Qualifying Exam in LOGIC

January 20, 1983

INSTRUCTIONS: Do four questions; at most two elementary.

NOTATIONS:
1. {¢e|e < w} is a standard enumeration of all partial recursive functions.
2. we =af dom ¢e
3. we,s =af {x f_s|¢e(x) converges in < s steps}
*1 % *n
. = < < ees < = “ea
4 Dy {xl X, xn} where y =2~ +2 ° + + 2 7.

POLICY ON MISPRINTS
The Doctoral Exam Committee tries to proofread the exams as carefully as
possible. Nevertheless, the exam may contain misprints. If you are convinced a
problem has been stated incorrectly, mention this to the proctor and indicate
your interpretation in yoﬁr solution. In such cases do not interpret the prob-

lem in such a way that it becomes trivial.



I.

Elementary Questions

Find a set S of sentences in an uncountable language such that
a) for all neE w, S has a finite model of size >n .

b) S has no countably infinite models.

Iet L be a fixed finite language. If S,T are consistent sets
sentences of L , say ST iff S F ¢ for all ¢e T .

Show:

0
a) If T is r.e. and consistent, there is a complete Hl (co-

S with s= T.

b) There is an r.e. consistent T with no complete r.e. S such

that s = T .

Prove the following or give a counterexample: Let Sn'Tn (n € w)

be sets of sentences. Assume that for all n , s Cs ’ T C
n n+l n

and there is a model, ¥_ such that ¥ _f T and ¥ K s .
n n n n n

Then there is a L such that L fk U T and L W

ne€e w n ne€e w

of

r.e.)

T

n+l

S
n



II. Recursion Theory

1. Prove or disprove:

0 0 0]
There exists a complete A2 set; i.e. 3dA e A2 VB € A2 3f recursive VYn

n € B iff f(n)e A .

2. Let {u e,s < w} satisfy:

e,s I

i) U cCu ; and
e,s e,s+l

s ; v =
ii) I F recursive e,s [Ue,s Df(e,s)] )

Let Ue = af v Ue s Prove there is a recursive g such that for all
s<w !
e,s
1 W = U ; and
) g(e) e
2 W cCu .
) g(e),s+l e,s

Hint: Recursion Theorem.

3. Suppose a recursive f satisfies

vnlm [ # {0,1,2,"’,1!\-1}] .

wf(n)

Prove that there is a recursive g satisfying:

or W, =

Yi3s = .
Do ViIT W =W, i T

2 Vi,j (w_,, W, ; d

) 103 [We 4y 7 g(j)] an

3 Vig 3 w . W,

) 73 1 g(i) 7 g(j)]

Hint: Construct {Ai}i<w such that there is a recursive g .,

A, =

W, for all i .
i g (i)



III. Model Theory

1.

. . . - <w
A model A is almost-w-homogeneous iFf e there is an a € |A]

such that (A, Q) is w-homogeneous. Prove that if every countable model
of a theory T is almost-w-homogeneous, then every model of T is

almost-w~-homogeneous.

If T,z are complete types of a theory T , say that I' forces L

iffdf whenever T is realized in a model, then r is realized too.
Suppose T is a complete theory with the property that if r forces

z then either
i) ¥ 1is principal; or

i1y Z(x. ,ece.x%x. ) CT(x. ,ee.,x) for some 1< i
11 lm - 1 n —

< i < ++* < i <n .

1 2 — 'm —

Suppose I'(x) is a complete l-type. Prove that there is a homogeneous

model of T omitting T (x) .

Assume that R,S C wXw  are recursive, (w,RY =(w,s? , and {(w,R?
is homogeneous. Prove that there is an fe A3 such that

f : {w,R)=(w,s) .

Iet U be a uniform ultrafilter on wy - If K is a family of

*
structures for L, let X be the set of all structures of the form

I 2la/U ’ where each ﬂla € K . Let S be a set of sentences of L

Q€ w
1

with Is] = w Assume that for each finite F C S, there is an

i
. * %
U e XK with )] FF . Show that there is an 9 € (K ) with uEs .



IV. Set Theory

1. ILet M be a countable transitive model for ZFC + GCH. Assume that
. . M
e M, P 1is a partial order, and (P is c.c.c.) . let G be
P -generic over M . Show that the following holds in M[G]

w

VFC lwl({Fl >uw, > 3f,ge F(E#gAllaw f@ = g@}] =w)) .

2. If X is a set of real numbers, call X a Bernstein set iff

|X] i_ml and X has no perfect subsets. Suppose that Xa ’ for
a < wl ’ are distinct real numbers. Show that there is a closed
unbounded c C wl such that {xa : o€ C} is a Bernstein set.

3. Assume MA +—1CH . For each limit Y € wl p let AY be a
cofinal w-sequence. Show that there are Bn Cc wy for ne w such
that each Bn N AY is finite and U B = w, -

née w



