
Logic Qualifying Exam January 2024

Instructions: Do all six problems.
If you think that a problem has been stated incorrectly, mention this to

the proctor and indicate your interpretation in your solution. In such cases,
do not interpret the problem in such a way that it becomes trivial.

If you are unable to solve a problem completely, you may receive partial
credit by weakening a conclusion or strengthening a hypothesis. In this case,
include such information in your solution, so the graders know that you know
that your solution is not complete.

If you want to ask a grader a question during the exam, write out your
question on an 81

2
by 11 sheet of paper. Give it to the proctor. The proctor

will contact one of the logic graders who will retrieve your written question,
write a response, copy the sheet of paper, and return it to the proctor.

1. Let T be the theory of the structure (N, S, 0) where S is a unary function
symbol interpreted as the function S(x) = x+ 1.

1. Show that the theory T has quantifier elimination.

2. Give an explicit axiomatization of T and show that your axiomatization
implies all of T .

2. Let A be a collection of c.e. sets which is downward closed under Turing
reducibility. We say that A is represented by a set of natural numbers R if
A = {Wi | i ∈ R}. Show that if A is represented by a Σ3 set, then it is
represented by a computable set.

3. Build a continuum size set A of Turing degrees that is independent, i.e.,
no member of A is Turing reducible to the join of any finite collection of
other degrees in A.

4. Let M be an elementary substructure of N and let A ⊂ M be a subset.
Show that aclM(A) = aclN (A). Here, aclC(A) denotes the algebraic closure of
A taken in the structure C (i.e., b ∈ aclC(A) if there is a formula φ(x) ∈ LA so
that {y ∈ C | C |= φ(y)} is finite and contains b). Give an example showing
that this is not true if you only assume M is a substructure of N even under
the assumption that M ≡ N .



Logic Qualifying Exam January 2024

5. Let T be a complete consistent countable theory. Show that there is a
countable model M of T so that for any tuple ā in either the type of ā is
isolated or there exists a formula φ(x̄) so that M |= φ(ā) and there are no
isolated |ā|-types containing φ(x̄).

6. Let U ⊆ 2ω be a dense Gδ set (recall a Gδ set is a countable intersection
of open sets). Build a G ∈ 2ω and a dense Gδ set V ⊆ 2ω such that if H ∈ V ,
then G⊕H ∈ U .
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Sketchy Answers or Hints

1 ans.

1. Use the criterion given, e.g., in Marker (Cor. 3.6): Let A be a common
substructure of M,N |= T , and fix a quantifier-free formula ψ(v, w)
and a ∈ A such that there is b ∈M with M |= ψ(a, b). There are now
two cases: If ψ includes an equation between b and some a ∈ A ∪ {0},
then b ∈ A and so b ∈ N since A is a substructure. Otherwise, ψ
does not relate b to any a ∈ A ∪ {0} by an equation, so let k be a
bound on the number of times the S-symbol is used in ψ and simply
let c ∈ A ⊆ N be more than k many S-steps away from any a ∈ A∪{0};
so N |= ψ(a, c).

2. T is axiomatized by saying that S is a bijection from M onto M \ {0}
and that for all x and all n > 0, Sn(x) ̸= x. This is all we used in
part 1 to prove quantifier elimination, and this axiomatization clearly
implies all quantifier-free facts about a model of T .

2 ans. Since A is downward closed under Turing reducibility, it contains in
particular all finite sets. Now represent i ∈ R as ∃j (|Wf(i,j)| = ∞). We now
define a computable representation of A by {Wi ↾ max(Wf(i,j)) | i, j ∈ ω},
where the max of an infinite c.e. sets is ∞.

3 ans. See Soare (1987), Exercise VI.1.8. This exercise only builds pairwise
incomparable degrees, but can be easily modified to get our version by ap-
plying to the Padding Lemma so that each reduction is defeated infinitely
often, and by letting the reduction use the join of all but one oracle at a level
of the F -tree.

4 ans. If M ⪯ N , then an algebraic formula φ(x) (with parameters from A)
has the same number of solutions in M and in N . Since clearly aclM(A) ⊆
aclN (A), we obtain the first part.
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A possible counterexample for the second part is gotten by letting M be
the positive integers, and N the non-negative integers, both in the language
of successor.

5 ans. If there are no isolated types for any tuple from M, then it is easy
to build a full binary tree of consistent formulas such that φσ0 and φσ1 are
pairwise inconsistent and for each i < 2, φσi implies φσ.

6 ans. Let U =
⋂

i∈ω Ui, where each Ui is a dense open set, and let {σj}j∈ω be
an enumeration of 2<ω. We build G by initial segments g0 ⪯ g1 ⪯ g2 ⪯ g3 · · · ,
where g0 is the empty string. We also build dense open sets Vi for each
i ∈ ω; these start out empty. Construction. Stage s = ⟨i, j⟩. (We ensure

that G ⊕H ∈ U .) Let [τ0 ⊕ τ1] ⊆ Ui be such that τ0 ≻ gs and τ1 ⪰ σj. Let
gs+1 = τ0 and put [τ1] into Vi. Verification. Let G =

⋃
i∈ω gi and V =

⋂
i∈ω Vi.

Note that we ensured that each Vi is a dense open set and that if H ∈ Vi,
then G⊕H ∈ Ui.


