Qualifying Exam
LOGIC

January 19, 1984

INSTRUCTIONS: Do four questions, at most two elementary.

Policy on Misprints

The Doctoral Exam Committee tries to proofread the exams as carefully as
possible. Nevertheless, the exam may contain misprints. If you are convinced a
problem has been stated incorrectly, mention this to the proctor and indicate
your interpretation in your solution. 1In such cases do not interpret the

problem in such a way that it becomes trivial.
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ELEMENTARY

1. Assume that first order predicate logic with eguality and a binary
predicate symbol, R , 1is undecidable. Prove that this remains

true if you add the axiom:

vxy (R(x,y) <> R(y,x)) .

2. Suppose that theories Tl’T2 both have infinitely many countable

models. Is it then true that if Tl U T2 is consistent then

'I‘l ) T2 has infinitely many countable models? (Give a proof

or a counter-example).

]
£

3. Suppose Vn € w (2 = w ) . Prove that 2

wtl7 w+l7
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Model Theory

Suppose a complete consistent theory T does not have a countable

saturated model. Prove that there exists Bi for i< 2 0
such that:
i) each Bi is a countable model of T , and
ii) if i# 3 then B, is not elementarily embeddable
in 3.

J

Suppose T is a complete theory with complete types Pl'PZ
that are Turing incomparable. Prove that T has at least 4

countable models.

Let T be a theory in a countable language which has infinite
models. Prove that there are AQF'T for o < @y such that

whenever a < B ,
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Set Theory

1. Let X = {a<w La}= ZFC} . Assume x| > 2 .

1 H
Show that there are o,B € X and a Cuw with a < B,

L,[al FZFC  and LB[a]h& ZFC .

2. Show that there are partial orders <, on wq for n <
such that
i) VvaB (a < B «»> dn (a < B)) and
ii) vevn ({{a : o< B} < w) .
3. Let M be a countable transitive model for ZFC . In M,
let P be countable partial functions from wg to 2

Let G be P -generic over M . Show that CH holds in

MI[G]
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Recursion Theory

1. True or False: If the intersection of two simple sets is
infinite, then the intersection is simple. Prove that your

answer 1is correct.

2. Suppose {%i | 1 < w} satisfies A <p Ai+1 for alil i

Prove that {A. | i < w} has 2 O minimal upper bounds.

3. Prove that there exist low r.e. degrees a,b such that for
every r.e. degree c there are r.e. degrees 2y 28

U Q = C .

~0 0 ~0

by < b satisfying 2,

[Hint: Sack's splitting theorem says that for every r.e. C
there are low disjoint r.e. A,B such that AUB-=2C.

apply this to Ky =a¢ {{n,e)|newe}] .

N O

4. Prove that there is a A degree that is not r.e.



