Qualifying Exam
LOGIC

January 16, 1986

INSTRUCTIONS: Do four questions, at most two elementary.

Please use a geparate packet of paper for each problem since not all of your

answers will be graded by the same person.

Policy on Misprints

The Doctoral Exam Committee tries to proofread the exams as carefully as
possible. Nevertheless, the exam may contain misprints. If you are convinced a
problem has been stated incorrectly, mention this to the proctor and indicate
your interpretation in your soluticn. In such cases do not interpret the

problem in such a way that it becomes trivial.
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Elementary

1. Prove that for any ordinal o the following are eguivalent:

a) 3B [a = mB] {ordinal exponentiation).

e

b) YA C ol(A,<) (a,<)  or (a=2,<) = (a,<)]

e

( = means isomorphic).

2. A transversal is a 1-1 choice function, Suppose F is a
family of finite sets. Show that F has a transversal iff
every finite subset of F has a transversal. Is this still
true if F contains an infinite set?

3. Prove or disprove: If {A,R) = {(B,S) then
{A,AxA-R} = (B,BxB-8) { = means elementarily equivalent).

4, Let S be a countable set of ordinals., Show that

{B[H<unlnew) e s®[ = an=B}} is countable.
n<w
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Recursion Theory
1. Let A 5 w . Prove that Y.\ is creative iff
V r.e. BIANB =g > A=, AUB] .
[Hint: For + , prove first that A 1is not simple. Then be

creative finding a set in the complement of & ].

A iT K is n-r.e. lffdf A = les AS for a recursive

sequence {AS}S<UJ such that

1) a, =@ ; and

2) {s | As(x) # A (%)} has fewer than n+l elements.

s+1

Prove that if A is n=r.e. , then either A or A

contains an infinite r.e. set.

A C o is autoreducible iffdf there is an e such that

¥x [ A(x) = ueA—{X}(X)]

Prove there exists an r.e. set which is not autoreducible.

[Hint: Priority style construction].
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Recursion Theory--continued

4, A is self-dual iffdf A< a . Let BCw be an index

set, i.e.
YeV¥i [ue =y, + (e € B« 1 ¢ B)] .

1

Prove B is not self-dual.

Model Theory

All languages are countable.

1. Assume
i) L0 - Ll - L2 first order language:

ii} Ti is a complete Li theory i< 3 ;

iii) A, FT;, BiFT 0<i<l, 1<j<2 ; and

iv) A, S Al[‘ » B S Bzr [i.e. embeddable in a reduct]
Lo Ly
Prove or disprove:

YA E T, 8B kT, [AgBl‘LOJ .
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Model Theory-~continued
2. For an L-structure A ,
TySp(A) =4¢ {T complete n-type in L | A realizes ' , n < )

Assume that AET, T 1is complete, and T has only finitely

many countable models, Prove

4T ¢ TySp(A)¥I e TySp(A)V¥B E T[T € TySp(B) + I ¢ TySp(B)l .

3. Prove or disprove: If T is complete and has at least two

non—~isomorphic models of size w omitting the type T ,

1

then it must have infinitely many pairwise non-isomorphic models

of size w

1 omitting T .

4. Assume L has just a binary function symbol as its only

non-logical symbol, and T has as axioms the universal closures

of:
fix,y) = f(z,t) » x = 2 A y = ¢ and
X # 1T
whenever T is a term containing x . Prove that T 1is

complete.
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Set Theory
1. Assume P is C.C.C. and s C Wy is stationary. Prove
v - +
ﬂj}r,(s is stationary) .
2. Show there exists a metric space (X,p) such that
+
¥X ¢ X V¥Yr ¢ IR dly ¢ X [p(x,y) = r] .
+ . s
(R is the set of positive reals).
3. Suppose ne€e o and (Bu : a < ml) is an Wy sequence of
countable sets such that for every a,B < Wy
a # B+ IBa N BBI <n. Show there exists (A : o < wp)

each A finite and {Ba\Aa : o < wl} are all pairwise

disjoint. [Hint: ILowenheim Skolem theorem]

4, Let M be a countable transitive model for ZFC . Prove that
for some x Cuw, M[x] E 2ZFC , mlM = wlM[x] , and
" M < Mx]

2 2 :



