € w [(yy — Yn)/ (20w — ) € (0,6) U (1/e,00)|. Passing to a
subsequence, we may assume that either Vn € w [(yo — yn)/ (2, — x,) € (2", 00)]
or Vn € w [(Yy — Yn)/ (0w — x,) € (0,27™)]. In the first case, f'(z,) doesn’t exist
and f is not Lipschitz on (p,q). In the second case, (f~!)(y.,) doesn’t exist and
f~! is not Lipschitz on (a,b).

For (3), repeat the argument, now letting f* be the set of all (d, f(d)) such

that p < d < ¢ and f'(d) exists and f'(d) # 0. -
4 Everywhere Differentiable Functions

We prove here some lemmas to be used in the proof of Theorem 1.6, where we
shall construct the isomorphism f along with its derivative g.

Definition 4.1 For g : R — R, let ||g|| = sup{|g(z)| : = € R} € [0, o0].

Definition 4.2 For bounded measurable 1) : R — R and a # b:

1 b
AVZzp:b_a/ Y(z)dz .

Definition 4.3 D is the set of all measurable g : R — R such that ||g|| < oo and
g(x) = lim,_o VI g dt for all x.

By this last condition, if f(z) = [; g(t)dt, then f'(z) = g(z) for all z.

Note that D is a Banach space with the sup norm || - ||. Also, D contains all
bounded continuous functions, and every function in D is of Baire class 1; that
is, a pointwise limit of continuous functions. However, many Baire 1 functions,
such as X{y, fail to be in D. A function in D can be everywhere discontinuous;
this has been known since the 1890s; see pp. 412-421 of Hobson [7] for references.
Katznelson and Stromberg [8] describe a method for constructing such functions
which we can embed into our forcing construction. Here we summarize their
method and make some minor additions to it.

Definition 4.4 Fix C > 1. ¢ : R — R has the C—average property iff ¥ is
bounded and continuous, and (zx) > 0 for all z, and A2 < C'min(v(a), (b))
whenever a # b. Let AP¢ be the set of all functions with the C'—average property.
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So, the average value of 1) on an interval is bounded by C' times the value
at either endpoint. Note that either ¢ (z) > 0 for all z or v = 0 for all .
Also, AP is closed under finite sums and uniform limits, and if ¢ € AP¢ then
(x — ap(fzr + 7)) € AP for all a, 5,7 € R with a > 0. AP clearly contains
all non-negative constant functions, but also, by [8], the function (1 + |z|)~!/2
has the 4-average property; see also Lemma 4.7 below. Functions in AP can be
used to build functions in D by:

Lemma 4.5 Fiz C' > 1. Assume that all ¢; € APc. Let g(z) = ., (),
and assume that g(x) < oo for all x and ||g|| < co. Then g € D.

Proof. Fix x € R and € > 0. It is sufficient to produce a 6 > 0 such that:
Vn € (—4,06)\{0} : g(z) —2e < ANTg < g(x) + (C + 1)e . (%)

Let gn(z) = >, ., ¥j(z). First fix m such that g,,(x) > g(x) —e. Then fix 6 >0
such that |g,,,(z) — gm(z+n)| < e for alln € (—d,0)\{0}. Then, fix such an 7, and
we verify (). For the first <, use g(z) — 2e < gp(x) — e < AVZ g, < AVZHg.
For the second <, note that for each n > m, (¢, — gm) € AP¢, and hence
AVE gy —gm) < Cgn(z)—gm(x)) < Ce. Lettingn /" oo, we get VI (g—g,,) <

Ce, so that AVEITg < AVZHg, + Ce < gm(z) + (C + 1)e < g(x) + (C + 1)e. -®

To verify that the function (1 + |2|)~/2 has the 4-average property:
Lemma 4.6 Suppose that 1) : R — [0, 00) is a bounded continuous function such

that () = (—x) for all z, 1 is decreasing for x > 0, and AV < Cep(b) for
allb>0. Then ¢ € APyc.

Proof. We must show that AV¢ < 2C min(y(a), (b)) whenever a # b. By
symmetry, there are only two cases:
Case I: @ < 0 < b, where 0 < a:= —a <b (so ¢(a) > 1¥(b)):

X B 1 b a 1 b
Avaw—b+&[/0w+/o w]sg 2/0wg20w(b> -
1Nl

Case II: 0 < a < b: Then, since 1 is decreasing, AV2) < AVoy < Cop(b). W

Lemma 4.7 If ¢(z) = (1 + |z])~Y? then ¢ € AP,.
Proof. For b > 0,

I s, V1+b _ 2
s = [2\/1+b—2}_5[b+1—\/1+b <2,

1Ll

so apply Lemma 4.6. S

Then, by taking translates and finite sums:
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Corollary 4.8 If ¢(x) = >, Ve(L+rex —&|) "2, where L € w, all ve, 70,6 €
R, and all ~p, 7y > 0, then ¢ € AP,.

5 Isomorphisms

This entire section is devoted to the proof of Theorem 1.6. We plan to construct
f along with g = f’, which will be in D; so f(z) = [; g(t) dt. We shall construct
g as a limit of an w-sequence, using the following modification of Lemma 4.5:

Lemma 5.1 Assume that we have g,,Y,, 0, for n € w such that:

1. go € C(R,[0,00)) and ||go|| < 0.

2. 0, € C(R,R), and Y, ||0,] < oo.

3. Each i, € APy,.

4. Gns1 = Gn — Un + 0, and gn41(x) > 0 for all x.

Then (g, : n € w) converges pointwise to some g : R — [0,00), and g € D.

Proof. Since all ¢; > 0 and all g, > 0, all sums h,, := >,  1;, and hence
also h :=)_,__;, are bounded by ||go|| + >, [|6;]. It follows that the sequence
(gn = n € w) converges pointwise, and h € D by Lemma 4.5. Then g € D because

g=go+>_,0,—hand go+)>_, 6, € D (since it is bounded and continuous). -

We plan to build the v, and 6, by forcing, and the forcing conditions will
guarantee that each g,(z) > 0 for all . Besides f(z) := [ g(t) dt, we also have
fa(x) =[5 gn(t) dt, and the f, will converge pointwise to f. Since f(0) must be
0, we shall assume WLOG that 0 € DN E. The proof applies the “collapsing the
continuum” trick; so we assume CH, and we describe a ccc poset which forces the
Y, and 0,,.

To construct ccc posets, we use the standard setup with elementary submodels:

Definition 5.2 Fiz k, a suitably large regular cardinal. Let (Mg : 0 < & < wy) be
a continuous chain of countable elementary submodels of H(k), with D, E € M,
and each Mg € Meyy. Let My = 0. Forz € Ug Mg, let ht(zx), the height of x, be
the & such that x € Meyq\M;.

By setting My = (), we ensure that under CH, ht(z) is defined whenever
r € R or z is a Borel subset of R. Observe that {d € D : ht(d) = ¢} and
{e € E : ht(e) = £} are both countable and dense for each £ < w;.

We now state the basic combinatorial lemma behind the proof of ccc.
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Lemma 5.3 Assume CH. Say we have 2n—tuples
pt = ((dgl: 68)7 R (dgfla 6371)) e R™
for a <wy. Fiz ¢ € C((0,00),(0,00)). Assume that:

a. dy} # df and e # ef} for all o, 8,1 with o #£ (3.
b. ht(d) > ht(ef) for all a,i.
c. ht(dy) # ht(d§) for all o, i, j with i # j.

Then there exist o # 3 such that p®, ¢° are compatible (p® J ¢°) in the sense that
for all i < n, the slope (¢! —e2)/(d” —d¥) > 0 and also |e — e < p(|d° —d?]).
Here, p® J ¢ asserts that each two-element partial function {(d%, e%), (df , eiﬂ )}
is order-preserving, and also has growth rate bounded by a “small” function .
We shall use the usual symbol p Y ¢ to denote compatibility in a forcing poset.
This lemma does not mention forcing explicitly, but the p } ¢ used here will be
part of a proof of ccc for a poset later (Lemma 5.11).

Proof. Induct on n. The case n = 0 is trivial, so assume the result for n
and we prove it for n + 1, so now p® = ((d, €3), ..., (d%, e¥)) € R*"*2. Applying
(b)(c), WLOG, each sequence is arranged so that ht(p®) = ht(d%), and hence
ht(p®) > ht(d) for all ¢ < n and ht(p*) > ht(ef) for all i < n. Also, by (a),
WLOG, a < 8 — ht(p®) < ht(p®), which implies that ht(p®) > a.

Let F' = cl{p® : a < w;} C R**2 For each a and each x € R, obtain ¢% €
R?"*2 by replacing the d® by x in p®. Let F* = {z € R: ¢¢ € F}. Fix ( such that
F € M. For a > ¢, F* is uncountable because d;; € F'* and F'* € My(,e) while
dy & Mug(pey. So, choose any u®,v® € F'* with u® < v®. Then, get an uncountable
S C wi\(, along with rational open intervals U,V such that supU < inf V' and
u* € Uand v* € V foralla € S. Let = = inf{p(y —2) :y e V & z € U}.
Thinning S, we assume also that for a, 3 € S, e — €| < Z.

Let *p® = p*[(2n) (delete the last pair). Applying induction, fix ar, § € S such
that p® J *p® and e® < €8. Now, ¢%, qf ', € F, so we may choose p°, p¢ sufficiently
close to ¢, qf s € F', respectively, such that 0 ¥ *p¢ and also so that di € U and
dS €V, and also so that 0 < e, — e < Z. Then (e, —e3)/(dS —d®) > 0 and also
e, = ehl < @lld, — di]), so p* /.

Our forcing conditions will contain, among other things, a finite 0 C D x E
which is a partial isomorphism; this o will be a sub-function of the f of Theorem
1.6. We let go(z) = 2?/(2*+1), so that fo(z) = x —arctan(z). The forcing condi-
tions will determine successively g, 09, 11, 01, . . ., and hence also ¢, f1, g2, fo, . - ..
We shall demand that all v, 0, € M; (and hence also all g,, f,, € M), so that
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there are only countably many possibilities for them; this will facilitate the proof
that the poset is ccc. Then, lim, f, = f D o; the f, will not actually extend o;
rather, they will approximate ¢ in the sense of the following definition:

Definition 5.4 (7,g¢, f,¢) is correctable iff:

P1. (0,0) €7 and T € [R x R]<~.
P2. 7 is an order-preserving bijection.
p7. gGC’( .0, )) andgfl{O}:{O}.
ps. f(z fo
P13. 1> O and whenever (do,ep), (d1,e1) € T and dy < dy:
€1 — €p f(d1>_f(d0) <6

0 < —
dy — dy dy — dy

The labels on these items correspond to the labels in Definition 5.6 (of P). In
P, the f, g will be replaced by suitable f,,, g,.

Think of ¢ as being “very small”. So, our hypotheses (P2)(P3)(P7)(P13) imply
that f and 7 are strictly increasing, and between dy, d; € dom(7), the slope of f
is very slightly less than the slope of 7.

We remark that it is sufficient to assume that (f’13) holds between adjacent
elements of dom(7); that implies the full (f’13), since if dy < d; < dy we have

{ O < (dl) — T(do)g Ef(dl) — f(do)g < L(dl — do) &
7(d2) — 7(d1) fldy) = f(d1)) < w(dy—dr) } =
(T(d2) 7(do)) = (f(da) = f(do)) < t(dy — do)
) =

Since f(0) = 7(0) = 0, we can set dy = 0 or d; = 0 in (P13) to obtain, for
(d,e)eT

P12. de>0 — 0<(e—f(d) <ud ; de<0— 0>(e—f(d)>ud .

That is, if (d,e) € 7, then f(d) is a slight under-estimate of e when d > 0 and a
slight over-estimate of e when d < 0. The next lemma says that this “error” can
be corrected by adding a small positive function 6 to g:

Lemma 5.5 Assume that (7, g, f, 1) is correctable and J C R is finite. Then for
some 0 : R — R:

a. 0(x) >0 for all x, and ||0|| < ¢, and 6(x) — 0 as ©* — Fo0.
b. 0 is continuous, and 0~'{0} = J

c. Ifg*=g+0 and f*(x) = Ox g*(t) dt, then f*(d) = e for each (d,e) € T
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Proof. Since 7(0) = f(0) = 0, item (c) will hold if we have, for adjacent
do, dy € dOIIl(T) with dy < di:

/ 0(t) dt = (r(dy) — 7(do)) — (f(d) — F(do)) .

do

and this quantity is assumed to lie in (0, ¢(d; — dp)). It is now easy to construct
il

a C'* function ¢ which satisfies this, along with (a)(b). W

Definition 5.6 P is the set of all tuples p = (0P, N?, gb 1, f2 WL OF)cnw,
satisfying the following conditions. We drop the superscript p when it is clear
from context. Let go(x) = 2*/(2* + 1) and fo(x) = x — arctan(z).

P1. o € [D x E|= and (0,0) € oP.
P2. oP is an order-preserving bijection.
P3. For (d,e) € o” and (d,e) # (0,0): ht(e) < ht(d) < ht(e) + w.
P4. If (dy, €0), (d1,e1) € 0P and dy # dy then ht(dy) # ht(dy).
P5. N? c w.
P6. ht(g,) = ht(f,) = ht(¢h,) = ht(6,,) = 0.
P7. g, € C(R,[0,2—27")) and g; {0} = {0} and lim,_ 4o gn(x) = 1.
P8. fo(z) =[5 gn(t)dt.
P9. gpi1 = gn — U + 6, when n < NP.
P10. ¢, € AP,.
P11. 6, € C(R) and ||6,| <27
P12. For (d,e) € o: dye >0 — 0< (e~ fyo(d)) <27V 72d and
dye <0 — 0> (e— fyo(d)) > 27V 72d.
P13. Whenever (dy, ep), (dy,€1) € 0 and dy < dy:

€1 — € fNP(dl) - fNP(dO) < 9~NP-2

0 <
dl—do dl_dO

Define ¢ < p iff
Q1. 0?7 2D oP and N7 > NP.

Q2. (gnsrs furrs V0, O00) = (Gngas frns V3, 07) for allm < NP.
Q3. Whenever (0,0) # (d,e) € o? and N? <n < N?: gi(d) € (0,27").

Then 1 = ({(0,0)},0); that is, when NP =0, the rest of the tuple is empty.
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We shall now prove a sequence of lemmas leading up to Theorem 1.6, at the
same time explaining some of the clauses in Definition 5.6.

The restriction on heights in (P3)(P4) will be important in the proof of ccc,
and are analogous to the restrictions in Lemma 5.3.

If G is a generic filter on P, then in V[G] we can define 6 = | J{o? : p € G}.
Then ¢ is an order-preserving function from a subset of D to a subset of E, and
the f of Theorem 1.6 will extend & (Lemma 5.10 below).

We shall apply Lemma 5.1 in V[G] to obtain f, g, and (Q3) will let us prove
that g(d) = 0 for all d € dom(d). Note that (Q3) is vacuous when N? = N9,

By (P1)(P2)(P7)(P8)(P13), each (o, gn, fn,2 "V 72) is correctable. Then, as
noted above, (P12) follows, but we state it separately for emphasis, since it is used
to prove that f extends &. Also, the g,(z) < 2 — 27" asserted by (P7) follows by
induction from the other assumptions; specifically, go(z) < 1, gnr1 = gn—Un +6n,
0,(z) <271 and ¥, (z) > 0.

Definition 5.7 p(p) = min ({1} U {|dy — di| : do,d1 € dom(c,) & doy # d1}).
Call a map ¢ from P into the rationals a P—function iff {(p) € (0,u(p)/2) for
all p. For such a ¢, say p,q € P are (—close iff N* = N? and |o?| = |09] and
C(p) = C(q) and all elements of dom(o?) U dom(c?) have different heights and

(g£+17 fS-}—l: ¢£: 62)n<N” = (ggH—la fg-f—l: W]w 0%)n<Nq )

and, setting ¢ = ((p) = ((q): For all d € dom(oP) there is a d' € dom(c?) such
that |d — d'| < (; furthermore, if (d,e) € o? and (d',€') € 09, then d = d’' implies
e=¢, and d# d implies0 < (e—¢€)/(d—d') <.

Note that p is always (—close to itself. Inserting the “{1}U” in the definition
of p(p) makes it well-defined in the case that o, = {(0,0)}, but also, it will be
useful to think of ¢ as being “small”, so that, e.g., (? < ¢ < +/C.

The requirement that ((p) < u(p)/2 implies that the d’ above is uniquely
determined from d. The actual ((p) used in Lemma 5.8 will be much smaller
than u(p)/2. The requirement that all the slopes (e — €’)/(d — d’) be small but
positive will be fulfilled in the proof of ccc using Lemma 5.3.

If p,q are (—close, then they are “close” to being compatible, with the tuple
(P U, NP, gh 1, fr 1,0, 0P) o n» being a common extension, except that this
may fail (P2)(P12)(P13).

Lemma 5.8 There is a P—function ¢ such that for all p,q € P: If p,q are (—close
then p X q and there is an s € P such that s <p and s < q and N®* = NP + 1.

We shall prove this later, after listing some of its consequences. First, when
p = q, we get:
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Corollary 5.9 For each p € P, there is an s < p with N* = NP + 1. Hence,
{q: N9 > i} is dense in P for each i.

So, in V[G], we have gy, fn,¥n, 0, for each n € w; e.g., g, = g2 for some
(any) p € G such that N? > n. Then Lemma 5.1 applies: (1) is obvious, (2)
follows from (P11), (3) follows from (P10), and (4) follows from (P7)(P9), So, by
Lemma 5.1, (g, : n € w) converges pointwise to some g : R — [0, 00), and g € D;
also, ||lg|| < 2 by (P7). Then, since the g, are uniformly bounded, (f, : n € w)
converges pointwise to f, where f(z) = [ g(t)dt. Note that we are applying
Lemma 5.1 in V[G] to the natural extensions of g,, fn, ¥n, 0, (which were, in V|
functions from RY to RV).

Regarding (Q3): By not requiring g,(d) ~ 0 for all n < N, we make it
easier to add new pairs (d, e) into extensions of p (see the proof of Lemma 5.13).
Likewise, we only require (P12)(P13) for n = N?, so that when proving Lemma
5.13, we do not need to consider (P12)(P13) for n < NP. But still,

Lemma 5.10 For (d,e) € o: g(d) =0 and f(d) =e.

Proof. Since (g, : n € w) and (f, : n € w) converge pointwise, it is sufficient
to show that some subsequence of (g,(d) : n € w) converges to 0 and some
subsequence of (f,(d) : n € w) converges to e. Say (d,e) € p € G. Then
by Corollary 5.9, S := {N?: q € G A (d,e) € g} is infinite. Then, applying
(Q3)(P12), (gn(d) : n € S) converges to 0 and (f,(d) : n € S) converges to e. -

Another consequence of Lemma 5.8:
Lemma 5.11 P has the ccc.

Proof. Let A C P be uncountable; we prove that A cannot be an antichain.
Let {(p) be as in Lemma 5.8. We may assume that ((p) is the same rational ¢
for all p € A. Furthermore, by a delta system argument, we may assume that
A={p*:a<w}and ¢ = o*UT, where 7 is the root of the delta system. We
may also assume (applying (P2)(P3)(P6)) that the o satisfy the hypotheses of
Lemma 5.3, and that all p®, p? satisfy everything in Definition 5.7 (of “(—close”)
except possibly for the requirement “d # d’ implies 0 < (e —€')/(d — d') < (7.
But now Lemma 5.3 (applied with ¢(t) = ¢ - t) implies that there is some pair
p®, p° with a # 3 satisfying this requirement (since o J o), so that p* f p° by

1Ll

Lemma 5.8. &®

By applying Lemma 5.5 with J = 0 to P we get:

Lemma 5.12 Fixp € P. Let N = NP and 0 = oP. Then for some 6 : R — R:



5 ISOMORPHISMS 16

a. 0(z) >0 for all x, and ||0]| < 27V72, and O(z) — 0 as © — +oo.
b. 6 is continuous.
c. If g* =gy +6 and f*(z) = Ox g*(t)dt, then f*(d) = e for each (d,e) € o.

Lemma 5.13 ran(o) = E.

Proof. It is sufficient to prove that for each e € E, {q : e € ran(c9)} is dense. So
fix p € P with e ¢ ran(o?), and we find a ¢ < p with e € ran(c?); ¢ will be exactly
like p, except that 0? = o? U {(d,e)}, where d € D¢ := {d € D : ht(d) = £} and
ht(e) < € < ht(e) + w and ¢ is different from ht(d’) for all ' € dom(o?). Then
q < p is clear, but we must make sure that ¢ € P.

Let f* be as in Lemma 5.12. Then f* is a continuous increasing function, and,
using the lim, 4o gn(z) = 1 from (P7), f*(x) — oo as  — oo and f*(z) — —o0
as © — —oo. There is thus a unique d such that f*(d) = e; and d ¢ dom(o?).
Setting 09 = o® U {(d, e)} would satisfy (P2)(P12)(P13); to verify this: (P2) is
clear and (P12) follows from (P13). Also, (P13) is clear unless one of (dy, €g),
(di,e1) is (d,e). Assume that (dy,e;) = (d,e), since the other case is similar; so
dy < d = dy. For the “< 27V=2" in (P13), use ||0|| < 27~~2 and the fact that

F* 2 {(do, eo), (d,e)}. For the “OA<’7 in (P13), observe that fddo 6 > 0.
For all d sufficiently close to d, setting 09 = o” U{(d, e)} will also satisfy (P2)

il

(P12)(P13), so choose such a d in D, which is possible because D is dense.
Although dom(a) # D (by (P3)(P4)), we do have:

Lemma 5.14 In V|G|, dom(a) is an Ny —dense subset of D.

Proof. Use the facts that f is strictly increasing and continuous, || f’|| < oo (by
(L

P7), f D& (by Lemma 5.10), and V, V[G] have the same ®; (by the ccc). %

We are now done if we prove Lemma 5.8. First, a few remarks.

As noted above, to prove that p [ ¢ whenever p,q are (—close, we need to
make sure that the common extension satisfies (P2)(P12)(P13). But (P12) is a
special case of (P13), and it is easy to satisfy (P2); that is, if the function ( is
small enough then o U 09 will be order-preserving. A more serious issue is that
the natural extension (6? U, N, gni1, fat1, ¥n, On)neny may fail condition (P13);
that is, (6? U a?, gn, fn,27V72) may not be correctable, since correctability puts
a lower bound on the slopes between adjacent elements of ¢ in terms of the slope
of fx. But “(—close” implies that the slopes between neighboring pairs (d, e) and
(d',e') are small (bounded above by ().

The common extension s will have ¢° = o? Uc? but N* = N + 1. Then vy}
will be a linear combinations of functions of the form (1 47|z —d|)~'/2 for d close
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to a d,d’ pair and suitably large r. Also, r &~ 1/+/C, so r( < 1, so that for x
near d,d’,d: gn(z) and 1% () will be approximately constant; and, we shall make
gn(x) — %, (x) very slightly negative for these . But r will be large enough that
[ih4(¢) dt will be negligible for each d.

Now, we need to define ¢y = ¢35 and Oy = 03, which will determine gy1; =
gn4+1 and fni1 = fr,. Wedo not know a “simple” definition of ¢ which “works”,
so rather than defining ( right away, we shall simply define vy and 6y and check
that they have the right properties, assuming that ( is small enough. 1, and
On will determine gny1 = gy and fyny1 = fiy, by gvi1 = gy — ¥y + Oy and
fnei(z) = fox gn+1(t) dt. We shall also have Oy = 9;[\, + 0% because there are two
tasks for fy: to make sure that gy is positive (the task of 9;[\,), and to correct
fn41 to come close to 0%, so as to satisfy (P13) (the task of 6%). Both 6}, and
0% will be positive functions.

First, some notation: Applying the definition of “close”, let L = |o?| = |of|
and let o = {(d},€}) : ¢ < L} and 09 = {(d},¢e}) : £ < L}, where |d} — dj| < ,
which implies also |e) — ef| < (2.

Before defining anything, we must make sure that o® satisfies (P2); that is,
that o? U o? is an order-preserving bijection. In view of the definition of “close”,
the problem is to show that whenever dj < d} (and hence also dj < df), we have
both €] < ef and ¢f < €f. Since |e] — ef| < ¢* and |} — €f| < (?, it is sufficient
that ¢* < [} —¢/|/3 and (* < |e] — €]|/3; but this follows if we assume that
3(¢(p))? < |e — €| whenever e, e’ € ran(o?) and e # €.

Next, we define ¥ so that for each ¢, the function gy — 1y is slightly negative
near d;, and dj. To make sure that )y € M;: Choose rational dy such that
|de — dY|, |de — d}] < ¢. Let 7y = max(gn(d}), gn(d]), gn(de)). By (P7), 0 <7, <
2 — 27N, Then choose a rational r such that 1/y/¢ < r < 2/4/C and rational ~,
so that ¥, < v, < 2 — 27" and v, — 7, < 27V /256, and define:

Yn(x) = Z (w + 2_N/16) (1 +rjz — dg|)_1/2

{<L

Then 1y € AP4 by Corollary 4.8. Clearly, g (d) —wn (dy) < ’yg—(”yg+2_—N/16) <
0, but we wish to assert also that gn(z) — ¢n(x) < 0 whenever |z —d;| < (; in
particular, for x = d, d]. Note that always ((p) < 1; then, for |z — d,| < ¢:

(Lt rle—dil) ™ > (14 (2/V0) - O =1 +2/0) 72 >1- V(|

Now, assume that our function ((p) satisfies Vd € dom(o®) Vz [|x — d| < 2¢(p) —
lgn (z) — gn(d)] < 27N /256]. Then, using ¥, < 7,

gn (@) — (@) < (30 +27V/256) — (0 +27V/16) (1 — /<)
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when |z — dy| < ¢, so that
gn (@) — Y (x) < 27V/256 — 27V /16 + (7, + 27V /16)\/( < 0 ;

This last < holds if we assume that always /¢ (p) < 27 /256.

Now, we define % () = max(0, n (z) — gn(z)) + e2?/(2z% + 1), where ¢ is a
positive rational which is small enough to make the rest of the argument work.
Let g\ (z) = gn(z) — ¥n(z) + 01, (x), which is positive everywhere except at 0.
Let fl.(x) = [i gh(t)dt. We shall eventually show that (o7 U o, gk, f,27V=2)
is correctable.

(P11) requires ||fy| < 27V-!. To accomplish this, we first verify that [|6} || <
27N=2 " and later we shall verify that [|0%| < 27V72. As long as ¢ < 27V72
0, (z) < 27V=2 whenever ¢y (z) < gy(z), which holds as = — 400 since gy (z) —
1 and ¢y (z) — 0. Also, 0% () < ¢y (x) + e, so that if ¢ < 27V=3 then 01 (z) <
27N=2 whenever ¢y (z) < 27V73 and if ¢ is large enough, this will hold unless
x is very close to one of the d;. More precisely, if |z — dy| > ¢ for all £, then
Yn(z) < 20(1 + TC)_1/2 < 2Lr~Y2¢7Y2. Then, using 1/v/{ < r < 2/3/C, if
|z — dy| > ¢/* for all ¢ then

Un(z) < 2LCVACTHYS =2L¢V/8

Then 6% () < 27V-2 for these z provided we assume that our ¢ function satisfies
207 - (C(p)) VS < 27N,

Now, fix z and assume that |z — d,,| < ¢/ for some m; this m will be
unique if we assume that (¢(p))*/* < u(p)/4 for all p. We need to show that
0 (z) < 27N-2. Assume that ¢y (z) > gn(x), since we have already covered the
case that ¥y (z) < gny(z). So,

0% (z) = Yn(z) — gn(z) + e2?/(2? +1) <
G 2501 ol - )

> (e +27V/16) (14 rla — del) ? — gw(z) <
l#m

e+ (Ym +277/16) + 27 —gn(2) = e + (3 — gn(2)) + 277772

for the last <, use the previous argument, but now assuming that our ¢ function
satisfies 2|o?|- (((p))"/® < 27V"~%. Assuming that ¢ < 27V=2/4 and 7,, — gn(z) <
27N-2/4 we have 0 (x) < 27N-2. Since 3 € {gn(d?,), gn(d%,), gn(dy)} and
Am < Y < Ym + 27 /256, and x is within 2¢'/* of each of d?,,d?,, d,,, we obtain
Ym —gn (2) < 27N72 /4 if we assume that Vo Vd € dom(o?) [|z—d| < 2(¢(p))Y/* —
lgn(x) — gn(d)] < 27V72/16.
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We next show that (o7, gl fi,27V=2) and (09, g1, 1., 27V=2) are correctable.
To do this, we bound the change in fy(d) caused by replacing gx by gn —¢N+Q;rv;
this change is fod(wN(t) — 04,(t)) dt. Let A be the diameter of dom(c®). Then,
since v, + 27V /16 < 2 and r > 1/1/C

d A
/1mwwﬁ<2L/ u+wy”%ﬁ=§£bn+mA—1 <
0 0

-
VA <avVAYC

This can be made arbitrarily small by requiring the ¢ function to be small enough.
Likewise, fod 0% (t) dt can be made arbitrarily small using 0 < 6% (t) < 1y (t) +&.
So, the correctability of (o7, gk, f1,27V=2) and (09, g, £, 27N=2) follows from
the correctability of (%, g, fx,2 N2) and (09, gy, fn, 2 V2) if ¢ makes f];
close enough to fy.

Now, to verify that (o? U o9, g}v, f]T\,7 27N=2) is correctable, we must show that
(P13) holds between any two elements of dom(c? U o). There are two cases not
already covered by the above:

Case I: Between df, and dj where m # ¢: We need

eh—ef _ fildn) — Fi(d])
dh, — d} dh, — d}
This is handled by making ¢ small enough, since the inequality holds if we replace
dj,el by dj, €.

Case II: Between dj and df, when d} # dj. WLOG, d] < d}, and we need
i = f(d]) — fh(dp)
di — dj dl — db
By the definition of “close”, we have 0 < (ef — €})/(df — d}) < ¢, and our
assumptions above about ¢ already imply that ¢ < 27¥=2. Thus, it is sufficient
to have fi(d?) — fi(d?) < ¢! — €. Now we have already checked that gy(z) —
Un(x) < 0 for € [db,d]], so that gl (z) = ex?/(2z* + 1) for these z. Then
iy — i) = efdi; 2?/(x® + 1)dz < e(d} — d)), which will be less than

ej — €} if we have chosen a small enough ¢.

9—N=2

0 < <

0 < < 27N=2

Since (o U oq,gJTV, f]TV, 27N=2) is correctable, Lemma 5.5 gives us a positive
function 6% such that [|0%]] < 2~V-2 and such that, setting g%, = gl + 0% and
integrating, we get fﬁﬂ D o® := 0P Uo?; so, instead of (P13) for s we have, for
(do, 60), (dl, 61) € o0’ and dy < di:

(e1 —eo) — (fRi1(dr) = fRii(do)) =0 .
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This is not exactly what we want, and this Hf, need not be in My, but by modifying
our Oﬁ slightly, we can get 63, € M, so that setting gy, = ngV—i-Q}*V and integrating
we get fx,, satisfying

0< (e1—eo) = (fysr(dr) = frpa(do)) <2773 (dy — dy)

which is (P13) for the forcing condition s, so that s € P.

Of course, we also need to verify that s < p and s < ¢. (Q1) and (Q2) are
trivial, but (Q3) requires gi_,(d) € (0,271 for d € dom(c?) U dom(c?)\{0}.
Now gi41 = gk +0%, and we already know that gl (d) = ed?/(d*+1) < ¢, and we
already assumed that ¢ < 27V=2. So, when we apply Lemma 5.5, get Qﬁ(d) =0
for these d. Then, when we modify 0#, slightly to get 0%, make sure that 63(d) €
(0,27N=2). This, plus gi(d) € (0,27V2) implies that g3, ,(d) € (0,27¥1).

We remark on the relationship between this proof and Baumgartner’s proof
in [3, 4], which forced an order-preserving bijection f from D onto E. Since f~*
is also an order-preserving bijection, there is a symmetry between D and E in
the forcing. Specifically, in his forcing, our (P3) is replaced by the requirement
that ht(e) # ht(d) and that they differ by a finite ordinal. Our (P4) is replaced
by the requirement that max(ht(dy),ht(eg)) # max(ht(d;), ht(e1)). The forcing
condition is just the o alone; there is no need for an (N, g, f, 1, 6) part.

But requiring f to be differentiable breaks the symmetry, since f’(d) must
be 0 at many places (see Theorem 1.5), so that f~! is not differentiable. Then,
getting the derivative to be small seems to require that ht(e) < ht(d) in (P3) so
that the proof of ccc (via Lemma 5.3) works, which leads to the domain of the
order-preserving map being not all of D.
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