
Qualifying Exam
Logic

January 15, 1998

Instructions: If you signed up for Recursion Theory, do two E and two R
problems. If you think that a problem has been stated incorrectly, mention
this to the proctor and indicate your interpretation in your solution. In such
cases, do not interpret the problem in such a way that it becomes trivial.

E1. Let L be the language of one unary function f , and T the L-theory
stating that f is a bijection. Call a subset of a T -model an orbit if it is of
the form {fn(x) | n ∈ Z} where fn(x) is obtained from x by applying n
many times f to x (or −n many times applying f−1 to x if n is negative).
For a T -model M, call the spectrum of M the set of all cardinals κ ≤ ω such
that some T -model N elementarily equivalent to M has an orbit of size κ.
Determine all possible spectra of T -models.

E2. Show that PA has a model M such that: For some formula θ(x)

M |= ∃x θ(x)

but for every n = 0, 1, 2, . . .

M |= ¬θ(n).

E3. Define the product order on pairs of ordinals by:

(ξ, η) < (α, β) ⇐⇒ ξ ≤ α & η ≤ β & (ξ, η) 6= (α, β) .

This is well-founded, so we can define:

rank(α, β) = sup{rank(ξ, η) + 1 : (ξ, η) < (α, β)} .

Compute rank(ω3 + ω · 2 + 2, ω2 + ω · 3 + 1) explicitly in terms of ordinal
arithmetic (+, ·, and exponentiation).
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In the Recursion Theory problems, ϕe is the eth partial recursive function
of one variable, using some standard enumeration.

The words “computable” and “recursive” are assumed to have the same
meaning. A fixed point of a total computable function f is an index e such
that ϕe = ϕf(e).

R1. Let f be a total computable function, and assume that the set S of
its fixed points is computable. Show that S must contain an index for every
partial computable function.

R2. Let K be the halting problem. Show that K ⊕ K is many-one
reducible to K×K, but not conversely. Hint: Show that the converse would
imply K computable.

R3. Show: There is a ∆0
2-set A which is not the Boolean combination

of computably enumerable sets. (A Boolean combination of computably
enumerable sets is obtained from the computably enumerable sets by a finite
number of unions, intersections, and complementations.)
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Answers to Logic Qual January 1998

E1. All finite subsets of ω +1; and all infinite subsets of ω +1 containing
ω. Use compactness theorem and explicit construction.

E2. Let θ(x) say that x is the code of a proof of 0=1 from the axioms of
PA. Take M to be a model of PA + not Con(PA).

E3. ω3 + ω2 + ω · 5 + 3.
If you start to write out a table of values, you will see the pattern. The

general formula (not needed here) is: rank(α, β) = α#β, where # is natural
sum: In Cantor Normal Form, if α = ωµ1 · m1 + · · · + ωµk · mk and β =
ωµ1 · n1 + · · ·+ ωµk · nk then α#β = ωµ1 · (m1 + n1) + · · ·+ ωµk · (mk + nk);
here, µ1 > · · · > µk and 0 ≤ mi, ni < ω for i = 1, . . . , k.

R1. Otherwise, fix e0 such that ϕe0 has no index in S. Then the following
total computable function, g, has no fixed point, contradicting the Recursion
Theorem: Let g(x) = f(x) for x /∈ S, and g(x) = e0 for x ∈ S.

R2. In one direction, simply fix e ∈ K and e′ /∈ K, and map 2x to (x, e′),
and 2x + 1 to (e, x). For the other direction, assume f is such a reduction
and distinguish cases: If for all x ∈ K, there is some y ∈ K with f(y, x) even,
then K is seen to be Σ1; else there is some x0 ∈ K such that for all y ∈ K,
f(y, x0) is odd, so g(y) = f(y, x0) gives a reduction of K to ∅ ⊕K ≡m K.

R3. We can list all Boolean combinations of c.e. sets as {Ve : e ∈ ω},
where {(x, e) : x ∈ Ve} is computable in 0′, and hence ∆0

2. Now, let A = {x :
x /∈ Vx}.
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