Qualifying Exam
LOGIC

January 17, 1985

INSTRUCTIONS: Do four questions, at most two elementary.
Please use a separate packet of paper for each problem since not all of your

answers will be graded by the same person.

Policy on Misprints

The Doctoral Exam Committee tries to proofread the exams as carefully as
possible. Nevertheless, the exam may contain misprints. If you are convinced a
problem has been stated incorrectly, mention this to the proctor and indicate
your interpretation in your solution. 1In such cases do not interpret the

problem in such a way that it becomes trivial.



dom(ui) .

DEFINITIONS

If n,& e w<m then

n<é iffdf ¥i < 1h(n)[n(i) = £(i)]
nnNg =3f the maximal o such that a < n,& .
{ui|i<w} is the standard enumeration of all partial recursive
functions ypy : 0w =+ w .
{Wi|i<w} standgrd enumeration of all r.e. sets, i.e. . Wi =
K =3¢ {1Iui(1)+}

A|,B just if A and B are Turing incomparable.

T C m<w
If T C w
T iff

daf

is a tree iff ¥n,g € m<m[n<35 e T > ne€ T)

daf

< N .
® is a tree, then f ¢ %y 1is a branch of

¥Yn<w[ft € T] .
n
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ELEMENTARY

l. Sort the following set of ordinals.

{ () + (e+w) , (wtw) - (%) ,
ww°m + mm-w ’ w-wm + w-mw '
w-ww + mw~w ’ mw-w + w-ww
}
Exponentiation is ordinal exp. Some values may be repeated.
2. Prove: There is a function f: R + R such that
whenever P,Q  are perfect subsets of R , [Q n f"p| = ZNO

f"P = ran(ftP) .

3. Let L be a finite language, Ti L-theories, Ti C Ti+l ’

and assume Vi<o HA[A%=Ti and not AF=Ti+1] .

Prove or disprove: v Ti has an infinite model.
i<w
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SET THEORY

1. Let P Dbe the partial order 2K = u 2® , ordered by

a<K
reverse inclusion. Under what conditions (cofinalities and
cardinal arithmetic) will forcing with P preserve all
cardinals, Why? Caution. Do not assume GCH and do not
assume K is regular.

2. Prove. If cfix) > o and F is a family of K finite
sets, then there is a G C F such that 6] = « and G
forms a A-system,.

3. Let I be the ideal of non-stationary subsets of Wy s and
let B be the Boolean algebra, P(wl)/I . Prove that

B is mz—complete (every set of size Wy has a supremum).
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MODEL THEORY

l. Assume T is a first order conéistent theory, not necessarily

complete. Suppose further that {wi(x)|i<m} is a set of formulas

consistent with T in one free variable such that for any
if T U {3xe6} is consistent, then there is an i<

that T U {3x(68(x) A Twi(x))} is consistent.

B(x)e L(T)

such

Prove or disprove: T has a model A such that the following

set is infinite:

{ae |A] VicolCA,a) kv, ()]} .

2. Let T be a complete theory in a countable language with no

finite models such that for some AT the following is true:

¥B,C countable k T[A # B & A # C » B < (]

Prove or disprove: T 1is No-categorical.

3. Suppose T is a first order theory and {Ai|i<w} is a set

of models of T such that
VBE T di<w [A; < Bl .

How many complete extensions (closed under deduction) can

have?

T

14
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RECURSION THEORY
1. {Ai,i<3} is a recursively enumerable, recursively inseparable
triple iffdf
i) Ai r.e. i<3 ;
ii) 1 # 3 » A, N Aj =0 ;
iii) If R is recursive, {i,3,k} = {0,1,2} , and

A VA CR, then A NR#O.

Prove there is a recursively enumerable, recursively inseparable

triple.
2. Let fi(xo,xl,xz) ’ i<3 be total recursive functions.

Prove there are L. , i<3 satisfying

i
]J.‘ = p i<3 .
£; (Rgrdyrdy) 2

3. Assume Tr is a recursive tree with no terminal nodes.

A set {fi[i<w} of recursive branches of Tr is Zn iffdf

there is a z set ACuw such that:

n
1) ViHj[fi=uj and jeA] ;

2) vjdi[jeA - £i=uyd .

Prove that every I set of recursive branches of Tr is

contained in a I set of recursive branches of Tr .



