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Abstract

It is shown that Lion and Rolin’s preparation theorem for globally subanalytic
functions holds for the collection of definable functions in any expansion of
the real ordered field by a Weierstrass system.
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Chapter 1

Introduction

Any real analytic function f : U — R on an open neighborhood U of [—1, 1"
defines a corresponding restricted analytic function f : R” — R as fol-

lows:
f(x) _ { flz), ifxe[-1,1]",

0, otherwise.

We consider the structure R,,, the expansion of the real ordered field by all
restricted analytic functions, and denote its language by L,,.

The definable sets of R,, are known in geometry as the globally subana-
lytic sets, and have been extensively studied by both geometers and model
theorists alike. Gabrielov [6] showed that the complement of a (globally)
subanalytic set is (globally) subanalytic, from which it follows that R,, is
model complete. Denef and Van den Dries [4] strengthened this result by us-
ing Weierstrass preparation and a generalization of Tarski’s theorem to show
that (Ran, /), the expansion of R,, by division, admits quantifier elimination
(to be acurate, only a local version of this was shown in [4], from which this
result follows). Van den Dries, Macintrye and Marker [20] then showed that
if not only division, but also all nth roots are added to the language, to ob-
tain the structure we shall denote by R/ with language £/, then the theory
is universally axiomatizable. Coupling this with the quantifier elimination
shows by a simple model theoretic argument that all the definable functions
are piecewise given by terms. Lion and Rolin [11] later gave a purely geo-
metric proof of this in their preparation theorem for R, , which states that
given an L] -term f(z,y), where z ranges over R" and y over R, R"™! can
be covered by finitely many quantifier-free definable sets of a certain form



such that on each of these sets,

f(x,y) = a(x)|y — 0(x)|"u(z,y),

for some ¢ € Q and L] -terms a(z), (x) and u(z,y), where u(z,y) is a unit.
When f is written in this form, we say that f is “prepared.” Since a corollary
of the preparation theorem is that all definable functions are piecewise given
by terms, it follows that all globally subanalytic functions can be prepared.
This preparation theorem is our object of study, so we begin by surveying
related results.

The preparation theorem was used in [11] to give geometric proofs of
other theorems as well which were originally discovered by model theoretic
techniques. They considered the structure (R,,,exp,log), the expansion of
R.. by the exponential and logarithmic functions, and also the structure
RE = (R, 2") ek, the expansion of R,, by all power functions z +— "
for r in a field K C R, and showed that the definable functions of both
structures are piecewise given by terms (first proven in [20] and C. Miller [15],
respectively). Later in [12], the preparation theorem was used to show that
volume integrals of subanalytic functions are in fact subanalytic functions
themselves, a surprising result not previously know to model theorists.

Speissegger and Van den Dries [23] used the “valuation property” from
[24] to show that any polynomially bounded o-minimal expansion M of the
real field has a certain kind of preparation theorem, from which they de-
duced a preparation theorem for (M, exp,log) such as was done in [11] for
(Ran, exp, log).

In the spirit of o-minimality at its purest, all the sets and functions in-
volved in the preparation theorem of [23] are simply required to be definable
in M, so the issue of the quantifier complexity of the formulas needed to
define these sets and functions is not addressed. In contrast, quantifier com-
plexity is of central importance in Lion and Rolin’s work, but they always
consider expansions of the structure R,,, so their language is quite large.

There has been some remarkable progress dealing with quantifier com-
plexity issues in reducts of R,,, particularly in expansions of the real field
by restricted Pfaffian functions. A Pfaffian chain is a finite list of ana-
lytic functions fi,..., f;n : U — R on some open set U C R” such that for
i=1,...,mand j =1,...,n there are polynomials p;; € Ry, ...,y;] such
that

dfi

&vj

() = piy(fi(2), ..., fi2))



on U. Take note of the triangular nature of this system of differential
equations. If we relax the definition and simply require that each p;; €
Rly1, ..., Yml, then fi,..., f, is called a Noetherian chain.

Wilkie [25] showed that when [—1, 1] C U, one obtains a model complete
structure by expanding the real field by the set of restricted analytic functions
{f1,..., fm} corresponding to a Pfaffian chain f1, ..., f,, : U — R, along with
the set {c1,...,c,} of coefficients occuring in the polynomials p;;. Later,
Gabrielov [7] showed that the expansion of the real field by any subalgebra
of restricted analytic functions closed under differentiation is model com-
plete. Since each of the derivatives a(l;;\j . of the functions from a Noetherian
chain fi,..., fi, are given by integral polynomials in {fi,..., fm,¢1,. .-, ¢k},
this generalizes Wilkie’s result by showing that given a Noetherian chain
fi,--+, fm, the expansion of the real field by {fi,..., fm,c1,...,cx} is model
complete.

One of the reasons behind the effort to achieve bounds on quantifier
complexity in retracts of R,, is an interest in effectivity questions. Wilkie
[25] went on to show that the real exponential field is o-minimal and model
complete, and then Wilkie and Macintrye [13] used this work to show that
if Schanuel’s conjecture is true, then the real exponential field is decidable.
Gabrielov and Vorobjov [8] showed that in the case of Pfaffian functions, the
cylindrical decomposition theorem from [7] is given by an algorithm for a real
number machine which uses an oracle for deciding whether a Pfaffian system
of equalities and inequalities has a solution.

All of these effectivity results deal with model complete o-minimal ex-
pansions of the real field. Other than for the real ordered field itself [18], I
am not currently aware of any progress on effectivity and decidability issues
for retracts of R, which have quantifier elimination. But Lion and Rolin’s
proof of the preparation theorem for R/ is a rather explicit geometric con-
struction, and so there arises a natural question: Is there an effective version
of their preparation theorem? A positive answer to this question would give
an effective quantifier elimination procedure and may shed some new light
on determining whether or not the theory of the real field with restricted
exponentiation e“}[_l,” is decidable, which would imply that the theory of
the real exponential field is decidable [13].

But an effective preparation theorem could not possibly be about the
structure R, itself, since the language £ is clearly not computable. This
theorem would have to be about some reduct of R/, which we shall call R,




with language L%, obtained by expanding the real ordered field by division,
all nth roots and the functions from R, where R is a collection of restricted
analytic functions in which we have some effective way of representing both
the functions in R and all the geometric operations on these functions needed
in the proof of the preparation theorem. To be able to represent the functions
in R they need to be uniquely determined by some finite amount of infor-
mation. For instance, maybe they could be represented by some polynomial
algebraic equations or some polynomial differential equations, along with ini-
tial conditions, to which they are the unique solutions. Also, R clearly has
to be countable if we are to have a uniform way of effectively representing
all the functions of R.

With this motivation in mind, we consider a Weierstrass system R, of
which the system of algebraic restricted analytic functions and the system of
differentially algebraic restricted analytic functions are examples.

Main Theorem. If R is a Weierstrass system, then every L% -term is pre-
pared.

We shall complete the statement of the Main Theorem in Chapter 2 by
precisely defining the structure R% and its language L%, defining what it
means for a function to be prepared, and defining the notion of a Weierstrass
system. Chapter 2 also shows how the preparation theorem implies that
definable functions are piecewise given by terms, and how one can obtain
countable examples of Weierstrass systems of algebraic and differentially al-
gebraic restricted analytic functions. Chapters 3 and 4 constitute the proof
of the Main Theorem. We postpone outlining these chapters until the end of
Chapter 2 after all the relevant terminology has been introduced.

We conclude the introduction with a problem of Gabrielov’s. When R is
a chain of restricted Pfaffian functions, the definable sets of Ry are called
“sub-Pfaffian” [7]. Gabrielov has asked whether the sub-Pfaffian sets have
any kind of preparation theorem in the sense of Lion and Rolin. The Main
Theorem provides a partial positive answer to this: sub-Pfaffian functions can
be prepared within the larger system of differentially algebraic functions. If
the sub-Pfaffian functions have a Weierstrass preparation theorem, the Main
Theorem would show that the preparation can be done within the system
sub-Pfaffian functions, but I am not aware of this being known.



Chapter 2

Preparation and Weierstrass
Systems

This chapter defines the terminology used in the statement of the Main The-
orem and demonstrates how this theorem can be applied. To motivate this
terminology, we begin with an example.

2.1 Example: preparing the general quadratic
Consider the general quadratic,

f(x,y) = Toy® + 11y + To,

where x = (¢, x1, T2), and fix the language {<,+,—,-,/,/ , 0,1}, where we
interpret /0 := 0 and /y := 0 if y < 0.

Claim. We can cover R* with quantifier free definable sets C1, ..., Cy such
that for each C' € {C1,...,Cy},
fla,y) = a(z)(y — 0(x)) ulz, y) (2.1)

on C for some d € {0,1,2} and terms a(x), 6(z) and u(x,y), where € <
u(z,y) < M on C for some 0 < e < M.

Even though both division and the square root operation have been ex-
tended by 0 off their natural domains, this is simply a convention to make



them total functions and is of no consequence. We shall neither divide by 0
nor take the square root of a negative number in our calculations.
Let Cy := {(z,y) : 3 = x1 = 0}. Then on (4,

f(:c,y) = Zop.
Let Cy := {(z,y) : 2 = 0,21 # 0}. Then on Cy,

Fw) = (y+—>

Let Cy = {(z,y) : @3 # 0,22 — 4zoz5 < 0}. Completing the square gives

21 \?  dxer — 22
o 1
flz,y) = 29 ((“_2@) +—4x3 )

so f(z,y) # 0 on C5. Consider the two factorizations:

fla,y) = = <y + ﬁf (1 ;. 202y = x%)/(4x§)) L (22

225 (W + 71/ (202))?

e = (25 (w2 ) e

and let

_ =~ (dwoxs — 2?)/(423)
or = (e G Sl <),

._ =~ (y+a/(229))?
o = e et gl <o)

Note that C5 = C5 U Cy and that (2.2) is of the form (2.1) on Cj and (2.3)
is of the form (2.1) on Cj.
Let Cs := {(z,y) : 73 # 0,22 — 4dzgzo = 0}. Then on Cs,

f,y) = s (wﬁ) .

Let Cg := {(z,y) : #3 # 0,22 — 4z9x5 > 0}. Then on Cg
fla,y) = 22y — 01(2))(y — Oa(x)),



—T \/:cz— TOT -z —\/132— oL
where 60,(z) = TIEVEITANT nd Or(z) = “HEVEITANT:  Note that i —

) 2z9 ) _ 2xo
01(z) can be written in the following two ways:

82(1’) 81(1’)
i (v) ) |
0
)

y-0a) = (- outo) (14 A0
y—0i(zr) = (6a(z) —0:1(2)) (1 + ﬁ) .

So if we only consider the points (z,y) € Cg in which y # 64(z) and ei(fe—Q(gx)

stays bounded away from —1 and also is bounded in absolute value, then

Oa(z) — 01(z)
y — O2() )

is of the form (2.1). Similarly, if we only consider the points (x,y) € Cs in

which G?éxa—"’(gx) stays bounded away from —1 and also is bounded in absolute

value, then

f(z,y) = 2o(y — Oo())? (1 +

F(a,y) = w2(0a() = 02(2)) - (y = s() (1 " e?&%%)

is also of the form (2.1). A similar technique can be applied to y — 0s(z) as
was done with y — 0y (), so all we need to do is show that these various cases
cover C’6 A simple calculation shows that the following sets cover C’6

. ~ y — 01(x) 3
Cﬁ = {(m,y)EC’ﬁ. 91(1‘)—92(1‘) <Z_l}7
L i y—QQ(:E) 3
07 = {(x,y)GC%. 91(1‘)—92(1‘) <Z},
S ~ . y—O(xr) 3
G o= {eelo 2B 2

Cy = {(x,y) 656 < ==

and that f is of the following forms on Cj, . . ., Cy, respectively, each of which



are as in (2.1):

(B (1) — o)) - — e () - (14 Y@
flxy) = 22(0i(x) — 02(x)) - (y — 01 () (1+91(x)_02(x))7

— 2 — 0 (1) - (1 — 0-(2)) - y — Oa(1)
flay) = 22(0a(x) = 01(2)) - (y — O2(x)) (1+92(x —01(95))’

ey — B ()2 O(x) — 01 ()
i (g, ) ()

In the next section we shall see that each of the sets C; are a finite union
of sets called “cylinders,” and sometimes we will informally use the phrase
“subcylindering” to refer to the technique of proof-by-cases employed here
in which we cover a cylinder C' with finitely many cylinders C1,...,Cy C C
so that the function f has more uniform properties on each C; than it did
on C'. In Lemma 3.29 we shall see again the subcylindering techniques used
in this example.

2.2 Preparation and Quantifier Elimination

Throughout this paper we fix a sequence of variables T := (z1, x2, x3,...). If
n € N is given we write x := (21,...,2,) and y := x,,1, and let IT : C"*! —
C™ denote the projection map (z,y) — x.

For r := (ry,...,7,) € (0,00)™ let

B.:={xeC": |z <r;fori=1,...,n}

and B, := B, NR". For a € C" let B.(a) := a + B,, and for a € R" let
B.(a):=a+ B,. For K CR let K, := KN (0,00).

Partially order R™ as follows: for r = (ry,...,r,) and s = (s1,...,$,) in
R",
r<siff ry <s,...,r < s,
Also, write r < s iff 11 < s1,...,7, < Sp.

For a function f : C* — C™ which is C* at the origin, fis the Taylor
series of f at the origin.



Definition 2.1. Let K C R be a field. Suppose that for each n € N and
r € K7 we have a collection R, , of functions f : B, — C. Let R, =
UTGKi Ry, and R := |J,cy Rn, and suppose that K = Ry. We call R an

analytic system of functions over K if for each n € N and r € K7,
(i) each f € R, is holomorphic on int(B,) and f(B,) C R;

(ii) R, contains the coordinate projection functions x; : B, — C, x — z;,
fori=1,...,n;

-~

(ili) R, is a K-algebra, and f(x) € K[z] for each f € R,,;

(iv) for each f € R, , there is an s € K} and a g € R, such that s > r
and f = gl ;

(v) for each f € Ry, and s € K7 such that s <r, f‘BS € Rns;

If in the above definition we replace each instance of B, with B, and replace
(i) with

(') Ry is a collection of functions f : B, — R which are C* on int(B,)
and such that the Taylor map at the origin ™ : R,,,, — R[z] is injective
(quasianalyticity),

then R is called a quasianalytic system of functions. Since many of
our results apply to both analytic and quasianalytic systems of functions, we
shall use the phrase system of functions as an abbreviation for either such
system.

For f € Ry let r(f) € K} denote the polyradius such that f € R, ,(s)-
For n € N and € > 0 we shall write R, := Ry (c,....e)-

A function f : R" — R is a restricted R-function if thereisa g € R,
such that f = g on [—1,1]" and f = 0 on R™\[—1,1]". The structure Rg
is the expansion of the real ordered field by all restricted R-functions, and
R/, is the further expansion by division and {/ for n = 2,3,4,..., where
a/0:=0 for all @ € R and {/a := 0 for all a < 0. The languages of R and
R% are Lr and L%, respectively.

Given a language £ and some fixed L-structure M under consideration,
we shall slightly abuse model theoretic terminology and say that an £L-term
is a function obtained by composing functions in the signature of M.
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A function f : M™ — M is piecewise given by L-terms if there are
finitely many L-terms t1(z),...,t,(x) such that for all a € M™, f(a) = t;(a)
for some ¢ = 1,...,m. Note that if f is definable then each of the sets
{a € M™: f(a) =t;(a)} are definable, so f can be expressed by terms via a
definition by cases over definable sets.

Let £ be a language extending the language of the real ordered field. A
set C C R™™ is an L-cylinder if B :=II(C) is a quantifier free £-definable
set, called the base of C, and C' = {(z,y) € B x R: ¢(x,y)} where ¢(x,y)
is either of the form

y = 1), (2.4)

or of one of the forms
y < s(x), s(zr) <y<t(x), or t(z)<uy, (2.5)

where s(z) and t(z) are L-terms. We say that C is thin if ¢(z,y) is as in
(2.4) and that C'is fat if ¢(x,y) is as in (2.5).

By induction on n € N, we say that an L-cylinder C C R"*! is an £-
term-cell if II(C') is an L-term-cell.

Example 2.2. Let £ := {<,+,—,-,/,+/ ,0,1} and x := (xg, x1, x2). Each
of the sets C1, ...,y from the Section 2.1 are finite unions of L-cylinders.
For example, if we let B := {x € R3: 2o # 0,27 — 4woxo < 0}, then

T 4rory — x%
C; = BxR:——— — <
3 {(.ﬁl],y) € X 21,2 + 8ZE% y}

219 83

4 2
U{(m,y)eBxR;y<_£_ M}

For the rest of this section, fix a system of functions R over some subfield
K of R.

We shall frequently use the following easily verifiable fact: for each n € N,
the collection of all subsets of R™ which are finite unions of L%-cylinders is
a boolean algebra.
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Definition 2.3. A function f: R™ — R is R-analytic at a € R" if there is
abe K" and an r € K% such that f(z + b)| € R, and a € int(B,(b)); f
is R-analytic on A C R” if f is R-analytic at each a € A. If f has constant
positive or negative sign on A, we call f a unit on A. Note that if A is
compact and f is R-analytic on A, the graph of f on A is piecewise given by
Li-terms.

For A C R""! a function u : R — R is an R-unit on A if AN (R" x
{0}) = 0 and u = v o ¢, where for some N € N, ¢ : R*"! — R¥ is given by

o(r,y) = (a1(x),...,aN_2(x), an_1(z)y, aNy(x))

for some L-terms ay(x), ..., an(z), p(A) is bounded, and v : RY — R is an
R-analytic unit on ¢(A). If v is positively valued on ¢(A), u is a positive
R-unit on A.

A function f : R"*! — R is prepared on A if there are finitely many £/,-
cylinders Cy, ..., Cy, € R""! covering A such that for each C' € {Cy,...,Cy}
either

(i) Cis thin, say C' = {(z,y) € Bx R :y =t(z)} for some L%-term ¢(z),
and there is an L-term s(x) such that f(z,t(x)) = s(z) for all z € B,
or

(ii) C is fat and

f(z.y) = a(@)ly — 0(x)[u(z, |y — 0()|"?) (2.6)

on C, where a(z) and §(z) are L%-terms, p € Ny, ¢ € Q, and u(x,y)
is a positive R-unit on {(z,|y — 8(z)[*/?) : (z,y) € C}. (Note that
y # 0(x) on C' in this case.)

If A=R""! we say that f is prepared.

Remark 2.4. Let us explain some aspects of the above definition which were
made for the sake of convenience, not necessity.

(i) In the above definition, when C' C R"™! is fat we require that y #
6(z) on C since we may need to divide by y — 6(z) in the expression
ly — 0(z)|? or in u(z, |y — (z)|*/?). This presents no problem since the
set {(x,y) € C : y = 0O(x)} is a finite union of thin cylinders and so
always may be considered separately.
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(i) Consider a thin cylinder C' C R"™'. If f(x,y) is a term, then condition
(i) in Definition 2.3 is automatically satisfied. But we shall also be
interested in preparaing all definable functions, so we have incorporated
this condition into the definition.

Proposition 2.5. Suppose that every L% -term is prepared. Then
(i) R% admits quantifier elimination;

(ii) for any Lf%-definable sets Ay, ..., A, C R", R™ may be partitioned

into L% -term-cells Cy, . .., Cy such that for each i =1,...,m and j =
1,...,k, either C;NA; =0 or C; C A; (we say that the C;’s partition
the A;’s);

(iii) all L%-definable functions are piecewise given by L%-terms and are
prepared.

Proof. Let ¢(x,y) be a quantifier-free L%-formula. To prove (i), it suffices
to show that {x € R" : Jyp(x,y)} is quantifier-free definable. By writing ¢
in a disjunctive normal form and then distributing the existential quantifier
across the disjunction, we may assume that ¢ is of the form

p(z,y) = /\ fi(z,y) =0 A /\ g;(z,y) >0, (2.7)

for L%-terms f; and g;. For notational simplicity, let us suppress the sub-
scripts of the f’s and ¢’s. By preparing all the f’s and ¢’s and using the fact
that the collection of subsets of R"*! which are finite unions of £%-cylinders
is a boolean algebra, there are quantifier-free definable sets By, ..., By par-
titioning R™ and a finite collection C = Ule C; of L-cylinders partitioning
R"™! such that for each i = 1,...,k and C € C;, II(C') = B; and each f and
g is of a prepared form on C. Since on a thin cylinder C' € C the graphs of
the f’s and ¢’s are given by terms in x, then on C the statements f = 0 and
g > 0 are quantifier free in z. Similarly, if

fz,y) = alz)ly — ()| u(z, [y — 0(x)["/7)

on a fat cylinder C' € C, then the sign of f on C' is solely determined by the
sign of a(z). This is true on C for all the f’s and ¢’s, so on C the statements
f =0 and g > 0 are also quantifier free in x. Therefore, after possibly
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further partitioning the B;’s we may assume that the signs of all the f’s and
g’s are constant on each of the cylinders of C. It follows that {(z,y) € R***:
@(z,y)} = UC’ for some C" C C, so {x € R" : Jyp(x,y)} = U,c; Bi for some
I C{1,...,k}, proving (i).

We prove (ii) by inductively assuming the result for n and proving it
for n + 1. Let Ay,..., A, C R"™ be L -definable, and hence quantifier
free definable by part (i). By partitioning the A;’s and the R"*\ A;’s into
conjunctive components, it suffices to show that for any A C R"*! defined by
a formula ¢(x,y) of the form given in (2.7), A is a finite union of L%-term-
cells. From the above analysis, A = UC’ for some C' C C. By the induction
hypothesis each B; is a finite union of L%-term-cells. But then each C € ('
is a finite union of L/-term-cells, proving (ii).

To prove (iii), let f : R® — R be L%-definable. From (ii) the graph of f
is a finite union of L%-term-cells. Since f is a function, each of these cells
must be thin, so f is piecewise given by terms. Since by assumption each of
these terms are prepared, then so is f. O]

2.3 Weierstrass systems

We shall need a detailed form of the Weierstrass preparation theorem. Con-
sider a holomorphic function f : U — C, where U C C"*! is a neighborhood
of the origin. If f(0,y) # 0 we say that f is regular in y; in this case

F(0) = 2L(0) =+ = 52£(0) = 0 and Z4(0) # 0 for some d € N, called the

— By — yd T

order of f. For (r,s) € R} x Ry let WPT(f,d,r,s) be shorthand for the
following statement:

[ is regular in y of order d, and for all (a,b) € B4, f(a,b) # 0
if |b| = s, and f(a,y) has exactly d zeros in int(B;) counting
multiplicities.

Suppose that f : U — C is regular in y of order d. Then f(0,y) has a zero
of mulitplicity d at the origin. Let

s(f) :=sup{s > 0: {0} x B; CU and f(0,b) # 0 for all b € B,\{0}},

and note that s(f) > 0. By continuity of roots, s € (0,s(f)) iff there is an
r € (0,00)"™ such that WPT(f,d,r,s).
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Weierstrass Preparation Theorem. Let f : U — C be a holomorphic
function, where U C C"*! is a neighborhood of the origin, and suppose
WPT(f,d,r,s). Then there are unique holomorphic functions wy, . .., wq_1 :
int(B,) — C and u : int(B,s)) — C such that wo(0) = --- = wy_1(0) =0, u
is a unit on int(B,s), and

fla,y) = "+ war(@)y" + -+ wol@))u(z, y)

onint(B.s). We callw(z,y) := y*+wg_1(x)y* " +- - -+wo(z) a Weierstrass
polynomial in y.

Proof. This is a more detailed form of the Weierstrass preparation theorem
than is usually stated, but it follows from a well known proof. For instance,
see Griffiths and Harris [9, Chapter 0] or Gunning [10, Chapter A, Theorem
4]. ]

If WPT(f,d,r, s) then there is some (17, ") > (r, s) such that WPT(f,d, ", s').
To see this, note that {(z,y) € By : f(z,y) = 0} is a compact sub-
set of B, x int(B,), so by continuity of roots there is an ' > r such that
WPT(f,d,r',s); but then WPT(f,d,r’,s’) for any s > s sufficiently close
to s. Therefore, if WPT(f,d,r,s) and f = wu, where w is the Weierstrass
polynomial and w is the unit given by Weierstrass preparation on int(B)),
then w and u extend uniquely to B, u is a unit on B, and for each

a€ B, {beC:wab) =0} Cint(By).

Definition 2.6. An analytic system of functions R = Un’r Ry, over K is
called a Weierstrass system if R is closed under differentiation, composi-
tion and Weierstrass preparation, as defined below:

(i) differentiation: foralln € N,r € K andi=1,...,n,if f € R, then
% € R, (note that by properties (i) and (iv) of Definition 2.1, % is
indeed well-defined on the boundary of B, );

(i) composition: for all m € Ny, s € K", n € Nand r € K7, if f € Ry,
and g € R}, are such that g(B,) C B, then fog € R,,;

(iii) Weierstrass preparation: for all n,d € N, (r,s) € K x K, and f €
Rut1,r,s) such that WPT(f,d,r,s), if f = wu, where w and u are the
Weierstrass polynomial and unit given by Weierstrass preparation on
B, then w,u € Ryi1,(r.s)-
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Definition 2.6 completes the introduction of all the terminology used in
the statement of the Main Theorem. We now discuss how to find count-
able examples of Weierstrass systems which are subsystems of two naturally
occurring Weierstrass systems over R.

Examples 2.7. Let O,,, be the collection of all functions f : B, — C such
that f(B,) € R and f extends to a holomorphic function on a neighbor-
hood of B,. Then O := Un’r O, is the largest Weierstrass system, and by
definition Rp = R,,. Here are two more examples.

1. A:= {f € O : fis algebraic over R[Z]} is the smallest Weierstrass
system over R (see Bochnak, Coste and Roy [3, Section 8.2] and Van
den Dries [19]);

2. D:={f € O: f is differentially algebraic} is a Weierstrass system over
R [19] such that A C D C O, where C denotes proper inclusion. This
was the motivating example for proving the Main Theorem. Appendix
A contains a brief overview of some basic definitions and facts about
differentially algebraic power series.

Definition 2.8. Let S be a system of functions over a subfield L of R. We
say that S is closed under local composition if for all m € N, s € L,
n€Nandr e L}, if f € S, and g € S, are such that g(0) = 0 and
g(B.) C B when S is analytic (and g(B,) C Bs when S is quasianalytic),
then foge S,,.

We say that S is closed under translation if for all n € N, r € L7} and
[ € Rny, if a € int(B,) N L™ and s € L7 are such that B,(a) C B,, then
flz+ a)]BS € Ry

Note that a system of functions is closed under composition iff it is closed
under local composition and translation.

If in the definition of a Weierstrass system, closure under composition
is replaced by closure under local composition, then we call the system of
functions a local Weierstrass system.

Examples 2.9. Let L be any subfield of R.

1. A(L) := {f € O : feL[z] and f is algebraic over L[z]} is a local
Weierstrass system over L.

2. D(L) := {f € D: f € L[]} is a local Weierstrass system over L.
More generally, if R is any Weierstrass system over a subfield K of R
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and L C K, then {f € R : f € L[z]} is a local Weierstrass system
over L.

Lemma 2.10. For any field L C R, |A(L)| = |D(L)| = |L|.

Proof. Since L C A(L) C D(L) then |L| < |A(L)| < |D(L)], so it suffices to
show that |D(L)| < |L].

We first show that |D;(L)| < |L|. For each f € D;(L) there is a polyno-
mlal p(Yo, .-, ya) € Qyo, - . ., ya] such that p(f(t), f'(t),..., fD(t)) = 0 and
8yd DR (f(#), f'(t),..., fD(t)) # 0. Also, there is a k € N such that f(¢) is the

unique solution to the initial value problem

p(y,v,...,y™) =0, (2.8)

y(0) = f(0), ..., y®(0) = fP(0)

(see, for instance, the proof of Lemma 2.3 in Denef and Lipshitz [5]). Since
there are only countably many polynomials over Q and each of these initial
conditions are in L, it follows that there are |L| many initial value problems
of the form (2.8), so |Dy(L)| < |L].

Now fix n € N; we show that D,,(L) < |L|. We may assume that |L| < |R],
else the result is trivial. But then we may choose a A = (A1,...,\,) € R”
which is algebraically independent over L. For any f € R[z] and z =
(21, -, 2n), define A[f](2) == {22 (2) : @ € N"} and fy(t) := f(At), where
At = ()\1 yoo s At). Let f € D,(L). By definition, the transcendence degree
of Q(A[f](z)) over Q is finite; we shall write tdg Q(A[f](x)) < oo to say
this. Therefore tdg Q(A[f](x), A) < o0, so tdg Q(A[f](At), ) < oco. Since
A[f](t) € Q(A[f](AL), A), we have tdg Q(A[f,](t)) < oo, so by definition
£(f) € DY),

Therefore f +— f\ maps D,,(L) into Dy (L(A)). Since |Dy(L(N))| < [L(N)| =
|L|, it suffices to show that the map Lfx]] — L(\)[t] given by f +— fy is in-
jective. Since this map is a ring homomorphism, it suffices to show that its
kernel is {0}. So compute

1 9lal
0= 3 5o = 3 novr,

aeN"? €N

where | 5l
pw= Y 5o

€N |a|=i
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If f € L[] is such that fy = 0, then p;(A) = 0 for all i € N. Since each
pi(z) € L[x] and A was chosen to be algebraically independent over L, it
follows that p;(z) =0, so f(z) = 0. O

Proposition 2.11. Suppose that S is a local Weierstrass system over a

subfield L of R. Let Ry := K :={f(1): f € S11}, and for each n € N and
r e K let

Ry = {f(z, 1)‘3 : [ € Spyi,sp) for some s € L' such that s > r}.

Then R = U, ey U, e Kn R, is the smallest Weierstrass system containing

S.

Proof. Clearly R contains S, and since Weierstrass systems are closed under
composition, R is contained in any Weierstrass system containing S. To show
that R is a Weierstrass system, the only nontrivial properties that need to
be verified is that K is a field and that R is closed under composition and
Weierstrass preparation.

We shall need the following notation: for n,d € N, (r,s) € L'} x L, and

f € Sn-‘rl,(r,s) let

Lifla) = Y gy (o)
Liflew) = 3 o
Tlfen) = 3 |52 0]

i=d+1

falw,y) = La[f1(z) + Talf](z, y).

Note that I4[f] € S, and Ty[f], |Ta|[f], fa € Snt1,rs)- The following obser-
vations will be used:

(i) if s > 1 then f(x,1) = fq(z,1);

(i) [Talf1(z, )| < |Tallf](z, y);

(iii) by property (iv) of Definition 2.1, limg . |T4|[f](z,y) = 0 uniformly on
B(rs); when s > 1 it follows that limg . Ig[f](z) = f(x,1) uniformly
on B,.
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Since K is clearly a ring, to show that K is a field it suffices to verify
that K is closed under multiplicative inverses. So let a € K be nonzero,
and let f € Si1 be such that a = f(1). Fix d € N such that I;[f] #
0 and |Tu[[f](1) < |La[f]]. For any y € B, since |Tu[f](y)| < |Tul[f](1),
fa(y) = La[f] + Tulf](y) # 0. So by closure under Weierstrass preparation
in S, and hence also under multiplicative inverses, 1/f; € S11. Therefore
1/a=1/f;(1) € K

To show that R is closed under composition, let f € R,,s and g =
(91,---,9n) € R, be such that g(B,) C B,, where s € K" and r € K.
We must show that fog € R,,. By properties (iv) and (v) of Defini-
tion 2.1, we may slighlty enlarge r and s to assume that r € L7 and
s € Ly. By definition of R and property (iv) of Definition 2.1, there are
s'e LT, F e S and G = (Gy,...,Gy) € Sn+1 ) such that s’ > s,
flzy,...,xm) = F(xy,...,2m,1) on B and g(z) = G(x 1) on B,. Since
limg .o |T4|[Gi](z,1) = 0 uniformly on B,, we may fix d € N sufficiently
large so that for i =1,...,n,

19:(x) = Gialz,y)| = |(LalGi](2) + TalGil(x, 1)) = (LalGi] (x) + Ta[Gil (=, 9))],
2|T4||Gi](=, 1),

/

<

<
for all (z,y) € B,1y. Hence for all (z,y) € By, Ga(z,y) € By, so
also yGy(z,y) € By. Therefore by closure under local composition in S,
H(z,y) = F(yGa(z,y),y) isin Spq1,(r1)- Since g(v) = G(x,1) = yGa(z, y)‘y:p
fog(x)=H(xz,1) € Ry,

To show that R is closed under Weierstrass preparation, let f € R;,1 ()
be such that WPT(f,d,r,s), where (r,s) € K} x Ky and d € N. Let f = wu
on By, where w and u are the Weierstrass polynomial and unit given by
Weierstrass preparation on By, . We must show that w,u € Ry,41,). By
slightly enlarging (r, s), we may assume (r,s) € L X L. Fix F' € S,49,(r..1)
such that f(z,y) = F(z,y,1).

Since F(0,0,1) = --- = %ddlf(O 0,1) = 0, by replacing F(z,y, z) with
F(z,y, z)—z;.j:_ol %aai—;((), 0, z)y’ we retain the property that f(z,y) = F(z,y,1)

on B and gain the property that 8”?(0 0,z)=0fori=0,...,d—1. By

writing %(x,y,z) =% jl, g;z;g (z,9,0)27 we see that gyz;z (O 0,0) =0
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forall jeNandi=0,...,d — 1. Since

k

O'Fy, 1 OHF = 1 9F :
ay (z,y,2) ;jlay@zﬂ (z,y, )+j§1j!8ylazj (z,9,0)27,

it follows that for all & € N, Fj also satisfies Fy(z,y,1) = f(z,y) and

a{;;k (0,0,z) = 0 for ¢ = 0,...,d — 1; in particular, %Z—?(O,O,O) = 0 for

all k€ Nand ¢ =0....,d — 1. Since for all i € N and all (z,y, 2) € B(y.1),

OFc O )' (22 (2, ) + 2 (2, , 2))
_ixayaz __Z*ray = 9t 9t )
0y 0y —( 2l (2, ) + g;EF](x,y,l))
O'|Ty|[F]
< o= G g1
< 3y (2,9, 1),
— 0,

uniformly as k — oo, by continuity of roots WPT(Fj,d, (r,1),s) holds for
all sufficiently large £ € N; fix such a k. By closure under Weierstrass
preparation in § we have W, U € S, 19 (r,s1), where W and U are the Weier-
strass polynomial and unit given by Weierstrass preparing F}, in y on By, s 1).
Therefore w(x,y) = W(x,y,1) and u(z,y) = U(z,y,1) are in Ryq1,48). O

Corollary 2.12. If we let S be either A(Q) or D(Q) and let R be the
smallest Weierstrass system containing S, then R is countable. In the case
that S = A(Q), K := Ry is the field of algebraic reals.

Proof. Note that for any S and R as in Proposition 2.11, |R| = |S|. Therefore
by letting S be either A(Q) or D(Q), Lemma 2.10 shows that S is a countable
local Weierstrass system, so R is a countable Weierstrass system.

Now consider the case that S = A(Q). Let a € K, and fix f € &
such that @ = f(1). There is a p(z,y) € Q[z,y] such that p(z, f(z)) = 0,
so p(1,a) = 0, showing that a is algebraic over Q. In Lemma 4.4 we shall
see that K is real closed, so K must in fact be the entire field of algebraic
reals. ]

The following proposition is used in Section 4.4 to prove the Main Theo-
rem for general Weierstrass systems.
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Proposition 2.13. Let R be a Weierstrass system over K, and let Ef be a
field such that K C E C R. Define

So=L:= ) |J{fl@):feRnsacE"NBY,

meN SEKT

and forn € N and r € L} define

Sy = U U {f(:v,a)|Br [ € Rugm,(,s), @ € E™ N B}

meN (r’,s)GK_T’_J"m

v/ >r

Then S :=J
R.

neNrerr Snr 18 the smallest Weierstrass system containing E U
Teh

Proof. Clearly S contains R, and since Weierstrass systems are closed under
composition, § is contained in any Weierstrass system containing £ UR. To
show that S is a Weierstrass system, the only nontrivial properties that need
to be checked are that L is a field and § is closed under composition and
Weierstrass preparation.

Claim. Let f € S,,, where r € L7, and let ¢ > 0. Let I C N" be a fi-

nite set such that %(O) = 0 for all « € I. There is an F' € Ry1p ()
where (r,s) € K x K% and r' > r, and also an a € E* N B, such that
flx) = F(x,a)|B, |F(x,a) — F(x,2))] < € for all (,2) € By, and

8aljaF(0,Z) =0 for all o € I.

To show the claim, fix F' € R}, ., such that ' > r and f(z) =
F(z,a) for some a € E™ N B;. By property (iv) of Definition 2.1 we

may assume that " > r and that a € int(B;). By replacing F(z,z) with
F(z,2) — Y., L2UF (0 2)2 we retain the property that f(z) = F(z,a)

a€l ol dze
on B, and gain the property that 8‘1‘(1 (0,2z) =0 for all @ € I. Since B, is

compact, we may choose b € K™ N B and t € K" such that a € B,(b) C B,
and |F(z,2)— F(z,a)| < eon By (0,b). Then G(z, 2) := F(x,z+b)|6( - €

Rutmer), a —b e EmN By, f(x) = G(x,a—0), |G(x,2) — G(x,a—b)| < ¢
on B4, and %(O, z) =0 for all a € I, proving the claim.

Since L is clearly a ring, to show that L is a field we fix a nonzero a € L
and show that 1/a € L. Since a # 0, by the claim we may fix f € R,,, and
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b € E™ N B, be such that a = f(b) and f(x) # 0 on B,. Then by closure
under Weierstrass preparation in R, so also under mulitplicative inverses,
1/f(x) € Ry, s01/a=1/f(b) € L.

To show that § is closed under composition, let f € S, and g € Sy,
be such that g(B,) C By, where s € L and r € L. By adding dummy
variables (just to simplify notation), by the claim we may fix s’ € KT,
re K te K_’ﬁ, F € Ryyisrp), G € Rﬁk’(r,’t) and a € E*¥ N B, such that
s >80 >r flry,...,xn) = F(xl,...,xm,a){ss, g(x) = G(x,a)|BT and
G(By) C int(By). By possibly shrinking ' > r (if 7' # 7), we may obtain
G(Brgy) € By. Then H(x,2) := F(G(x,2),2) € Rujr,p), 50 fog(x) =
H(x,a)|BT SH

Finally, to show that S is closed under Weierstrass preparation let f &€
Snt1,(ns), Where (r,5) € L x L, and assume WPT(f,d,r,s). Let f(x,y) =
w(z,y)u(x,y), where w and u are the Weierstrass polynomial and unit given
by Weierstrass preparation in y on B, ). By the claim, for any € > 0 we may
fix F € Ryj14m,o,51), Where (1,8',t) € K x Ky x K" and (r',s") > (r, s),
and also a € E N B, such that f(z,y) = F(z,y,a) on By, |F(z,y,2) —
F(z,y,a)] < € on By g4 and %Z—;(O,O,z) =0fori=0,...,d—1. So by
continuity of roots we may assume WPT(F,d, (1',t),s’). Let F(x,y,2z) =
W(z,y,2)U(z,y,z), where W and U are the Weierstrass polynomial and
unit given by Weierstrass preparation in y on B 4. By closure under
Weierstrass preparation in R, W, U € R, 114m, so w(z,y) = W(x,y, a)!B(T B}

and u(x,y) = U(x,y, a)}B(TS) are in Sp41,(r5)- O

2.4 Outline of the proof

In Chapter 3 we prove the Main Theorem for the special case that R is a
Weierstrass system over R. Most of the work involves proving certain sin-
gularity resolution theorems which we refer to as “normalization theorems.”
Such theorems have the following general form: given a certain function
f(z) on a certain set A C R"™ (the assumptions upon f and A depend on
the particular theorem), there are finitely many coordinate transformations
[, e € Ry of a certain form such that A C (J;" 11i(By(u,)) and fo ()
is “normal” on B,(,,), meaning that f o u;(z) = x*wu,(x) for some a; € N"
and unit u; on B, (,,). These u; will be formed by composing very special co-
ordinate transformations which we shall call “admissible transformations.”
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The general technique we employ to prepare a function f is to first normalize
f in a careful manner and then unwind the coordinate transformations p; to
show that f is prepared in the original coordinates.

In Chapter 3 the assumption that K = R is needed solely because these
normalization theorems are local geometric constructions, and so a function
f € R, must be allowed to be translated by arbitray points of int(B,) and
still remain in R, which is only true when K = R. So one way to prove the
Main Theorem for a general Weierstrass system R over K would be to prove
these normalization theorems in a slightly more global fashion so as to show
that the translations can always be taken to be by points of K™ N int(B5,),
so that we never leave the system R. This can be done, but the only proofs
I found seems excessively complicated, so we shall adopt a simpler strategy
involving a little bit of model theory.

In Chapter 4 we prove a normalization theorem, Theorem 4.2, for func-
tions from a system R over K, but only by cheating; namely, we will have
to expand our notion of what is considered to be an “admissible trans-
formation” by also including linear coordinate transformations of the form
(x,y) — (x + Ay,y) for A € K™. An unfortunate consequence of this will
be that unwinding the coordinate transformations given by Theorem 4.2 will
not prepare the normalized function back in the original coordinates. But
this will not matter because we will be able to use Theorem 4.2 to show
that Kz and Rz have the same theory, where Kz is the submodel of Ry
with universe K. Coupling this fact with Proposition 2.13 will enable us to
give a very simple model theoretic proof of the Main Theorem for general
Weierstrass systems.

It should be pointed out that in Sections 3.1 and 4.2 it is assumed that the
reader is familiar with both the proofs and the results of Rolin, Speissegger
and Wilkie [17].
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Chapter 3

Proof of the preparation
theorem for Weierstrass
systems over the reals

This Chapter proves the Main Theorem for Weierstrass systems over R. It
is organized as follows.

Section 3.1 proves a version of the formal normalization theorem from [17,
Section 2]. It differs from [17] only in that it does not use linear coordinate
transformations of the form (z,y) — (z + Ay, y), A € R", to make functions
f(x,y) regular in y.

Section 3.2 shows how the formal normalization theorem of Section 3.1
can be interpreted as a local normalization theorem for functions from certain
quasianalytic classes, and then shows in Proposition 3.18 that this gives a
preparation theorem for such functions. The axiomatic setting of Section 3.2
is much weaker than that of a Weierstrass system.

Section 3.3 is the heart of the chapter, where we show in Proposition
3.27 how to prepare functions of the form f(z, g(z)/y,y) if f and g are from
a Weierstrass system. This is a consequence of our main technical result,
Proposition 3.24, where we show how to normalize such functions. Lion and
Rolin [11] originally proved Proposition 3.27 via a “splitting argument.” Here
we use Weierstrass preparation instead, and our argument is modeled after
Parusiniski’s proof of [16, Theorem 7.5].

Finally, Section 3.4 uses Proposition 3.27 to complete the proof of the
Main Theorem for Weierstrass systems over R. Its proof uses Weierstrass
preparation only in that it relies on this proposition. The ideas of this section
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come directly from Lion and Rolin’s original argument [11], as articulated by
Rolin in a series of lectures he gave at the University of Wisconsin-Madison
in the fall of 2000.

3.1 A Formal Normalization Theorem
Note that for o, B € N*, a < 3 iff 2 divides 2.

Definition 3.1. A series f(z) € R[z] is normal if f(z) = 2%u(x) for some
a € N” and unit u(x) € R[z]]. A set of series {fi(z),..., fm(z)} C R[] is
normal if each f;(x) is normal, say fi;(z) = x*u,;(x) with a; € N™ and u;(x)
a unit, and if {ay,...,a,,} is linearly ordered. (Note: Having a; = «; for
i # j is permissible.)

Lemma 3.2. Let fi,..., fm € R[z]\{0}.
(1) fi--- fm Is normal iff f; is normal for alli =1,... ,m.

(ii) If f; and f; — f; are normal for all i,j = 1,...,m such that f; # f;,
then the set { fi,..., fm} Is normal.

Proof. See Bierstone and Milman [2, Lemma 4.7]. O

Let R[Z] := J,,ey R[#1, - - ., 2], the ring of formal power series in T with
real coefficients. For F C R[z] and n € N, let F,, := FNR[zy,...,z,].

For the rest of this section fix a ring F such that R[z] C F C R[[z] and
which is closed under the following operations:

(i) differentiation: if f € F, then g—ji € F for all i € Ny;

(ii) formal composition: for all m € N, and n € N, if f € F,,,, and g € F*
is such that ¢g(0) = 0, then fog € Fy;

(iii) monomial factorization: for alln € N, if f € F,, ;1 is such that f(x,y) =
yg(x,y) for some g(z,y) € Rlz,y], then g € Fyi1;

(iv) implicit functions: for all n € N, if f € F, 4 is such that f(0) = 0 and
%(0) # 0, there is a g € F,, such that g(0) = 0 and f(x,g(x)) = 0.
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Given a series f(x) € F,, we shall construct a certain set 7" of homomor-
phisms of F,, such that for each p € T', uf(x) is normal. In Sections 3.2 and
3.3 F,, will play the role of the collection of Taylor series about the origin
of a system of functions under consideration, and the homomorphisms of T’
will correspond to charts of a sequence of coordinate transformations.

Definition 3.3. By induction on n € N, define a formal admissible trans-
formation in (z,y) to be either a formal admissible transformation in x,
considered to be a homomorphism from F,,.; into F,.1, or one of the fol-
lowing three types of homomorphisms from F,, 1 into F,1:

(i) functional translation: for § € F, such that §(0) =0,
to(z,y) = (z,y +0(x));
(ii) power substitution: for m e N., 1 <i<nand o € {1, -1},
Pio(r,y) = (21,...,0(0m)™, ..., 20, 9);
(iii) blow-up substitution: for A € RU {oo} and 1 <i < n,

i,n+1 o (xla--'axnaxi(y+A))7 if A GR,
X (@ y) = { (X1, Y, Ty y), i A = 00,

Given a formal admissible transformation u, define the family of u as the
set {tg} if u = tg, the set {p{"y, pi" , } if p = pj, for some o € {1, —1}, and the
set {05" T N € RU {oo}} if = by for some A € RU {oo}. In Sections
3.2 and 3.3 a family of admissible transformations will correspond to a single
geometric operation whose charts are given by the individual members of the
family:.

We call p = (uq,..., pm) a formal transformation sequence in z if
each p; is a formal admissible transformation in x. For f € F,, define uf :=
[ - - - p1 f, and note that the closure properties of F imply that uf € F,.

Given a set T of transformation sequences, define the height of 7' by
ht(7T) :=sup{m € N: (uy,...,um) € T} € NU {oco}. We will be interested
in sets 1" of transformation sequences in x such that ht(7") < co and for each
=1, ..., phm) € Tand i =1,...,m,

(1) (e, s picr) €75
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(i) {v: (1,...,i—1) C v € T} is exactly the family of y;.

Note that 7" := {v : v C u for some p € T'} is a tree under the inclusion
ordering, and that 7" always branches according to transformation families.
T is the set of maximal members of 77 and can be identified with the set of
branches of 7”. Since T and 7" uniquely determine one another, we abuse
terminology and call T" a formal transformation tree in z. Letting id
denote the identity homomorphism, by convention 7" := {id} is the unique
formal transformation tree of height 0.

Given a set S of formal transformation sequences in (x,y), an admis-
sible transformation v is an interior member of S if v = pu; for some
(1, o) € S and 1 < i < m; S respects y if no blowup substitution
byt 1 < i <, is an interior member of S.

Theorem 3.4. For every n € N and nonzero f € F,.1, there is a formal
transformation tree T in (x,y) such that uf is normal for all p € T. (We say
T normalizes f.) Moreover, T respects y and for each p = (pq,. .., pim) € T,
if fi, = 05 and pf (x,y) = 2%y%u(x,y) with o = (aq,...,q,) € N, d € N
and u(x,y) a unit, then d > «;.

Proof. The proof is by induction on n € N. If n = 0, then f(y) is normal. So
fix n > 0 and assume the normalization theorem holds for all power series in
F,. The following lemma is needed for both the current proof and for later
use.

Lemma 3.5. Let x := (x1,...,2,) and z := (Tpy1,-- -, Tnim), and let f €
Frim. There is a formal transformation tree T' in x such that for each up € T
there is an a« € N" and a g € F,,, such that uf(x,z) = x%g(x,z) and

9(0,z) # 0.

Proof (Speissegger). Write f(z,2) = > 3ym f3(x)2? and note that fz(x) €
F, for each 5. From the Noetherianity of R[z, 2], there is a finite B C N™

such that
f(&?, Z) = Z fﬁ(x)zﬁuﬁ(xv Z)?
BeB

where for each 8 € B, fs(x) # 0 and ug(x, 2) € R[z, 2] is a unit . Let

F(z) =[] fs(@) - [[{fs(z) = £,(2) : B,v € B, B <iex v, f5# Fo},

BeB
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where <., is the lexicographical ordering on N™. By the induction hypoth-
esis in the proof of Theorem 3.4, there is a formal transformation tree T' in
x normalizing F'(z). Fix p € T. By Lemma 3.2, the set {ufs : 3 € B} is
normal. So for each § € B, ufs(z) = x*vg(x) for some ag € N” and unit
vg(x), and o := min{ag : § € B} is well defined. Let

z) = Z 2P g (w)ug(z, 2),

BeB

and observe that uf(z,z) = xag z,z), g(x,y) € R[z,z] and ¢(0,z) # 0.
Finally, g(z,2) € F since uf(z,z) € F and F is closed under monomial
factorization. ]

To prove Theorem 3.4 apply Lemma 3.5 to f(x,y) to get a formal trans-
formation tree S in z such that for each p € S, uf(z,y) = x%g(x,y) for
some « € N" and g(z,y) € F such that g(0,y) # 0. Now just proceed as in
the proof of [17, Theorem 2.5] to construct a tree S, normalizing pf. Then
T = {(u,v) : p € S,v € S,} normalizes f, where (u,v) denotes the con-
catenation of the sequences p and v. Since substitutions of the form %"+
are only used in the proof of [17, Lemma 2.11], T respects y, and using the
notation of the “moreover” clause of the theorem we are proving, d > «; in
this case. O

3.2 Preparing functions from q.a. IF-systems
over R

For a C* function f : U — R, where U C R""! is an open neighborhood of
the origin, and for (r,s) € R} x R, such that By, 5 C U, let IFT(f,r,s) be
shorthand for the following statement:

f(0) =0 and for all (a,b) € B, (a b) # 0 and f(a,b) # 0 if
b = s.

Implicit Function Theorem. Let f : U — R be C*°, where U C R"*!
is an open neighborhood of the origin. First, if f(0) = 0 and 3—5(0) # 0,
there is an (r,s) € R} x Ry such that IFT(f,r,s). Second, if IFT(f,r,s)
then {(z,y) € int(B.s) : f(x,y) = 0} is the graph of a C* function g :
int(B,) — int(By).
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Proof. By the local version of the implicit function theorem, there is a unique
C* function g defined on a neighborhood V' C R™ of the origin such that
f(z,g(z)) = 0 and ¢g(0) = 0. Simply choose (r, s) so that B, C V, g—i #0
on B, and g(B,) C int(B,). For any a € int(B,), since g—g(a,y) #0
on int(Bs), then {y € int(By) : f(a,y) = 0} = g(a) by Rolle’s theorem.
Therefore f(a,b) # 0 for all (a,b) # B, such that |b] = s, so IFT(f,r,s)
holds.

Now suppose that (r, s) is any tuple for which IFT(f,r, s) holds. Let g be
the C'*° function implicitly defined by f in a neighorhood of the origin. Since
the local implicit function theorem can be applied to any point p € int(B,))
for which f(p) = 0, the graph of the function g extends all the way to the
boundary of int(B,). But since f(a,b) # 0 for all (a,b) € B, such that
|b| = s, we must have that that domain of g extends to all of int(B,) and
g(int(B,)) C int(B;s). To conclude, note that by Rolle’s theorem, {(x,y) €

int(Bs) : f(z,y) =0} = graph(g‘int(Br))' -

If IFT(f,r,s), there is an (r',s") > (r,s) such that IFT(f,r',s'), so ¢
extends uniquely to B,; note that g(B,) C int(B;).

Definition 3.6. A quasianalytic system of functions R = |J,, Rn, over
K is called a quasianalytic implicit function system (or a q.a. IF-
system for short) if R is closed under differentiation and composition (both
as defined in Definition 2.6 but replacing B, with B, ), and also
(i) monomial factorization: for all n € N and r € K™ if f € Rpy1, is
such that f(z,y) = y G(z,y) for some G(z,y) € Rz, y], then f(z,y) =
yg(z,y) for some g € Ryi1,;

(ii) implicit functions: for all n € N, (r,s) € KT x Ky and f € Rpi1,(r,s)
such that IFT(f,r,s), if g : B, — R is the C* function implicitly
defined by f(z,g(z)) =0 and g(0) =0, then g € R,

Examples 3.7. 1. Given any Weierstrass system & = Um Sp.r, define
R = U,, Ror by Ry = {f|, : [ € Sus}. Then R is a q.a. IF-
system.

2. Given a sequence of real numbers M = (M, My, My, . ..) such that 1 <
My < My < My < -+, 32 M;/M; 1y = oo, and the sequence M, /!
is log-convex, define R := Um R, by letting R,,, be the collection of
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all functions f : B, — R which extend to a C* function f : U — R for
some neighborhood U of B, in which there is an A > 0 such that

< Al AL, for all 2 € U and a € N™.

olel f
S

Then R is q.a. [F-system over R and is called the Denjoy-Carlemann
class defined by M. (See [17] for more details.)

3. Given a polynomially bounded o-minimal expansion M of the real field,
let K be the field of definable constants of M, and for n € N and
r € K¢ let R, be the collection of all functions f : B, — R which
extend to a C*° function f : U — R for some neighborhood U of B, in
which the graph of f : U — R is definable in M without parameters.
Then R :=J,,, R is a q.a. IF-system over K. (This follows from C.
Miller [14].)

For the rest of this section, fix a q.a. [F-system R over R.

The objective of this section is to show that for each n € Nand r € K},
if f € Ry41, then f is prepared on a B,.

Note that 7%, the image of R under the the Taylor map at the origin
: R — R[Z], is a ring of power series such as considered in Section 3.1.
The notions of “formal admissible transformation”, “formal transformation
tree”, etc. are defined relative to R.

~

Definition 3.8. A function 4 € R} is an admissible transformation
in z if 4 is a formal admissible transformation in x. A finite sequence
= ({1, .., m) of admissible transformations in z is a transformation
sequence in z, and we also write p for the function py o - -+ o pi,.

A set T' of transformation sequences in z is a full transformation tree
inzif T :={=(ly,....,0m) : b= {1, pm) € T} is a formal trans-
formation tree in z. For a set S of transformation sequences in (z,y), S
respects y if S does.

If there is any ambiguity about which q.a. IF-system is being considered,
we shall clarify the above terminology by saying “R-admissible transforma-
tion,” “R-transformation sequence,” and “full R-transformation tree.”
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For each i > 1 and m > i let II; : R™ — R denote the ith coordi-
nate projection function (x1,...,2,) — x;. When working with a function
f(zq,...,x,) for some m > n, we shall identify an admissible transfor-
mation p € R} in z with the function in R]' given by (xy,...,2m,) —
(IT; o p(x),..., 1, o (), Tpi1,-..,Tm). Thus we may speak of transfor-
mation sequences and trees in x even if the dimension of the ambient space
m is greater than n.

Definition 3.9. Consider a sequence of functions = (u1, . . ., t,,) where for
i1=1,...,m, U; C X; and p; : U; — X;_1 for some sets Xo, X1,..., X A
set A C X, is u-admissible if j; 10 - -op,(A) C Ui foralli =1,...,m. We
not only use angle brackets to denote a sequence of functions, but we also use
them to denote concatenation of such sequences; that is, if v = (vq,..., 1)
is a sequence of functions, where for: =1,...,[, V; C Y, and v; : V; — Y;_4
for some sets X,,, = Yo, Y1,..., Y}, let (u,v) := (Ui, ..oy foms V1, - - -5 1)

Definition 3.10. Let s € R” and f € R, . We say that f is normal on
B,, where r < s, if f(x) = z%u(x) on B, for some u € R,,, which is a unit
on B,.

We now state the geometric form of Theorem 3.4.

Lemma 3.11. For any n € N and nonzero f € R,.1, there is a full trans-
formation tree T in (z,y) and a map € : T — R%™ such that for each
p € T, By is (f,pu)-admissible and f o p is normal on Beyy. More-
over, T respects y and for each = (ju1, ..., ) € T, if i, = b2 and
fou(z,y) = x*ytu(x,y) with a = (ay,...,a,) € N, d € N and u(z,y) a
unit, then d > «;.

Proof. By Theorem 3.4 there is a formal transformation tree S normalizing
f (:v y) which respects y. Fix a full transformation tree 7" such that T = 8.
Let po = (i1, .-, ftm) € T. We write pi for the corresponding homomorphism
of R. Since f and each p; are all defined on neighborhoods of the origin and
each y; is a continuous map such that j;(0) = 0, there is an e(u) € R}
such that B, is (f, u)-admissible. Since ﬁf(x,y) = 2*y%(x,y) for some
a €N", deNand 4 € R, such that u(0) # 0, the Taylor series of some
u € Ryy1, we have that f o u(z,y) = 2*y%u(z,y) and u(0) # 0. By possibly
shrinking e(4) we may make w a unit on Be,). O
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Lemma 3.12. Let T' be a full transformation tree in x and € : T' — R’ be
such that B, is u-admissible for each p € T'. There is a finite S C T' such
that g 1(Be(u)) is a neighborhood of the origin.

Proof. By induction on ht(7). If ht(7T") = 0 there is nothing to do, so suppose
ht(7) = 1. Then T is a transformation family, so there are three cases. If
T = {tg}, then ty(Bey,)) is a neighborhood of the origin since ¢4 is a local
homeomorphism. If 7" = {p}, : 0 € {1,—1}}, then pJ (Bpm)) N{z €
R™ : gx; > 0} is a neighborhood of origin in the closed half-space {z €
R" : oz; > 0}, s0 U,eq,_1y Plo(Bewr,)) is a neighborhood of the origin. If
T ={b% : A € RU{oo}} for some 1 < i < j < n, then the compactness of the
real projective line supplies a finite A € RU {oo} such that (J,, b§j<Be(b§,j)>
is a neighborhood of the origin.

So assume ht(7) > 1. Let T} := {u1 : (p1,---,m) € T}, a trans-
formation tree of height 1. For each v € Ty let T[v| = {(u2, ..., tm) :
(v, pa, . ., bm) € T'}, a transformation tree of height less than ht(7"). By the
induction hypothesis, for each v € Tj there is a finite S[v] C T'[v] such that
U, = U,esp) #(Bewop)) is a neighborhood of the origin. Let §(v) € R’} be
v-admissible and such that Bs,y € U,. Again by the induction hypothesis,
there is a finite S; C T; such that |J g v(Bs()) is a neighborhood of the
origin, so S :={vopu:v e Sy, pe€ Sv]}is as desired. O

Any subset of a full transformation tree is called a transformation tree.

Corollary 3.13. For any n € N and nonzero f € R, there is a fi-
nite transformation tree T in (z,y) and a map ¢ : T — R such that
U,.er #(Bew) is a neighborhood of the origin, and for each p € T, B, is
(f, m)-admissible and f oy is normal on B. Moreover, T respects y, and
if w = {u1,...,m) € T is such that p,, = 5" for some 1 < i < n and
fou(z,y) = 2%yu(z,y) for some o € N*, d € N and unit u € R,;1, then
d> «.

Proof. Simply apply Lemma 3.11 and then Lemma 3.12. O]

Our next task is to interpret Corollary 3.13 as a preparation theorem. We
will need some easy facts about the images and preimages of L% -cylinders
under admissible transformations.
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Remark 3.14. (i) If p € RT] is an admissible transformation not of the
form p = 05" and C' C R™! is an L%-cylinder, then both u(C') and
p~(C) are finite unions of L-cylinders.

(ii) For all r € R™™ and 1 < i < n, b5 (B,) and (b5"1)~1(B,) are finite
unions of L% -cylinders.

(iii) Let C C R™! be an L-cylinder, let s;(z),...,s.(x),t;(z) and ty(z)
be L-terms, and let L(x,y) := (s1(z), ..., su(z),t1(x)y +1t2(z)). Then
L7Y(C) is a finite union of L%-cylinders.

Definition 3.15. Define the exceptional set £(u) of an admissible trans-
formation p € RIE] by induction on n € N: if pu(z,y) = (v(z),y) for an

admissible transformation v € R, then £(p) := E(v) x R. Otherwise,
(i) E(to) =0
(ii) £(pf,) ={(z,y) € R™ 2 = O}
(i) BT = {(z,y) € R™' 2z, =0 or y = 0}.

If T is a transformation tree of height 1, then for all u,v € T, E(u) = E(v);
define £(T") to be this common set.

Definition 3.16. Consider a function f : R""! — R and a set A C R,
In the definition of “f is prepared on A” found in Definition 2.3, if instead
of (2.6) we have

fla,y) = al@)(y — 0(x)) u(z,y — ()

on C, where a(z), (x) and u(x,y) are Ly-terms, d € N, and u(x,y) is a
positive R-unit on {(z,y — 6(z)) : (z,y) € C}, then f is N-prepared on A.
If we allow d € Z, f is Z-prepared on A.

Lemma 3.17. Let n € N and consider a function f : U — R, where U C
R™*!and also an A C U which is a finite union of L%-cylinders. Let T' be
a finite transformation tree of height 1, and for each p € T let C,, C R+
be a finite union of L%-cylinders which is (f, u)-admissible. Suppose that
AC UueT 1(C)-

Suppose that for each p € T, f o p is Z-prepared on u~*(A) N C,, and
if p = by for some 1 < i < n then C, = B, for some r € R™™ and
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fo 'u‘;rl(A)ﬂBr extends to an f, € Ry,11, which is normal on B,, say of the
form f, = z®y*u(z,y). Then f is Z-prepared on A\E(T).
If we further suppose that for each i € T, fou is N-prepared on p~(A)N

C,, and in the case that u = b5 we have d > «;, then f is N-prepared on
A\E(T).

Proof. Using Remark 3.14, the fact that £(7) is a finite union of L%-cylinders,
and the fact that the collection of finite unions of L£%-cylinders is a boolean
algebra, we may reduce to the case that T = {u} for a single admissible
transformation yu, that A = p(C) for a single L%-cylinder C' on which fop is
of a single Z-prepared form, and that AN E&(u) = (). Furthermore, if p is an
admissible transformation in z, it is not hard to see that then f is Z-prepared
on A, so we may assume that u properly involves y. The proof now breaks
down into cases.

Consider the case that y = b3 and f o 'u|u*1(A)ﬂBm extends to an

fu € Ruy1, which is normal on B,, say of the form f, = z®y%u(z,y). Then
flz,y) = 2%y %u(xy,...,2/y,...,Tn,y) on A, which is Z-prepared. Fur-
thermore, if d > «; then f(z,y) is N-prepared on this set.

So now assume that g is not of the form b%"+1. There are two cases, either
C'is thin or fat. First suppose that C'is thin, say C' = {(z, s(z)) : « € B} for
some quantifier free definable set B C R" and term s(z), and let ¢(z) be the
term such that for all z € B, fo u(x,s(z)) = t(x). If u(x,y) = (z,v(x,y))
for some v € R, 41 (such as when p = bf\’"ﬂ for some A € R or u = ty for
some 6 € R,), then A = u(C) = {(x,v(z,s(x)) : © € B}. So B is the base
of A and for all x € B, f(z,v(z,s(x))) = fou(x,s(x)) =t(x). On the other
hand, if u(z,y) = (v(x), y) for some v € R such that v~!(z) is a tuple of L%-
terms (such as when p = pi", since (pj%)) ' () = (z1,...,0 ¥/0T;, ..., 2n)),
then A = p(C) = {(v(z),s(z)) : z € B} = {(x,sov7'(x)) : * € v(B)}.
So the quantifier free definable set v(B) = {z : v!(z) € B} is the base of
A and for all z € v(B), f(z,sov (z)) = tov~(z). Hence if C is thin,
{(z, f(z,y)) : (x,y) € A} agrees with the graph of a term, so f is prepared
on A.

So now suppose that C'is fat, say C' = {(x,y) € BxR:s(z) <y <t(z)}
for some terms s(z) and t(z) (the other forms are handled similarly), and
that

fou(x,y) =a(@)(y—0(x)*u(z,y — 0(x)),
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on C, where d € Z. If j1 = t,, then on A,

fla,y) = al@)(y — (@) + 0(2) ulz, t — () + ().
If 1 = b5""" then on A,

flz,y) = a(z (2 A H(x))du (x LA Q(x)) ,

If p = pf, then on A,

fla,y) = ao ()" (@) (y =00 ()~ (@) "u((p,) " (2),y — 00 (b)) " ().
In each case f is Z-prepared. If d € N, f is N-prepared. n

Proposition 3.18. Let f € R,41, for somen € N and r € Ri“. Then f
is N-prepared on B,.

Proof. The proof is by induction on n € N. Let f € Ry41, and let F' €
Rut1s be such that s > r and f = F| . It suffices to show that F' is
N-prepared on a neighborhood of B,. To prove the result for a particular
value of n it suffices to show that each f € R, ., is N-prepared on some
neighborhood of the origin, since we may simply apply this to F(z+a,y+b)
for each (a,b) in B, and then invoke the compactness of B, to obtain the
finitely many cylinders required for a preparation.

The result for n = 0 is trivial, since then f € R4, so f is normal about
the origin, so in particular f is N-prepared. So let n > 0 and assume the
lemma holds for all functions in R,. By Corollary 3.13 there is a finite
transformation tree T respecting y and an € : T — RTFI such that for
each yu € T, By is (f, pu)-admissible, f oy is normal on B, say f o
wle,y) = %y u(a: y) and U = U,cp #(Be) is a neighborhood of the
origin. Moreover, if 1 = (uy, . .., ftym) With g, = 05" then d > a;. We show
by induction on ht(7") that f is N-prepared on U.

If ht(T") = 0, f is normal on U, so suppose ht(T)) > 0. Let T} :=
{1y, im) € T} and for each p € Ty let T[u] == {v : pov € T}.
Since ht(7T[p]) < ht(T') for each p € Ty, by the induction hypothesis f o p
is N-prepared on Ulu] = UVGTM V(Be(uovy). Since T' is with respect to y,
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f and T satisfies the hypothesis of Lemma 3.17 (for N-preparation), so f
in N-prepared on U\E(T}). So it suffices to show that f is N-prepared on
UNET).

Note that each £(T}) is the union of sets of the form E; := {(z,y) €
R : x; = 0} for some 1 < ¢ < n+ 1, that f is prepared on U N E,,;;
since then f is a function in z only, and that by the induction hypothesis,
f is N-prepared on the compact set U N E; for any i = 1,...,n. Hence f is
N-prepared on U N E(TY). O

3.3 Preparing certain fractional analytic func-
tions

For this section, fix a Weierstrass system R over R.

We shall show how to Z-prepare functions of the form f(z,g(x)/y,vy),
where f € R,40 and g € R,,.

Definition 3.19. Consider an open neighorhood U C C" of the origin in C"
and a holomorphic function f : U — C. Let r € R, and let B be either B,
or int(B,). Assume that B C U.

We say that f is a unit on B if f(z) # 0 for all x € B. We say that f
is normal on B if f(x) = z*u(x) on some open neighborhood V' C U of B,
where @ € N” and v : V' — C is a holomorphic unit on B.

Consider another holomorphic function g : U — C. If there is a neighbor-
hood V' C U of B and a holomorphic h : V' — C such that f(x) = g(x)h(x)
on V', then g divides f on B.

Foraset A C U, let Z4(f) denote the germ of the sets {x € V' : f(z) = 0}
for all neighborhoods V' C U of A. If A is open, we simply consider Z4(f)
to be the set {x € A: f(x) =0}.

Lemma 3.20. Let B := int(B,) for some r € R}, let f,g,h : B — C be
holomorphic, and let E := {x € B : h(z) = 0}. If Zp\p(f) € Zp\r(g), and
g and h are both normal on B, then f is normal on B.

Proof. 1f a € B is such that f(a) = 0, then either g(a) = 0 or h(a) = 0, so
Zp(f) € Zp(g)U Zp(h) = Zg(gh). Now, gh is normal on B, say g(z)h(z) =
z%u(x) for some o € N" and unit v on B. We may choose 5 € {0,1}" so
that 8 < «, Zp(f) C Zp(a®), and Zg(f) € Zp(27) for all v < 8 not equal
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tod. Let [:={ie{l,...,n}:05; #0}. If I =0, then f is a unit on B and
we are done, so we may assume that I # ().

We claim that Zgz(f) = Zg(2®). Consider i € I. By the minimality
of 3 there is an a € B such that a; # 0 and f(a) = 0. Since the regu-
lar points of Zg(f) are dense in Zg(f), there is a regular b € Zg(f) such
that b; # 0. So for some open neighborhood V' of b, Zy(f) is an (n — 1)-
dimensional complex manifold which is a subset of Zy (z;). Since Zy (z;) is
also an (n—1)-dimensional complex manifold, it follows that Zy (f) = Zy (x;),
SO f(x)‘xl:o =0 on V. But then f(z)| _o, = 0on B. Since i € I was arbi-

trary, Z5(f) = Zp(x?), proving the claim.

Note that f(x) ‘mizo = 0 on B iff z; divides f on B. By applying this obser-
vation and the above claim repeatedly to f(x), then f(z)/xz;, then f(x)/z2,
etc., for all ¢+ € I, we obtain a v € N” such that v, > 0 iff ¢+ € I and

f(z) = 27u(x) for some holomorphic unit u on B, as desired. O

In Lemmas 3.22 and 3.23 and Proposition 3.24 we shall be interested
in the following situation: we have a full transformation tree 7" in (x,y), a
g€ Ry,and amap e : T — RY™. Fori=1,...,n+2let ¢ :=II; 0 € and

€ :=(€1,...,€ns1). Foreach p e T andi=1,...,n+ 1 let y; :=II; o p and
/

W= (p, .o, pn). If for each p € T, Be,y is p-admissible and i/ (Bey) €
B,(g), then we define the complex wedge

o o w € L
W(e, p) == {( ,Y) € Beuy ‘ fin+1(T, Y) ‘ Sl el 7 0}(?1 1)

and also the real wedge W (e, p) :== W(e, u) N R,

Remark 3.21. Lemma 3.11 is the geometric interpretation of Theorem 3.4
for q.a. IF-systems. Theorem 3.4 can also be interpreted for Weierstrass
systems: namely, in Lemma 3.11 simply replace B, with B,.

Similarly, Lemma 3.5 also has an obvious geometric interpretation for the

Weierstrass system R, which we do not state but use in the proofs of Lemmas
3.22 and 3.23 below.

Lemma 3.22. Let A € R, f € R,,+1 and g € R,,. Define
o(z,y) = (z, g(z)/y — \y)

on its natural domain {(x,y) € B4 x C:y # 0}, and let ' := fo . There
is a full transformation tree T in x and an € : T — R’"? such that for each
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pe T, W(e ) is (f, ¢, n)-admissible and there is a ®,, € Ry41 such that
W(e, p) € By, and

ZW(e,,u)<F opu)C ZW(@M)((DH)'

Proof. As described in Remark 3.21, use Lemma 3.5 to obtain a full trans-

formation tree T in = and an € = (€1,...,€6,41) : T — Riﬂ such that for
each € T, Bey is (f, u)-admissible and
fouz,y) =z*h(z,y) (3.2)

on Bey for some o € N™ and h € R, 11 regular in y, say of order d. Fix
p € T, and so also the corresponding «, h and d. By possibly shrinking €' (1),
Weierstrass preparation gives

h(z,y) = w(z, y)u(z,y) (3.3)

on Be (), where w is a Weierstrass polynomial in y of order d and u is a unit.
Note that w,u € Rp41.

By possibly shrinking €,.1(x) further and choosing €,,2(u) sufficiently
small, we may in fact assume that h, w and u are defined on B, (,), where

ex(w) = (er(p), s (), €nsa(p) + [Alenta(p).

Let e(u) := (¢'(1), €nt2(p)). Soif (a,b) € W(e, p) is such that Fopu(a,b) =0,
then by (3.2)

0= f(1'(a), gop'(a)/b—Ab) = a®h(a, g o u'(a)/b— Ab),
so either a® = 0 or w(a, g o p/'(a)/b — Ab) = 0 by (3.3). Letting g =
(B, ..., 0n), where
6' L ]_, if oy > O,
L O, if oy = O,

(just to reduce redundancies) and noting that y%w(x, g o p/(z)/y — \y) is a
polynomial in y with coefficients in R,,, we see that

O, (x,y) =2’y w(z, go 1/ (z)/y — \y)

is a function as desired. O
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Lemma 3.23. Let f € R,12 and g € R,,. Define

p(z,y) = (z, g(x)/y, y)

on its natural domain {(x,y) € B4 x C:y # 0}, and let I’ := fo . There
is a full transformation tree T in x and ane: T — RZ‘F“ such that for each
pe T, W(e ) is (f, ¢, n)-admissible and there is a ®,, € Ry41 such that
W(e, 1) € B,y and

ZW(QH) (F © lu) - ZW(e,u) ((I)p,)

Proof. Let z := x,49. As described in Remark 3.21, use Lemma 3.5 to obtain
a full transformation tree S in z and a p = (p1,..., pui2) : S — R such
that for each v € S, B, is (f, v)-admissible and fov(z,y, z) = 2*h(z,y, 2)
on B, for some o € N" and h € R, 42 such that h(0,y,2) # 0. Instead of
considering each v € S to be a member of R}""3, we consider v to be a member
of RI1, as we may since S is a transformation tree in z; so v(z,y) = (V/(z), y)
where v/ := [Tov. Fix v € S, and so also the corresponding « and h,
and let H(x,y) := h(z,g o V'(z)/y,y) on its natural domain. Note that
Fov(r,y) =x*H(z,y).

We now use a method of Parusinski’s to study the complex roots of H, and
so also of Flov. Fix a A € R such that h(z,y + Az, z) is regular in z, which
may be done since h(0,y,z) # 0. By possibly shrinking p(v), Weierstrass

preparation gives
B,y + Az, 2) = w(e,y, 2) ule,y, 2) (3.4)

on B, (), where w is a Weierstrass polynomial in z and « is a unit. Let 0(v) :=
(01(v), ..., 0ns2(v)), where 0;(v) := p;(v) for 1 <i <mnandd,1(v), Ipia(v) >
0 are chosen so that §,12(v) + |[A[0ns1(V) < ppy1(v) and 6,41 (V) < ppia(v).
Consider (a,b) € W(9, v) such that H(a,b) = 0, and let ¢ := gov/(a)/b— Ab.
So Ab? +cb — gov/(a) =0 and h(a,c+ Ab,b) = 0, so by (3.4) w(a,c,b) = 0.
Since the polynomials in y, A\y*>+cy — gov/(a) and w(a, ¢, y), have a common
root b, they have a common factor, so

¥(a,c) == Res,(w(a,c,y), \y* +cy — gov/(a)) =0,

where Res, denotes the resultant with respect to y. Note that ¢ € R, 1.
The above argument shows that

Zwsn(H) € Zwewn (¥),
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where V(z,y) := ¢¥(x, gov/'(x)/y — A\y), and so
Zww)(F o) © Zyea) (D), (3.5)

where ®,(z,y) = 2*VU(z,y).

By applying Lemma 3.22 to ®,,, there is a full transformation tree S, in x
andad, : S, — ]R:i“ such that for each n € S,, W(4,,,n) is (®,, v)-admissible
and there is a ®,., € Ry41 such that W(d,,n) C B,(s,.,) and

ZW((SII)U)(@V © 7]) g ZW(5U,77)<(I)11017)- (36)

For each v € S, by possibly refining J, we may assume that 9, is “compat-
ible” with d in the sense that for each n € S,, v(B(d,,n)) C B(d',v) and
v(W(0,,1)) CW(6,v). Then (3.5) and (3.6) show that

ZW(‘SVW) (F ovo 77) g ZW((SV,n)((I)Von)' (37)

Let T := {von:veS nes} andlet e : T — R} be given by
e(von) :=0d,(n) for v € S and n € S,. With this new notation (3.7) becomes

ZW(ey(F o 1) C Zyy(e ) (Pp)
for each p € T', as desired. O
We now state a main result.

Proposition 3.24. Let n € N, f € R,.o and g € R,,. Define

o(z,y) = (z, g(x)/y, y)

on its natural domain {(z,y) € By x C :y # 0}, and let F' := f o . For
r € R and s > 0 let W5y := {(x,y) € B, : y # 0, |g(x)/y| < s}.

There are r € R’ s > 0, a finite transformation tree T' in (z,y) and
an €:T' — R?? such that

(i) T" respects y;
(11) W(r,s) g U#GT’ :U’(W(Q/L)):

(iii) for each p € T', W (e, ) is (f, p, i)-admissible and F o p W(ey EXtends

to a function F), € R41 () Which is normal on Bey,).
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Proof. By Lemma 3.23 there is a full transformation tree S in x and a 9 :
S — R such that for each v € S, W(§,v) is (f, ¢, v)-admissible and there
is a ®, € R,41 such that W(4,v) C B,(s,) and

Zwum)(F ov) C Zws.(Py). (3.8)
Let v € S, considered to be a function in R}'T{, and define

Uy (2,y) == Pu(x,y) - gov'(z) -y - (y — g o V' (x)), (3.9)

where v/ := Il o v. By Remark 3.21 there is a full transformation tree S,
in (z,y) respecting y and a map &, : S, — R*! such that for each € S,
Bs; () is (¥, n)-admissible and ¥, o7 is normal on By ;). We may assume
that Bs; ) is (f, ¢, v, n)-admissible. Let 6,(n) := (9,,(n), 0ns2(v)). Let T :=
{von:veS,nes,}, andlet e : T — R be given by e(von) := §,(n) for
v e S and n €S,. We claim that by possibly refining €, some finite 77 C T'
and some sufficiently small r € R7*! and s > 0 satisfy the conclusion of the
proposition.

To see this let p € T, say p = von with v € S and € S,, and write
p :=Tlop and pi,r1 = I,41 o u. By Lemma 3.2 and (3.9), g o p/(z,y) =
(zy)*u(x,y) and pyi1(z,y) = (zy)’v(z,y) for some units v and v on Be(,)
and o = a(u), 3 = B(p) € N*™! such that either o > 3 or a < 3. Note that

Fouay) = f (u’<a:,y>, i”—((j;’f unmx,y)) |

= 1 (W) S o). 10)

If « >  and o # (3, then by possibly shrinking €'(x) we may assume
that |(zy)* Pu/v] < €nta(p) on Be(, and so W(e,pn) = {(z,y) € Be :
tni1(z,y) # 0}. By (3.10), F o p(z,y) extends to an analytic function
F# S RnJrl on BE/(“). By (38),

ZW(GM)(F © M) - ZW(E,M)<®I/ o 7])

Since ®, on and p,41 are both normal on Be ), then F), is normal on B,
by Lemma 3.20.

If « = (3, simply shrink €,42(p) so that |u/v| > € q2(p) on Bey), so
W(e, ) = 0.
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If o < B and o # 3, then simply shrink €' (p) so that for all (z,y) € By
such that Hn1 ([L’, y) 7& 07

‘gou’(:v,y)' _
pns1 (7, Y)

so W(e, ) = 0.
Now, by Lemma 3.12 there is a finite 7" C T such that B, C UueT” p(Bery)
for some r € R’2, so in particular W, 5 C U e #(Be) for any s > 0.
Letting s := min{e,2(p) : p € T"}, it follows that Wi, C U ,cpn (W (e, 1)),
S0
Wes € [ n(W (e, m)),

neT’
where T":= {p € T" : a(p) = B(p), () # B(p)}, since W (e, i) = @ for any
€ T"\T'. Therefore T" is the desired transformation tree. O

We now set out on the task of using Proposition 3.24 to Z-prepare func-
tions of the form F(x,y) = f(x,9(z)/y,y). To make the induction go
through, we shall consider a slightly more general form for F.

For Lemma 3.26 and Proposition 3.27 let n € N and consider the following
situation:

(i) 7" =(r,...,rn) € R} and g, Ly, Ly € Ry
(ii) L(x,y) := Li(z)y + Lo(z) on By X R;

(iii) ¢(x,y) = (z, g(x)/L(z,y), L(x,y)) on dom(p) := {(z,y) € B x R :
L(z,y) # 0};

(iv) C is an L%-cylinder such that C' C dom(y), and both C' and ¢(C) are
bounded;

(v) r = (r1,...,7ny2) € R is such that II(r) = ¢/, and f € R0, is
such that ¢(C) C int(B,);

(vi) F:= fop,so

F(z,y)=f (x, Ll(x)z(j—)Lg(x)’ Li(x)y + LQ(:L")) . (3.11)

Note that dom(F) = {(z,y) € B xR : L(x,y) # 0, |g(x)/L(z,y)| <
Tntt | L(2,y)| < Toja}
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Definition 3.25. For a set A C R" and functions f,g : A — R, f is
equivalent to g on A, written f ~ g on A, if there are 0 < a < b such that
for all z € A,

af(r) < g(x) <bf(z) if flz)>
bf(z) < g(z) <af(x) if f(z) <0
If ¢ > 01is such that 1 — e <a and b < 1+ ¢, we write f ~. g on A.

Lemma 3.26. If L(z,y) ~ ¥(x) on C for some L%-term v (x), then F is
N-prepared on C.

Proof. Fix 0 < a < b such that on C,

ap(z) < Lz,y) <by(x) if ¢(z) 20
by (x) < L(z,y) < ap(x) if p(x) <0

Since L(z,y) # 0 for all (z,y) € C, {(z,y) € C : ¢(x) > 0} and {(z,y) €
C : ¢(x) < 0} cover C. By considering each of these sets separately we may
assume that 1 has constant sign on C', and since both cases are handled
similarly, we may assume that ¢» > 0 on C.

For each A € [a,b] let C) := {(z,y) € C: i M)(z) < L(z,y) < $X¢(z)}.
Lettmg A= {a =X\ < ... <)\ = b} where the )\; are chosen so that

’“ <3fori=1,...,k—1, we have C C |J,., Cx. So by considering each

C’,\ separately for each A€ A without loss of generality we may assume that
a=1/2and b=3/2.

Since ¢(C') is bounded we may fix an M > 0 such that |z4],.. .,
|L(z,y)] < M for all (z,y) € C. Therefore on C,

|/\ I/\

g(z)
L(z,y)

Y

ke
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Let s := (%M, M,...,M,2M, %), a tuple in Rf‘ﬁg. Consider the maps ¢ :
C — R"™ and ¢y : R"™2 x (—1,1) — R"*? defined by

Lz, y) — w@:))
() ’

(,Dl(ZE,y) = (%7x7 lﬁ(x)a

oo(w,x,y,2) = (:n, cy(l+ z)) :

1+ 2

We see that ¢1(C) C B, 902‘33

analytic on the compact set ¢1(C), by Proposition 3.18 f o s is N-prepared
on a neighborhood of ¢;(C).
Let C" C R™*3 be a typical cylinder given by this preparation and suppose

€ Ry43s and g0|c = (py0 (1. Since foy is R-

f o gog(w,a:,y,z) = a(w,a:,y)(z - Q(w,m,y))du(w,w,y,z - G(U),.Q?,y))

on ', where d € N. Note that F(z,y) is prepared on {(z,y) € ¢, (C") :
Li(x) = 0} since it is a term in x. Letting ¢/ (z) := (i(é)),x,w(x)>, on
{(z,y) € ;1 (C") : Li(x) # 0} we have

Plog) = aoii(o) (HE0ZD go i)
u(vte), HEISED o))
e (@Y La(@) £ @)+ o g\
- oot (355 (v L0 )
o (e 9 BTV 00wl
which is N-prepared. To finish note that ¢;'(C") is a finite union of Lf-
cylinders by Remark 3.14. ]

Proposition 3.27. The function F' is Z-prepared on C'.

Proof. By induction on n € N. Consider n = 0; so F(y) = f(g9/(L1y +
L), L1y + L) for some g, Ly, Ly € R. If Ly = 0, F is constant. If g =0,
then F'is R-analytic on the compact set C', so we are done by Proposition
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3.18. So suppose g # 0 and L; # 0. Since p(C) is bounded, there is
an M > 0 such that |g/(L1y + Lo)|,|Liy + Lo < M for all y € C, so
0 < |g|/M < |Lyy+ Ls] < M on C. Therefore F' is R-analytic on the
compact set C, so we are again done by Proposition 3.18.

So let n > 0. On the set {(x,y) € C' : Li(x) = 0}, F is prepared since it
is a term in x alone, so we may assume that L;(z) # 0 for all z € II(C). For
each € > 0 let

Ce = {(z,y) € O [L(z,y)l, lg(x)/L(z, y)| <€},
Cl o= Alwy) € O [L(x,y)] = €},

C! = {(x,y) € C:lg(x)/L(z,y)| > €},

and note that C' = C. UC/UC”.

Let ¢ > 0. First, note that ¢ is R-analytic on C7, so F = fo ¢ is
R-analytic on the compact set C’, so by Proposition 3.18 F is N-prepared
on C!. Next, since ¢(C) is bounded we may fix an M > 0 such that ¢ <
lg(z)/L(z,y)| < M for all (z,y) € C”, so up to subcylindering C? to account
for signs, L(z,y) ~ og(x) on C” for some o € {—1,1}. Hence by Lemma
3.26 F' in N-prepared on C”'.

Therefore it suffices to show that F' is Z-prepared on C. for some € > 0.
For a € R" let s,(z) := = + a, and if t(z,y) = t1(x)y + t2(z) for some
t1,t2 € Ry and s € RY, let

on its domain {(z,y) € Bs x R : t;(z) # 0}. Note that F o Ap(z,y) =
f(z,9(x)/y,y) on the L;s-cylinder A7 (C) = {(x, L(x,y)) : (z,y) € C}.

Claim 1. There is a finite B’ C B, such that for each b € B’ there is a finite
transformation tree T'(b) in (z,y) respecting y, a &, : T(b) — R:2, and an
(r(b),s(b)) € R% x Ry such that

(1) {(z,9) € BypyxR:y #0, |g(x+b)/yl, [yl < s(0)} € U, ey bW (db, 1)),

(ii) for each p € T'(b), W(0p, i) is (f, ¥, AL, S@v,0), it)-admissible and F o
Aposp)o0 /,L‘W Gyt extends to a function in Ro+1,6)(w) Which is normal
on B5{,(M);

(iii) B, C UbeB’ Br(b)(b).
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Proof. By Proposition 3.24, for each b € B, thereis a T'(b), &y, and (r(b), s(b))
satifying (i) and (ii). The existence of a finite B’ C B satisfying (iii) follows
from the compactness of B,.. n

We now extend the scope of what is considered to be an “admissible
transformation”: in addition to functional translations, power substitutions
and blowup substitutions, for the rest of the proof of this proposition let us
also consider the affine transformations A; to be “admissible”. Let {A;} be
the “family” of A;, and extend the definition of “transformation tree” ac-
cordingly.

Claim 2. Suppose there is a finite transformation 7" in (x,y) (in the new
sense of the word) respecting y and a 6 : T — R:ﬁ” such that for each
w €T, W(b,u)is (f,p, uy-admissible and F o “’W(&u) extends to a function
in Ry 41,57(u) wWhich is normal on Bs/(,. Then F'is Z-prepared on U :=

U,er #(W (6, 1)

Proof. By induction on ht(T"); let us call the induction on n the “outer”
induction and the induction on ht(7") the “inner” induction. We are done if
ht(T") = 0, so assume that ht(7) > 0. Let 77 := {p1 : (p1, ..., ptm) € T},
and for each p € Ty let T[] :={v:poveT}.

Fix p € Ty. If u = b5 for some i = 1,...,n, then since T respects y, we
have € T'and Foy is normal on Bs(,,). In any other case, F'oy is of the same
form as F', as given in (3.11) (this is the reason why we consider the slightly

more general form f(x,g(x)/L(x,y), L(z,y)) and not just f(x,g(z)/y,v)).
Since ht(T[p]) < ht(7'), by the inner induction hypothesis Fou is Z-prepared

on U[/’L] = UZ/GT[/,L} V(W(67 1% © V))? Sa‘y

Fop(z,y) = a(x)(y — 0(x))"u(z,y — 0(x))

with d € Z. If T7 is a transformation family of a functional translation, power
substitution, or blowup substitution, then by Lemma 3.17 F'is Z-prepared on
U\E(Th). Since UNE(Ty) is a union of sets of the form {(x,y) € U : z; = 0}
for somei =1,...,n+1, and doing such a substitution z; = 0 either makes F’
a function in x alone or a function in (z,y) of the same form as given in (3.11)
but in one less variable, we see that F' is Z-prepared on {(x,y) € U : z; = 0}
by the outer induction hypothesis. On the other hand, if 7} = {A;}, where
t(z,y) = t1(x)y+ta(x) for some t1,ty € R, then for all (z,y) € U, t1(z) #0
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and
Fz,y) = a(x)(ti()y + ta(x) — 0(x)) u(x, tr(z)y + ta(2)),
al) (8@ = b@)\' ()~ b
"~ h(o) (y h(@) ) (y t(2) )
which is Z-prepared. Il

To complete the proof of Proposition 3.27, simply apply Claim 1 and let
e := min{s(b) : b € B'}. Since By C Uyepr Br)(0), Ce € Upepr Uery Az ©
56,0 © (W (8p, p1)). So letting T"(b) := {Ar o sy 0o p : po € T'(D)}, applying
Claim 2 to each F o 54,0y and T"(b) shows that F' is Z-prepared on C.. [

3.4 Proof of the Main Theorem over R

For this section, fix a Weierstrass system R over R.

Lemma 3.28. Let 0(z) be an L-term, A C R™™ be a finite union of L -
cylinders and € > 0. There are L% -cylinders C1, . .., Cy, covering A such that
for each C' € {C},...,Cy} one of the following holds:

1. y ~.0(x) on C;

2. y—0(z) = a(x) u(x,y) on C, where u(x,y) is an R-unit on C" and a(x)
is an L -term;
3. y—0(z) =yu(x,y) on C, where u(x,y) is an R-unit on C.

Proof. By subcylindering we may assume that 6 has constant sign on A. If
6 = 0 on C we are in case 3, so assume that # > 0 on C' (the case 6 < 0 is
similar). Let 0 < @’ <a <1<b<¥ besuchthat 1 —e <d and b’ <1+,
and let

C1 = {(x,y) e C:db(x) <y<Vo(x)},
Cy = {(z,y) € C:=b0(x) <y<ab(x)},
Cs = {(z,y) € C:lyl >bl(x)}.

Note that each of these sets is a finite union of L%-cylinders and they cover
C'. For i =1,2,3 we are in case i on C;, since y ~, 0(z) on Cy, on Cy

y— 0(z) = 0(x) (% - 1>



and
Y
1— — -1
0< a < H(x)
and on Cj
y—9($)=y(
and
1 ‘ Q(x)’
0<l—=-<|1—-—<~
b Yy
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]

Lemma 3.29. Let 6;(x) and 0(x) be L-terms and A C R™"! be a finite

union of L%-cylinders. There are L%-cylinders Ch, .. .,

that for each C' € {C,...,C}} either

C} covering A such

1. y— 0u(z) = a(z) u(z,y — 0,(x)) on C, or

2.y — 0y(x) = a(z) u(z,y — Os(x)) on C, or

3.y — Oa(z) = (y — 0u(2)) u(z,y — O1(x)) on C, or
4y —b0i(z) = (y — b2(2)) u(z,y — 02(x)) on C,

where a(x) is an L -term, u(x,
in cases 1 and 3, and u(x Y)
cases 2 and 4.

y) is an R-unit on {(z,y—61(z)) :
is an R-unit on {(x,y — O2(x)) :

(z,y) € C}
(x,y) € C} in

Proof. By subcylindering we may assume that 6; — 6, has constant sign on
C'. Since we are in case (ii) if ; = 6, on C, and the other two cases are

symmetric, we may assume that 6, > 6, on C.
<a <1<b<1+a and consider the

Choose a,b € R such that 1

following sets, each of which is a finite union of L%-cylinders:

)
)

<y < bi(z) + a(bi(r) — Os(z))},
<y < Oy(x) + a(b(r) — Oa2(x))},

— 0x(2))},

C; = {(z,y) € C:0i(x) — a(b(x) — b(x)

Cy = {(z,y) € C:0x(x) — a(br(x) — ()

Cs = {(z,y) € Cry <bi(z) —b(bi(z)

Cy {(z,y) € C:y>0a(x) + b(61(x) — b2(2))}.

Note that by the choice of a and b, C' = U?Zl C;. We show that for ¢ =

1,...,4, we are case ¢ on Cj.
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y—b1(z)

On C1, |5 @60

<a<1,so

Ol = (0 () — 0ol _Yy—0iz)
= 0aa) = (0a) — ) (14 5P
is as in case 1. (5 is similar.

1 fi(@)=02(x)
OHCg, —1<—Z<W<O,SO

is as in case 3. C} is similar. ]

Definition 3.30. Let ¢ > 0 and consider a function f : R**!' — R which
is prepared on A C R™"!: say there are Ly-cylinders Cy,...,C, C R™™!
covering A such that for each C' € {C1,...,Cy}, if C' is thin then the graph
of f‘c is given by a term in x, and if C' is fat then

f(z.y) = a(@)ly — 0(x)[ulz, |y — (x)|"?)

on C. If for each such #(x) which is not identically zero on II(C') we have
that y ~. 0(x) on C, then we say that f is e-prepared on A.

The functions fi,..., fn : R™!' — R are simultaneously prepared
on A C R™"! if there is a common cylinder covering of A preparing each
fi,--., fm and the 6(zx)’s given by this preparation are uniform for all 7.
More precisely, there are L%-cylinders (4, ..., C} covering A such that for
each C' € {C},...,Cy}, if C is thin then the graph of f‘c is given by a term
in x, and if C' is fat then forv=1,... m,

fila,y) = ai(x)ly — ()| “ui(x, [y — 6(x)[V7"), (3.12)

on C.
These adjectives can be combined with the various special types of prepa-
rations, such as with “simultaneously e-Z-prepared” for example.

Remark 3.31. Consider (3.12). We may choose p,pi,...,p,, € N, and
¢y, q, € Z such that ¢; = ¢//p and 1/p; = p;/p for i = 1,...,m. Then
by replacing w;(x, y) with u;(x, y?), we may assume that

filz,y) = ai(@)|y — 0(2)|“Pui(z, |y — 6(z)|"?)

foralli=1,...,m.
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Corollary 3.32. If e > 0, A C R"™! is a finite union of L%-cylinders, and
fis.ooy fm : R* — R are prepared on A, then fi,. .., f, are simultaneously
e-prepared on A. The same also holds for ‘N-prepared” and ‘Z-prepared”
in place of “prepared.”.

Proof. We prove the corollary by induction on m > 1. By Lemma 3.28 there
is a finite collection C of L-cylinders covering R"™! such that on any fat
cylinder C' € C,

filz,y) = ai(@)ly — Ou(2)| P wa(, |y — 61 ()] 7")

where y ~, 01(x) on C' whenever 0;(x) is not identically zero. By the in-
duction hypothesis we may further subcylinder and obtain that for any fat
cylinder C' € C,

filz,y) = ai(z)|y — Oa(x)

where y ~ 6(x) on C' whenever ,(z) is not identically equal to zero.
By using the Lemma 3.29 to further subcylinder, we may assume, for
example, that

Qiui(x7 |y - 92(1')|1/p2), for i = 27 sy,

y = Ou(x) = (y = Oa(2))v(z, y — O2(x))
and y > 0y(x) on C' with v a positive R-unit on {(z,y — 05(z)) : (z,y) € C}
(the other cases given by Lemma 3.29 and the other possible sign conditions
for y — O2(x) and v are handled similarly). Then

filw,y) = ar(@)y—ba(2)| "oz, y—ba(2)) ™ ur (, [y—ba(x)| /7 0 (2, y—ba(x)) /7)

on C. Since v(z,y) is an R-unit on {(x,y — O2(x)) : (x,y) € C}, then
so is v(z,y)? for any ¢ € Q. So by letting p,q},p},p5 € Z (p > 0) be
such that 1 = q;/p, 1/p1 = p/p and 1/p; = py/p, and letting U, (z,y) :=
vz, yP)ur (2, yPro(x, y?1)VPr) and Us(x, y) = ui(z, y?2) for i = 2,...,m, all of
which are R-units on {(x, (y — 02(z))"/?) : (x,y) € C}, we have

filw,y) = ai(@)ly — b2(2)| 7 Ui, |y — O2(2)['7)
on Cforalli=1,...,m. O]

Lemma 3.33. Let A C R™"! be a finite union of Ly -cylinders, g = (g1, - - -, gm)
A — R™ be a bounded function such that g; is prepared on A for each
i=1,...,m, and f € R,, be such that g(A) C B, . Then f o g is prepared
on A.
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Proof. By Corollary 3.32, g1, ..., g, are simultaneously prepared on A. Con-
sider a cylinder C given by this preparation. If C' is thin, then each gi} o s
given by a term in z, and hence so is f o g| o+ S0 it suffices to consider the
case that (' is fat and for i = 1,...,m,

Py, [y — 6(x)[VP)

gi(x,y) = a;(x)ly — 0(x)

on C.
Since on C' each g; is bounded and u;(x, |y — 6(x)|'/?) is bounded below
by a positive constant, then a;(z)|y — (z)[™/? is bounded on C. So by

m; ly=6(z)|™i/P ai(z)
/P as yl/W when m; > 0 and iy—0(x)|-i/P
for m; <0, we can write f(z,y) = F o ¢(z,y) on C, where ¢ is a bounded

function on C' given by

viewing each a;(x)|y — 0(z)

ly — 0@ (=) )

p(z,y) = <a(x), 5(95) "y — ()| /P

for tuples of Ll-terms a(z) = (ay(z), ..., a5 (), b(x) = (bi(z), ..., b, (z))

and ¢(x) = (c1(2),...,cx,(7)), and F : Rhthketks o R j5 R-analytic on
72 —0(x)|'/P —0(z)|H/P —0(x)|'/P c(z :
©(C). Here % = (ly bl((x))| . bki(i)J) > and W is defined

similarly. Let k := ky + ko + k3.

By further subcylindering, without loss of generality we may assume that
b1(x)] < -+ < |bg,(z)] and |ei(z)] > -+ > Jegs(x)| on C. Just to re-
duce subscripts, put b(z) := by(z) and c(z) := ¢;(z). Note that for each i,
|b(x)/b;(x)] <1 and |¢;(x)/c(x)] <1 on C. So by writing

ly = 0@ b) [y~ @)
bi(z) bi(z)  b(zx)

_ale) o dx) )

ly — 0(x)| '/ ci(z) |y — O(z)[/»’

then by lengthening the tuple a(x) to include the b(z)/b;(x)’s and the ¢;(x)/c(x)’s
and by modifying I’ appropriately we may assume that

(o = B@I e
ota = (ot S s )

By further subcylindering we may assume that |c(z)| < [b(z)| on C' (the case
|b(x)| > |c(x)| can be handled similarly).
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By Proposition 3.27 and Corollary 3.32 we may e-Z-prepare the func-
tion F(xy,...,Tk2, Tk, Tp—1/xx) on 7(C) for any € € (0,1) we wish, where

T(x,y) = (a(:v), Zg;, %) Let C’ be a cylinder given by this prepara-
tion and suppose

F(z1,. . g, Ty vp1 /7x) = A (v — (") (2, 2y — 0(2')),

on (', where 2’ := (z1,...,2;_1). So on 771(C") N C, which is a finite union
of L% -cylinders, we have

—0(x)|VP d
Fogte) = Aor'le) (B —yorio)

u (T'(a;), ly = 6@l _be(g)‘l/p —yo T'(g;)) ,

where 7'(x) := (a(x), c(z)/b(z)).

For simplicity of notation, let us assume C' = 771(C") N C. We are
done if 1 is identically zero on C', so we assume otherwise. For simplicity
we also assume that y > 6(z) on C (the case y < 6(x) is similar). Let
h(z,y) = |y — 0(x)|*/?/b(z). Since we can have h ~, 9 on C for any € > 0
of our choosing, we can have 1 —e¢ < h/1) < 1+ € on C for some € € (0, 1).
Note that

hP — 4P hP — 4P 1

h—vy = —— = -
¢ 5’:1 hpfzwzfl hpfl 1;:1 (w/h)zfl ’

and 8 (1—e)=t <SP (Y/h)y~t <3P (1+€) "t s0 > (P/h)~ isa
unit on C. Letting

and
v(z,y) = (Z(b(x)w(x))i‘l/yi‘l> :
we have
_ AoT(@) e WNdg,  p(d-p)/p (1
fog(r,y) = b2 (y —0'(x)"(y — 0(z)) v(z, (y — 0(x)) /")

oy W B b@)I
(7@ - (5. (5= 0™ )
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on C. Now apply Lemma 3.29 to y — 0(z) and y — #'(x) to finish preparing
fog. O

Proof of the Main Theorem over R. We show that every L-term is
prepared. This follows directly from the following claims.

Claim 1. If f,g : R"™' — R are prepared, then f - g, f/g and ¥/f are pre-
pared.

Claim 2. If f1, fo : R™! — R are prepared, then f; + f, is prepared.

Claim 3. Tt g = (g1,...,9m) : R"™ — R™ and each g; is prepared, and
f:R™ — R is a restricted R-function, then f o g is prepared.

Claim 1 is obvious by simultaneous preparation, so we prove Claims 2
and 3.

Proof of Claim 2. Simultaneously prepare f; and fs to obtain L%-cylinders
C1, . ..,Cy covering R™™! such that on each fat C € {Cy,...,Cy},

file,y) = ai(@)ly — 0(z)|"wi(z, |y — ()| 7),
fori =1,2. Fix C and let 0 < € < M be such that e < u;(z, |y—0(z)|*/?) < M

on C. Let
Cren = {eae 0yl < |90 by - oops < 21,
Crot = { () e €[ 2Dy o= 2L},
Crens = {(o)e 05|20 by oo < b,

On Clintpy, f1+ fo = fi(l+ fo/ f1) and fo/ f1 is prepared and bounded. By
applying Lemma 3.33 to compose fo/f; with the function t — 14¢, 1+ fo/ f1
is prepared, and so fi(1 4+ fo/f1) is too.

On Cps gy, 1+ fo/ fiis a unit so fi + fo = fi(1+ fa/f1) is prepared, and
on Cr«f,, fi/fo+1is aunit so fi + fo = fo(f1/f2 + 1) is prepared.

Proof of Claim 3. Claim 2 shows that

{(z,y) eER™: —1 < gi(x) < 1fori=1,...,m}
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is a finite union of L%-cylinders since, for instance, we may prepare 1 — g;(x)
and so cylinderwise we have

gilw,y) <1 i 0 <1 - gi(2,y) = alz)ly — 0(x)| u(z, [y — 0(x)['"7),
iff a(x) >0.
Thus we can decompose R™™! into finitely many £/-cylinders such that on

each of these cylinders either f o g(z,y) = 0 or |g1],...,|gm| < 1. In the
latter case simply apply Lemma 3.33. Il
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Chapter 4

Obtaining the preparation
theorem for general Weierstrass
systems

The primary purpose of this chapter is to prove the Main Theorem for a
Weierstrass system R over a field K, where K need not be all of R. Before
explaining how we will prove this, let us discuss the necessity of the proof.

Fix a Weierstrass system R over a subfield K of R. Let S be the smallest
Weierstrass system over R containing R, as given by Proposition 2.13.

Let f € R,,, and suppose we want to normalize f on B,. Fix s > r and
F € R, s such that f = F‘BT. For each a € B,, Lemma 3.11 supplies a full
S-transformation tree S(a) and a map ¢, : S(a) — R’} such that for each
p € S(a), fopisnormal on B, and B, is (F, u)-admissible. If needed
we may shrink €,(x) and so assume that each €,(p) € Q7 (we want €,(u) to
be in K7 at the very least). Let S :={s,opn:a € B,,u € S(a)} and define
€:8 — Q7 by €(sqop) := () for p € S(a). By Lemma 3.12, each V' (a) :=
U, e5a) #(Bea(w) is a neighborhood of the origin, so V' := {J,cp, s.(V(a)) is a
neighborhood of B,.. By the compactness of the sets involved, it follows that
for some finite 5" C S, B, C J,ce 11(Be(u))- But it is completely unclear
that we may take S’ to be a set of R-transformation sequences. In fact, if for
each a € B, N K™ we let T'(a) be the set of all R-transformation sequences in
S(a), which is obtained by only including the blowup substitutions b&” with
A€ KU{oo}, and if we put T :={s,opn:a € B, NK", u € T(a)}, it is not
clear that B, C (J,cr #(Be(u), nor is it even clear that (J,cq ) #(Be, () is a
neighborhood of the origin for a € B, N K".



55

The reason for this lack of clarity is that the tree T'(a) is constructed
from its root to its leaves, but the neighborhoods on which the admissible
transformations comprising 7'(a) are applied are constructed from the leaves
to the root. The next section remedies this problem by simply specifying the
set on which an admissible transformation is applied at the time it is added
to the transformation tree being constructed; each admissible transformation
is the master of its own domain, so to speak, and is not at the mercy of all
future transformations. We do this by normalizing f on B, directly, without
recourse to a local normalization theorem.

The proof of our normalization theorem, Theorem 4.2, follows the proce-
dure given in [17, Theorem 2.5], but the rank upon which they inducted is
defined globally on compact sets, not just at a point. This idea works out
quite easily, but with one major drawback: because of the nonlocal nature
of the proof, I found it necessary to use linear transformations of the form
(x,y) — (z+Ay,y), A € K", to make f regular in y, so the coordinate trans-
formations given by Theorem 4.2 can not be unwound to give a preparation
theorem in the original coordinates. Instead, we obtain some useful conse-
quences of Theorem 4.2 in Sections 4.2 and 4.3 which, when coupled with
the special case of this preparation theorem proved in Chapter 3, enables us
to deduce the Main Theorem in 4.4 by a simple model theoretic argument.

4.1 A normalization theorem for q.a. IF-systems
over K

Fix a q.a. IF-system R over a subfield K of R. We shall use the following
definition of an admissible transformation, which is more inclusive than the
definition of Chapter 3.

Definition 4.1. For (r,s) € K x K, afunctiont € Rﬁi(m) is an admissi-
ble transformation in (z,y) if either there is an admissible transformation
s € Ry, in x such that t(z,y) = (s(z),y) on B or if ¢ is one of the

following four types of transformations on By, ,):

(i) linear transformation: for A € K",

I, y) = (v + Ay, y);
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(ii) general translation: for any a« € K™ and 6 € R,,,,
tao) (2, y) = (z + a,y + 0(x));
(iii) power substitution: for m € Ny, 1 <i<nand o € {—1,1},
Pig(w,y) = (v1,...,0(0m)", ..., 20, 9);

(iv) blowup substitution: for 1 <i <mn,

bév”Jrl(x’y) = (I’,ZL’ﬁj),

bi’gﬂ(x»y) = (xla"'axiy7""xn’y)'

It is convenient to distinguish two types of general translations:

(i) point translation: for (a,b) € K" x K,
S(a,b) (.Z‘, y) = (ZE‘ + a, Yy + b)7
(ii) functional translation: for € R, ,,

t@(xv y) = (Q?, Y + 9(1’))
Also, we consider bf(nH to be the composition of admissible transformations
by" ! 0 sy, ., where e, is the (n + 1)-rst standard basis vector.

A sequence (y1, ..., ) of admissible transformations y; is a transfor-
mation sequence and is identified with the map pqy o --- 0 .

For a field L C R, a compact L-box is a set A of the form [ay, by] x - -+ X
lan, b,] € R™ where a; < b; and a;,b; € L for alli =1,...,n. If a € int(A)
then A is about a. If a € L™ and A = B,(a) for some r € L7, then A is
centered about a.

The main task of this section is to prove the following.

Theorem 4.2. For any n € N, compact K-box A C R", open neighborhood
U of A, and f : U — R which is R-analytic on U and not identically zero on
A, we can associate a rank ha(f) € (NU{oo})™ depending on A and f|A,
where m,, only depends on n and hy satisfies the following:
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(i) if ha(f) =0, where 0 denotes the tuple of all zeros, then A is centered
about the origin and f is normal on A;

(ii) if A is not centered about the origin or f is not normal on A, then there
is a finite set T' of admissible transformations in x and for each p € T
there is a finite collection C(p) of {f, u)-admissible compact Q-boxes
B C R™ such that A C\J{w(B) : p € T,B € C(u)} and for each p € T
and B € C(u), hp(fou) < ha(f), where < denotes the lexicographical
ordering on (NU {co})™".

Corollary 4.3. Let A and f : U — R be as in the hypothesis of Theorem
4.2. Then there is a finite set T" of transformation sequences in x and for each
w € T there is a finite collection C(u) of (f, u)-admissible compact Q-boxes
B C R™ centered about the origin such that A C | J{u(B) : pn € T,B € C(u)}
and for all p € T and B € C(u), f o u is normal on B.

Let C:={C(p) : p € T}. We say that (T,C) normalizes f on A.

Proof. This follows immediately from Theorem 4.2 by inducting on h4(f).
O

To prove the theorem we need some lemmas.

Lemma 4.4. For a nonzero f € Ry, {a € By : f(a) = 0} € K. In
particular, K is real closed, since K[z1] C Ry and K C R.

Proof. Let a € B,y be a zero of f. We may assume that a € int(B, ().
Since f # 0, by quasianalyticity there is an i € N such that f®(a) = 0 but
f@*(a) # 0, so we may assume that f(a) = 0 and f'(a) # 0. Fix b € K
and r € K% such that a € B,(b) C B,y and f'(xz +b) # 0 for all z € B,.
By closure under composition, f o sb| 5, € R1, and by Rolle’s Theorem,
{z € B, : fosy(xr) =0} = {a—b}. By closure under implicit functions,
and hence also inverse functions of one variable, (f o s;)~* | 5. € Rq for some
s > 0. Therefore by closure under composition, a — b = (f o 5,)7*(0) € K,
soa=(a—b)+be K. O

Lemma 4.5. Let f : R"™™ — R be R-analytic at (a,b) € R" x R, and
suppose that f(a,b) =0 and g—;(a, b) # 0. Let g be the C* function defined
implictly in a neighborhood of a by f(z,g(x)) = 0 and g(a) = b. Then g is
R-analytic at a.
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Proof. Choose (r,s) € K} x K, and (c,d) € K" x K such that (a,b) €
int(B.s)(c,d)) and fos(caq | B, € R,41. Since by closure under composition
fosecao S(C/vd/)|B( - € Ry forall (¢, d') € Bsy N K™ and (17, s') such
that B o) (¢, d') - B(), we may assume that (c,d) is as close to (a,b) as
we wish. So from this and the continuity of ¢ we may assume that

(1) %(ZL" y) 7é 0 for all (‘Ta y) € B(T,s)(c7 d)7

(ii) there is an (r',s") € K} x K, such that (a,b) € int(Bq (¢, g(c))) C
B (¢, d) and g(By:(c)) € int(By(g(c))).

By (i), g(¢)—d = {y € By : f(c,y+d) = 0}. Since the function y — f(c, y+d)
isin Ry, g(c) —d € K by Lemma 4.4, so g(c) € K.

. 0 fos(c,q(c
s, € Rusr: Since fos(e(e)(0) = 0, == (2, y) #

0 for all (z,y) € B¢, and g(By(c)) C int(By(g(c))), by closure under im-
plicit functions g(z+c¢) — g(c)| is in R, and hence so is g(z+c¢)|, . Since

Therefore fos(cg(c

B, )’Br,
a € B,.(c), this shows that g is R-analytic at a. O

Proof of Theorem 4.2. Let n =1, so A = [a,b] for some a,b € K with a < b.
We define ha(f) := 0 if A is centered about the origin and f is normal on A;
define h4(f) := 1 otherwise.

Since f # 0, f has finitely many zeros ¢; < ... < ¢ in [a, b, all of which
are in K by Lemma 4.4. So each s, is an admissible transformation and
f os., is normal in a neighborhood of the origin. The result for n =1 easily
follows.

So let n > 1 and inductively assume that Theorem 4.2 holds for n. We
prove the theorem for f and A with A C R**!,

Define F4(f) to be the set of all (h, g) such that h is a function of  which
is R-analytic on a neighborhood of II(A), ¢ is a function of (z,y) which is
R-analytic on a neighborhood of A, and f = hg on A. We shall follow the
following convention: whenever we choose an (h, g) € Fa(f) we shall assume
that h is R-analytic on II(U) and g is R-analytic on U, which is permissible
since we may shrink U about A. For (a,b) € A, where a € R" and b € R,
define

: . o'f
ordip)(f) := inf {7, eN: G_y(a’ b) # 0} € NU{oo};
orda(f) = sup{ordupy(f): (a,b) € A};
Ordu(f) := min{orda(g) : (h,g9) € Fa(f)}.
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Let f(a,b)(‘r7y) = f © S(a,b)(‘r)y)'
For j =1,...,4 we shall define a tuple ,(f) € (NU {o0})% and put

hA(f) = (OrdA(f)a 1114(]0)7 ceey ljl4<f)>

So the following claim proves the theorem in the case that Ord,(f) = oco.

Claim 0. There is a finite set T of linear transformations of the form I,
where A € Q", such that for each p € T there is an (f, u)-admissible compact
Q-box A, such that Ordy, (f o) < oo and A CU,cp pu(Ap).

Proof. Let (a,b) € A. Since U is a neighborhood of A and [, is a homeomor-

phism for any A € R", if we can find a A € Q" such that ada’;‘fih (I3 (a, b)) £ 0
for some d € N, then for any sufficiently small Q-box B about [} (a,b) we
will have that Ordg(f oly) < d, B is (f,[\)-admissible and [,(B) is a neigh-

borhood of (a,b). Since A is compact, this will suffice to prove the claim.

Now, a?;‘;h (1% (a, b)) # 0 for some d € N iff (f/OT,\)Kl(a,b)(O,y) # 0. So

since [y o SI=1 () = S(ab) © Iy, it suffices to show that ﬁa,b) olx(0,y) # 0. Now,

7 1 a\a|+if o, |o|+i
fap@+dn)l,_, = D T 8xaayi(a’b))‘ ylod+i,

(a,i)eNn+HL

= Zpi(a, b, )y,
i=0

where

pi(a, b, ) = Z ! 0f (a, b))\,

i — |a]l) i~
aeNn,|a|§z'a'(Z laf)  OzeQyi—lo

By quasianalyticity, ﬁmb) (x,y) # 0, so there is a least d € N such that
pa(a,b, z) is a nonzero polynomial in z. Since Q is dense in R and the zero
set of py(a, b, z) is closed and nowhere dense in R"”, we may fix a A € Q" such
that pg(a,b, \) # 0. But then ﬁa’b) o 1,(0,y) # 0, as required. ]

Because of Claim 0, it suffices to show the theorem for f and A such that
Ord4(f) < oo.

If Orda(f) = 0 we define iy (f) = i4(f) = i4(f) = 0 and ¥4 (f) = hca) (h),
where (h, g) € Fa(f) is chosen so that ord4(g) = 0 and hyyay(h) is minimal.
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Since ord(g) = 0, g is a unit on A, so applying the inductive hypothesis to
h on II(A) proves the theorem in this case.
So fix a positive integer d, and inductively assume that h,(f) has been

defined for all f and A C R™"! for which Ord4(f) < d. Let PL(f) be
shorthand for the following statement:

A is centered about the origin, Ord4(f) = d, and for some (h, g) €
Fa(f) with ords(g) = d,

d—2

glz,y) = Z gi(2)y" + y'u(z,y)

on A, where v is a unit on A, and ord, ) (g) < d for all (a,b) € A
such that b # 0.

Note that unlike the analagous property in [17], we do not require that
90(0) = -+ = gq_2(0) = 0. Define i},(f) = 0 if P(f) holds, and i}(f) = 1
otherwise. The following claim proves the theorem in the case that Ord4(f) =
d and PY(f) = 1.

Claim 1. Suppose Orda(f) = d. There is a finite set T' of general trans-
lations t(4), where a € Q", such that for each p € T there is a finite
collection C(u) of (f, p)-admissible compact Q-boxes about the origin such
that A C | {u(B) : p € T,B € C(p)} and for each p € T and B € C(u),
either Ordg(f o i) < d or P%(f o ut) holds.

Proof. Fix (h,g) € Fa(f) such that orda(g) = d. Let A" := {(a,b) € A :
ord(ap(g) = d}. Note that A’ is compact since (a,b) € A’ iff (a,b) € A and
%gi(a,b) =0foralli=0,...,d—1.

Given any open neighborhood V' of A’, U\ A’ is a neighborhood of the
compact set A\V, so there is a finite collection C(id) of Q-boxes such that
U{B : B €C(id)} C U is a neighborhood of A\V and Ordg(f) < d — 1 for
each B € C(id). So it suffices to construct (7,,C) such that (J{u(B) : p €
T,B € C(u)} is a neighborhood of A’.

Fix (a,b) € A’. Since A’ is compact, it suffices to construct (7',C) such
that ({u(B) : p € T, B € C(u)} is a neighborhood of (a,b).

By Lemma 4.5, the C* function ¢(z) defined implicitly in a neighborhood
of a by g;%(x,gp(x)) = 0 and p(a) = b is R-analytic at a. So there is an



61

a’ € K" such that 0(z) := p(x +d') € R, and a € int(B,g)(a’)). Let
b := ¢(a’). By closure under composition, we may assume that a’ € Q"
and that a is as close to a as we wish, so b’ is also as close to b as we wish.
Hence there is an (r,s) € Q% x Q4 such that (a,b) € int(t,(B.s(a’,V)))
and t, (B, (a’,0')) € U. Since (a,b) and (a’,V’) are both on the graph of
@, for any € > 0, (a,b) € int(t, (B¢ (a’,b"))) = int(t(,0)(Bre)))- So we may
shrink s > 0 as needed. Note that

go t(a’,@)(may) = g(.fE + alay + (9(.73)),
d—2 1 azg

= 2 z’vayz‘(““ ,0(2))y + y'u(z,y)

for some u which is R-analytic on By, ). Since u(z,0) = é,g Hx+d,0(x)) #

0 for all  in the compact set B,, by possibly shrinking s, u is a unit on By, ).
To finish, note that for all (a”,b") € B, ) such that " # 0, t(4 g)(a”,0") & A',
SO OI'd(a//J,H) (g o t(al,g)) <d. ]

Let P2 (f) be shorthand for the following statement:

PL(f) holds, and there is an (h, g) € Fa(f) such that h is normal
on II(B) and

Zxo‘ly vi(2) + yu(x, y)

el

for some I C {0,...,d — 2}, where each v; is a unit on II(B) and
w is a unit on B, and {dla;/(d — i) : ¢ € I} is a linearly ordered
subset of N"\{0}.

If PL(f) does not hold, then define i%(f) := oo. So suppose P%(f) holds,
witnessed by (h,g) € Fa(f). Let I :={i <d—2:g;(x) #0}, J:={(i,j) €
i< g, gi@)™ 0 # g;(x)®/ @D} and

) - Hgi(x) : H (gj(x)d!/(d—j) _ gi(x)d!/(d_i)) _

€l (i.5)ed

Note that the definition of ® does not depend on the choice of (h, g) € Fa(f)
witnessing P} (f), so we may define i%(f) := hp(a)(®).
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Claim 2. Suppose that PL(f) holds and that ® is not normal on II(A).
Then there is a finite set 1" of admissible transformations in x and for each
i € T there is a finite collection C(u) of (f, u)-admissible compact Q-boxes
B C R™ such that A C | {u(B) : p € T,B € C(p)} and for each u € T" and
B € C(p), either Ordp(f o p) < d or i%(f o p) <i4(f).

Proof. By the induction hypothesis in n there is a finite set T' of admissible
transformations in = and for each p € T there is a finite collection C'(u) of
(®, p)-admissible compact Q-boxes B’ C R™ such that T1(A) C (J{u(B') :
peT, B €C' ()} and hp (Pop) < hyay(P) for each p € T and B’ € C'(p).
Let C(u) :={B x I,,;1(A): B € C'(n)}.

We now consider each . € T to be a function on B’ xR which acts trivially
in the last coordinate. Let p € T and B € C(u). Either Ordg(f o pu) < d or
Ordp(fou) = d. If the latter case, P5(fop) holds and i%(fou) <i4(f). O

Claim. If PY(f) holds and @ is normal on A, then P%(f) holds.

To prove the claim, suppose P (f) holds and ® is normal on A. By
Lemma 3.2, there is an (h, g) € Fa(f) such that h is normal on II(A) and

g(z,y) = z%yv(z) + y'u(z,y)

i€l

for some I C {0,...,d — 2}, where each v; is a unit on II(B) and  is a unit
on B, and {dlo;/(d —1i) :i € I} is a linearly ordered subset of N™. If a; # 0
for each i € I, then P%(f) holds.

So suppose for a contradiction that a; = 0 for some ¢ € I; let k € [
be least such that ay = 0. Then for some sufficiently small s € Q,,
D icrisn Y T vi(x) 4y Fu(z, y) is a unit on TI(A) x By, so ordiiayxs, (9) =
k < d. But letting A" := A\II(A) x int(B,), since P, (f) holds, we have
orda(g) < d. Hence Ordy(f) < orda(g) < d. But this contradicts our
assumption that P (f) holds, which in particular states that Ord,(f) = d.
This proves the claim.

So by Claims 0, 1 and 2 we have reduced the proof of the theorem to the
case that P%(f) holds. Define P3(f) to be the following statement:

P2 (f) holds and «;/(d — 1) € N" for each i € I.
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If Orda(f) = d but P%(f) does not hold, define i%(f) := co. If P%(f) holds,
let i%(f) be the cardinality of the set

{j €{1,...,n}:d—1i does not divide «;; for some i € I}.
So if i (f) = 0, then P?(f) holds.

Claim 3. Suppose P?(f) holds but P?(f) does not. Then there is a j €
{1,...,n} and an m € N, such that for each o € {—1, 1} there is an (f, pJ,)-
admissible compact Q-box A, such that A C (J{p],(A;) : 0 € {—1,1}} and

i, (f o pj,) <ii(f)-
Proof. Let j € {1,...,n} be such that that d —i does not divide «;; for some

i € I. Then for o € {—1,1}, p?, and A, := {(z,y) : p},(z,y) € A} do the
job. Il

If Ord4(f) = d but P3(f) does not hold, define i%(f) := oo. If P3(f)
holds, witnessed by (h,g) € Fa(f), then using the notation introduced in
the definition of P%(f), we define i%(f) := > ,c;|a;|. This is well-defined
since for each (h,g) € Fa(f) witnessing P%(f), ¢ is uniquely determined up
to multiplication by a unit in z.

Claim 4. Suppose that P?(f) holds and that f is not normal on A. Then
there is a j € {1,...,n} such that by letting T := {B5""", 6271} for each
p € T there is a finite collection C(u) of (f, u)-admissible compact Q-boxes
B C R centered about the origin such that A C {u(B) : u € T, B € C(u)}
and for each pn € T and B € C(u), either

(i) f o is normal on B, or
(i1) Ordg(fopu) <d, or
(iii) i5(f o p) <ia(f).

Proof. We shall prove a slightly weaker form of the claim. For each y € T we
will construct a finite set C’'(u) of compact sets A” C R™™! with the following

property:

() ifa=(a1,...,an11) € A and 6 = (Jaq], ..., |ans1]), then Bs C A’
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It will be be clear from the construction of A’ that Ord 4 (fou) and i%, (fop)
can be defined even though A’ is not necessarily a box. The collection C =
U{C' () : n € T} will satisfy all the conclusions of the claim except that
each A’ € C is not necessarily a Q-box.

This will suffice to prove the claim, since for each p € T, A’ € C'(p)
and a € A, we have By C A’, where ¢ := (|a1],...,|ans+1]). Since p(Bs) C
(A" C U, there is an € € Q"™ such that e > § and pu(B.) C U. By choosing
e sufficiently close to d, we can ensure that for each of the three properties
(i), (ii) and (iii) listed in the conclusion of the claim, if fou and A’ have that
property then so do f o pu and B.. Since a € A’ was arbitrary, a € int(B,)
and A’ is compact, this will show that A’ can be covered by finitely many of
such boxes B, proving the claim.

Write h(z) = zPv(z) and g(z,y) = Y,c; 2% y'vi(x) + y*u(z,y). Let k € 1
be least such that ay/(d — k) < «;/(d—1i) foralli € I, and let I’ :={i € I :
a;/(d—1i) =y /(d—Fk)}. Fix j € {1,...,n} such that ay; > 0. We consider
the blowup substitutions b, for \ € {O 0o}

First consider b On the set (b2"T1)71(A) we have h o D" (z) =
2PyPiv o b (2, y) and g o b1 (2, y) = ylgeo(x,y), where

Goo (@, y) 1= Y a1y, 0 LI (2, ) + w0 BT (2, ).
iel
Foralli € I, ay;/(d—1i) > auj/(d—k) > 1,80 ajj+i—d > 0. From this we see
that go is R-analytic on (0% 1)1 (A) and that ;; > 0, so there is an €5, > 0
such that g (z,y) # 0 for all (z,y) € (B2") "1 (A) with |z;] < €. Therefore
foblmis normal on the compact set Ay := {(x,y) € (BT 7HA) : |a4] <
€00 }- Note for later that 2" (Ay) = {(z,y) € A: |y > |zj]/€xc}-

Now consider b5"*'. For each i € I let 8; := oy + (i — d)e;, where ¢; is
the jth standard unit basis vector, and note that the linear ordering of the
o;/(d —i)’s are preserved by the 3;/(d — i)’s. Note that ho )" = h and
that g o b7 (z,y) = xdgo(x, y), where

= aPyvi(x) + yulr, 25y).
el

Case 1. ﬁZ#OforalliEI
Then i l(bJ ntly (f o by n+1) Dier 1Bil < Xier loal = i4(f). But the set

(BT H(A) is not Compact, since it is unbounded in y. This is not a prob-
lem, though, since we may simply truncate the set: define Ay := {(z,y) €
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(™) (A) « [yl < 2/exc}. Then o™ (Ag) = {(,) € A: |yl < 2lay]/exc},
so A C WY (AL))UBL™(Ay), as desired. Using the fact that A is centered
about the origin, it is easy to see that Ay and A, have property (x) (draw a
picture).

Case 2. 3; =0 for some i € I.
Then 3; =0 for all ¢ € I and ; # 0 for all ¢ € I\I'. Therefore (; # 0 for
all 2 € I such that « < k; so

go(z,y) = Z 2Pyt vi(x) + yruo(w, y),
i€ i<k

where

up(z,y) = Z 2Py R () + yMu(, 1y).
ieli>k

Since [ = 0 there is an ¢ > 0 such that ug(z,y) # 0 for all (z,y) €
()7 (4) with [y] < e Define Ag = {(z,y) € (") (4) : |y] < o},
and note that Ordy,(f o &™) = k < d and that b}""(4y) = {(z,y) €
A : |yl < eola;]}. To finish, we must fill in the gap between 5" (Ay) and
bj&n+l<Aoo)~

For any nonzero \ € R,

d—2

go(w,y+A) = (y* + dhy u(z, z;(y + 1) + > hi2)y’,
=0

for some h; which are R-analytic on II({(z,y) : (z,z;(y + ) € A}). There-
fore %(m, A) = %(;;lf’lo (z,y + )\)’yzo = d\u(z,z;A) # 0. So letting
A(O,oo) = {(xa y) e' (bg)erl)_l(A) : 60/2 < |y‘ < 2/600}7 we have OrdA(o,oo)(f ©
") < dand 0" (Ape) = {(2.y) € At eolzil/2 < Jyl < 2Jajl/e}
Clearly A C b)™ " (Ag) U™ (Afpoe)) U B (As). Tt is also easy to see
that Ay, A(g,.c) and A, have property ().

This completes the proof of Theorem 4.2. O
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4.2 Some consequences of the normalization
theorem

Definition 4.6. Let A C R" and F be a collection of functions f : Uy —
R such that A C Uy C R" for all f € F. Then V4(F) := {a € A :
f(a) =0 for all f € F}, the variety of F on A. We write Va(f1,..., fm)
for Va({f1,.... fm}). H Uy = A for all f € F we simply write V(F) for
Va(F).

Lemma 4.7. Let R be a q.a. IF-system over K, and let f € R,,. Then
V(f) N K™ is dense in V(f).

Proof. Let a € V(f). By property (iv) of Definition 2.1, we may assume that
a € int(B,). Let A C B, be a compact K-box about a. We must show that
ANV(f)Nn K™ # (. Let (T,C) normalize f on A, as given by Corollary 4.3.
Since AC\{B:peT,BeC(p)}, wemay fix p € T and B € C(u) such
that a = p(b) for some b € B. Since fopu(b) = 0 and since fopu(z) = z%u(x)
for some o € N" and unit v on B, o; # 0 and b; = 0 for some i = 1,...,n.
Since K is dense in R and g is continuous, there is a ¥’ € BN K™ such that
b, =0 and u(b') € A. Hence f o u(b') =0, and by closure under composition
u(d) e K™ sou(t') e ANV (f)n K" O

Lemma 4.8. Let R be a q.a. IF-system over K, and let 7 C 'R,,,. Then
V(F)=V(F') for some finite F' C F.

Proof. We may assume that F contains a function which is not identically
zero, else the result is trivial. The proof now proceeds by induction on n > 1.

For n = 1 choose a nonzero f € F. Since V(F) C V(f) and the latter is
a finite set, the result is trivial. So consider n > 1, and again pick a nonzero
f € F. Let (T,C) normalize f on B,, as given by Corollary 4.3. Since V(F) =
Ulu(Virsyne(Fop) : w € T, B € C(u)}, where Fop:={gopu:geF},
it suffices to prove the result for each Vg(F o). So we may assume that f is
normal on B,. But then since f is normal, V(F) C V(f) C {x € B, : z; = 0}
for some 7 = 1,...,n, and we are done by the induction hypothesis. O]

Remark 4.9. If we let R and F be as in Lemma 4.8, and let ' = {f1, ..., fu},
then V(F) =V (f1,..., fm) = V(fE+-- -+ f2), so by Lemma 4.7, V(F)N K"
is dense in V(F).
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Lemma 4.10. Let R be a q.a. IF-system over K, and let E be a field such
that K C E C R. Define

So=L:= ) |J{fl@):feRnusacE"NBY,

meN se K"

and forn € N, and r € L'} define

Sn,r = U U {f(x7a)‘Br : f € Rn—i—m,(r’,s)aa e E"N Bs}

meN (r'/,s)EKi+m

r/>r

Then § :=J Sp,r Is the smallest q.a. IF-system containing E'UR.

n€N,r€L1

Proof. The facts that S contains R and that S is contained in any q.a. IF-
system containing £/ U R are clear, and verifying that S is a q.a. IF-system
is done just as in Proposition 2.13, with the verfication of closure under
implicit functions being similar the verification of closure under Weierstrass
preparation, except we must now also show the following two things: S is
quasianalytic and S is closed under monomial factorization.

Claim. If r € KT and f € S, is such that fe ﬁn, then f € R,

To show the claim, fix F' € R, 4m (rs) such that f(z) = F(z,a) for some
a € By;N E™. Tt suffices to show that f(x) = F(z,b) for some b € B,N K™.

Write 2 = (Zps1, .- Tnpm). Since f(z) = 3 L 8‘Qlf(O,a)xo‘ € R, C

a€N™ ol dzo
Klz], F = {Z$£(0,2) — 88‘;’[ (0,a) : @« € N'} C R, s. By applying Remark
4.9 to F, there is a sequence a; € B;N K™, ¢ € N, converging to a such that

~ ~

F(z,a;) = F(x,a) for all i € N. Note that F(x,a;) € R, for each i. Since
R is quasianalytic and F'(z,a;) = F(z,a;) foralli,j € N, F(z,a;) = F(z, a;)
for all 4,j € N. But for any b € B,, F(b,a) = lim; ., F'(b,a;). So in fact,

F(z,a) = F(z,a;) for each ¢ € N, proving the claim.

To show that S is quasianalytic, let f € S, , be such that fA = 0. By
enlarging r we may assume that » € K7. Since f € ﬁn, by the claim
f € Ry, Since R is quasianalytic, f = 0 as desired.

To show that S is closed under monomial factorization, let f € S,41,
be such that y divides f in R[z,y]. We may assume that » € K} Fix
F € Rot14myrs) and an a € By N E™ such that f(z,y) = F(z,y,a). Since
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y divides j/"\, F(x,0,a) = f(x,0) = 0. So by replacing F with F(z,y,z) —
F(z,0, z), we may assume that both f(z,y) = F(z,y,a) and F(z,0,z) = 0.
Therefore y divides F (x,y,2), so by closure under monomial factorization
in R, there is a G € Ryq14m,(rs such that F(z,y,2) = yG(x,y,2). So
g(z,y) = G(z,y,a) € Spi1,, and f(z,y) =y g(x,y), as desired. O

Corollary 4.11. If R is a q.a. IF-system, then Ry is a polynomially
bounded o-minimal structure having Q as its field of definable exponents.

We recall for the reader the meaning of the terminology in this corollary.
Let M be an expansion of the real field. M is polynomially bounded if for
every function f: R — R definable in M with parameters there is an n € N
and an a > 0 such that |f(¢)] < t" for all t > a. M is o-minimal if every
set A C R definable in M with parameters is a finite union of points {a} and
intervals (a, b), where a,b € M. The field of definable exponents of M is
the set of all A € R such that ¢t — t* is definable in M with parameters. If R
is a a q.a. [F-system, and § is the smallest q.a [F-system over R containing
R, Lemma 4.10 shows that the set of Lz(R)-formulas is exactly the set of
Ls-formulas. So the corollary is really a statement about S.

Proof of Corollary 4.11. Let S be the smallest q.a. [F-system over R con-
taining R. By [17], Rs is a polynomially bounded o-minimal structure having
Q as its field of definable exponents. Since Ry is a reduct of Rg, sois Rz. [

Let R and S be as in the proof of the corollary. The proof in [17] also
shows that Rgs is model complete. In the next section we trace through the
construction in [17] to show that with the help of Theorem 4.2, it shows that
R is model complete.

4.3 Model completeness of Ry

Fix a q.a. IF-system R over a subfield K of R, and let & be the smallest q.a.
[F-system over R containing R.

In [17] they show that if A(S) := (A,(S) : n € N), where A(S) =
{AC[-1,1]" : Ais S-semianalytic}, then every A(S)-set has the Gabrielov
property (see Van den Dries and Speissegger [22]). [22, Corollary 2.9] shows
that Rg is therefore o-minimal and model complete; here they need S to be
over R to get o-minimality, but the proof of [22, Corollary 2.9] does not need
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S to be over R to get model completeness. Thus showing that A(R) has the
Gabrielov property will show that Rz is model complete.

A careful reading of the argument in [17] shows that the only place they
need the fact that S is over R is to prove [17, Corollary 4.4], which we now
restate for reference:

Let A C R™ be bounded and S-semianalytic. Then there are n; >
n and trivial S-semianalytic manifolds N; C R™ fori=1,... k,
each A-definable from A, such that

A=TI(Ny) U--- UII(N),

and for each ¢, the set II(JV;) is a manifold and II : N; — II(1V;)
is a diffeomorphism. In particular, A has dimension.

In [17] this is proved by showing a local version of the same fact, [17, Propo-
sition 3.8], which is proved by their local normalization theorem over R, [17,
Theorem 2.5]. When working over a general K, one may simply prove [17,
Corollary 4.4] for R directly, without recourse to a local result, by using the
proof of [17, Proposition 3.8] but using Theorem 4.2 of this thesis in place of
[17, Theorem 2.5]. Tt is tempting to leave this modification of the proof of
[17, Corollary 4.4] as an exercise for the reader since it is extremely straight-
forward. But the model completeness result it proves is essential to our proof
of the preparation theorem for R, when R is a general Weierstrass system,
so we shall walk through some of the details of the modification. We shall
not concern ourselves with the notion of A-definability.

Lemma 4.12. Let A CR" and f : U — R be as in the hypothesis of Theo-
rem 4.2. Suppose that A is not centered about the origin or f is not normal
on A, and let (T, C) be the finite collection of R-admissible transformations
and collection of Q-boxes given by Theorem 4.2. Fix p € T, B € C(u) and
q € N.

(i) If p = p},, then hp((z]f) o u) < ha(f).

(ii) If p= by’ or p =1y, then hp((x]f) o u) <ha(f) and hp((a]f)op) <
ha(f).

Proof. This is a restatement of [17, Lemma 2.13] to our context. It is proved
in the same way. [
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Definition 4.13. A set A C R" is a basic R-set if there is an r € K and
fi91,...,9r € Ry, such that

A={x € B,: f(z) =0,q1(x) >0,...,gx(x) > 0}.

A finite union of basic R-sets is an R-set.

A set A C R" is R-semianalytic at a € R” if there is a b € K" and an
r € K? such that a € int(B, (b)) and (A —b) N B, is an R-set. The set A is
R-semianalytic if it is R-semianalytic at a for all « € R™. If in addition A
is a manifold, then A is an R-semianalytic manifold.

For f = (f1,..., fx) € Rfm, A C B, and a sign condition o € {—1,0,1}*,
define B4(f,0) :={x € A:sign fi(z) =0, fori=1,... k}.

For a map A : {1,...,m} — {1,...,n}, let II, : R — R™ be the
projection IIx(z) == (x@1); - - -, Tagm))-

Let r € K}. A set M C B, is R-trival, if one of the following holds:

(i) M = Bg,((x1,...,z,),0) for some sign condition o € {—1,0,1}", or

(ii) there is a permutation A of {1,...,n}, an R-trivial N C B; and a g €
Ry-1,s, where s = (raa), ..., T"am-1)), such that g(Bs) C (=7awm), "a())
and II\(M) = graph(g‘N).

An R-semianalytic manifold M C R" is called trivial if M = N +a for some
R-trivial N C R" and a € K.

Proposition 4.14. Let A C R" be bounded and R-semianalytic. Then
there are n; > n and trivial R-semianalytic manifolds N; C R™ for i =
1,...,k such that

A=TI(Ny)U--- UII(Ng),

and for each i, the set II(N;) is a manifold and II
diffeomorphism.

N; . Nz — H(NZ) is a

Proof. By the definition of R-semianalytic and the fact that A is bounded, A
is the union of finitely many K-translates of R-sets. Since R-sets are unions
of basic R-sets, we may assume that A = Bp (f, o) for some r € K7, f =
(f1,---. fr) € RE, and sign condition o € {—1,0,1}*. Note that by property
(iv) of Definition 2.1 we may assume that f is defined on some neighborhood
U of B,. But then by adding in all the functions r; — x; and r; + x; to the
tuple f, and considering each of the the different cases |z;| < r;, x; = r;
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and x; = —r; separately, we may assume that A = By(f,0). Let F(z) :=
Hle fi(z). We induct on the pair (n,hp (F')), ordered lexicographically.

If n =1, then A is a finite union of points and intervals and the result is
trivial. So assume n > 1. If F'is normal on B,, then each f; is normal on B,
and the result is also trivial. So we may assume that F' is not normal on B,;
so hp, (F) > 0. Fix the (T, C) given by Theorem 4.2. So B, C (J{u(B) : pn €
T,Be€C(u)} and hg(F op) < hp (F) for each p € T and p € C(u). By the
induction hypothesis, Bg(fopu, o) = II(M;)U---UTI(My) for some trivial R-
semianalytic manifolds M; C R", for n; > n, where each H|Mi - M; — TI(M;)
is a diffeomorphism of manifolds.

The proof now breaks down into four cases, depending on what type of
admissible transformations comprise T": general translations, linear transfor-
mations, power substitutions or blowup substitutions. The only difference
between the situation in [17, Proposition 3.8] and the current situation is
that the first case is no longer local and the induction hypotheses we can
invoke in the proofs of Cases 3 and 4 are no longer local. As an example
we shall verify the first case, but we refer the reader to [17] for the other cases.

Case 1: T is a collection of general translations.

Fix p € T, say p = t(q9) for some a € K™ ' and § € R,_1, where
1 <m <mn,and let B € C(u) (note: B C R™). We may suppose that pu is
defined on some neighborhood V of B. For i =1,...,k define

N; = Ni(p, B) :={(a+ z<m, 2m + 0(2<m), Zsm, 2m) = 2 € M;},

where z = (21,...,2n,), Z<m = (21, -, Zm—1) and 2= = (Zmi1s .-, 2n,)-
Clearly each N; is a trivial R-semianalytic manifold, and since p : V X
R™=" — R™ is a diffeomorphism, then II(N;) = u(M;) is a manifold and
H’Ni : N; — II(V;) is a diffeomorphism. Since

By (f,0) = w(Bs(fop,0)),
= p(II(My) U--- UTI(My)),
= (M) U -+ - U p(TH(My)),

— (V) U--- UTI(NV,),

and A C B, C|JH{w(B):neT,BeC(u)}, then A = J{II(N;(, B)) : pu €
T,BeC(u)}.
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Case 2: T is a collection of linear translations.
This is done similarly to Case 1.

Cases 3 and 4: T is a pair of power substitutions, or a pair of blowup
substitutions.
See the proof of [17, Proposition 3.8]. O

Proposition 4.14 and the proof in Sections 4 and 5 of [17] give the follow-
ing.

Proposition 4.15. If R is a q.a. IF-system, Ry is model complete.

4.4 Completing the proof of the main theo-
rem for general Weierstrass systems

Given a q.a. [F-system R over K, let K denote the substructure of Rz with
universe K; this is indeed a structure since R is closed under composition.
We want to show that Kz is the prime model of Th(Rz). To do so we need
the following simple fact.

Lemma 4.16. Let L be a first order language and M C N be L-structures.
If N is model complete, and M and N have the same existential L(M)-
theory, then M < N.

Proof. Since the negation of a universal £(M)-sentence is equivalent to an
existential L(M)-sentence, and since M and N have the same existential
theory, they must also have the same universal £(M)-theory. Now, since N/
is model complete, for any existential £(M )-formula ¢(z) there is a universal
L(M)-formula (z) such that N |= Vz(p(x) < ¢(x)). In particular, N |=
p(a) < Y(a) for all @ € M™. Since p(a) is an existential L£(M)-sentence
and 1(a) is a universal L(M)-sentence, M = ¢(a) < t(a). Hence, M =
Va(io(z) — ¥(z))

To prove the lemma, let ¢ be an arbitrary £(M)-sentence. By writing ¢
in a prenex normal form, we can then iterate the above observation to find
an existential £(M)-sentence v such that M and AN both model ¢ < .
Since M E ¢ it N =, M E piff N = o. O
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Proposition 4.17. If R is a q.a. IF-system over K, then Ky is the prime
model of the theory of Rg. It follows that K is the prime model of the
theory of RY.

Proof. Let M |= Th(Rg). Since K is included in the language Lr, Kg
embeds into M. So we may assume that Kr C M. We must show that
Kgr < M. Since any Lz (K)-formula is an Lz-formula, this means we must
show that Th(Kz) = Th(M). But Th(M) = Th(Rg), so by Proposition
4.15 and Lemma 4.16 it suffices to show that Kx and Ry have the same
existential theory.

Any Lg-term t(x) can be uniquely written as follows:

(i) t(z) = x; for some i, or t(x) = a for some a € K, or

(ii) t(z) = f(ti(x), ..., tm(x)), where ti(x), ... t,(z) are Lr-terms and f
is either a restricted R-function or is one of the arithmetic operations
+, - or —.

Inductively define 1gt(t), the composition length of ¢, by lgt(¢) := 0 if ¢ is as
in (i), and lgt(t) := 1 + max{lgt(¢;) : 1 <i < m} if t is as in (ii).

Let ¢(z) be a quantifier free Lr-formula. We want to show that R =
drp(z) iff Kg = Jre(x). To do this we go through a series of syntactic
reductions that are true of both Th(Rz) and Th(Kg).

By writing () in its disjunctive normal form and distributing the exis-
tential quantifiers across the disjunction, we may assume that ¢(z) is of the
form p(z) = /\f:1 ti(z) =0A /\;:1 sj(x) > 0 for some Lr-terms t; and s;.
By replacing each s;(z) > 0 with Jy(y?s;(z) — 1 = 0), and by lengthening
the tuple = and increasing k, we may assume that p(z) = /\f:1 ti(z) =0
for Lr-terms ti,...,t. In particular, ¢(z) is of the following slightly more
general form:

where the y;’s are either variables or 0. For any ¢ as in (4.1) define Igt(y) :=
max{lgt(t;) i =1,...,k}. For each i = 1,... k, if Igt(¢;) > 1 write t;,(x) =
ftia(x),... tim(z)) as in (ii). By replacing y; = t;(x) with Jzq,..., 2 (y; =
fCz, .o z) A /\é.:1 z; = t; j(x)), and by lengthening the tuple of variables
(x,y), ¢(x,y) may be replaced by another formula of the form given in (4.1)
but of lower composition length. Continuing as such we may therefore assume
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that each t;(x) is either a restricted R-function, an aritmetical operation -+,
- or —, a variable, or a member of K.

Let s;(z,y;) := y; — t;(x) and let I := {i : t; is a restricted R-function}.
Fix M € K, such that for each i € I, the range of ¢;(x) is bounded by
M > 0. For each ¢ € I replace each instance of y; in /\f:1 si(x,y;) = 0 with
My;. Therefore if ¢;(x) is a restricted R-function, we may consider s;(z,y;)
to be a restricted R-function, and if ¢;(x) is a polynomial, then so is s;(x, y;).
So by taking sums of squares we arrive at our final form: we may assume
that

o(x) == f(z) =0Ap(z) =0, (4.2)

where f is a restricted R-function and p(x) € K|[z].
By Lemma 4.7, {z € K" : Kr |= ¢(x)}isdensein {z € R" : R = ¢(z)}.
It follows that Rg | Jxp(x) iff K = Jxp(z), showing that Rgz and Kg
have the same existential theory. O

We may now accomplish our goal.

Proof of the Main Theorem. Let R be a Weierstrass system over a field K,
and let f(x,y) be an L%-term. We want to prepare f(z,y).

Let S be the smallest Weierstrass system over R containing R, as given by
Proposition 2.13. By Chapter 3 we may prepare f as an L's-term. Namely,
there is a finite collection C of Ls-cylinders covering R™*! such that for each
fat cylinder C' € C,

fz,y) = alz)ly — ()| u(z, [y — 6(x)[7)

on C, where a(z) and 0(z) are Ls-terms, p € Ny, ¢ € Q, and u(z,y) in
a positive S-unit on {(z, |y — 0(z)|'/?) : (x,y) € C}. Fix positive rational
numbers €; and € such that €, < u(z,|y — 0(x)|'/?) < € on C, and let w¢
be the Ls-sentence

VaVy (“(z,y) € C7 — (f(w,y) = a(x)ly — ()| "u(z, |y — 0(x)|"?)
A e <ulx |y —0(x)|]YP) < €)) .

Let ¢ be the Ls-sentence

VaVy (\/ “(z,y) € C”) A /\ ©c-
cecC cec

C fat
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Note that R, |= ¢ and this expresses the fact that f is prepared as an Ll-
term. (We do not need to worry about the form of f on the thin cylinders
C, since f ‘ o = t| o for some Lg-term ¢ simply by the definition of a thin
cylinder and the fact that f is an Ls-term.)

By Proposition 2.13, to each restricted S-function g : R® — R we can
associate a restricted R-function g : R — R, called a “parameterized
form of ¢”, and also an a, € [—1,1]™ such that g(z) = g(z,a,). Note that
for any b € (K N [—1,1))™, g(x,b) is a restricted R-function. Each Ls-
sentence v has a parameterized form also, which is the L-formula v(z)
obtained by replacing every restricted S-function g(x) occuring in ¢ with its
parameterized form g(z, z) and adding on the the conjunction “z € [—1,1]™".

So ¢ = P(a) for some a € [—1,1]™. Note that if R, = p(b) for some
be ([-1,1] N K)™, then f would be prepared as an L%-term, since each of
the functions occuring in $(b) would be L%-terms. But this easily follows
from the elementary equivalence of R%, and KZ:

Rp, £ 5(0) s0 R = 3:5(2),
so Kg = 32p(2),
so Kgr = %(b) for some b € K™,

so Ry = (b).

4.5 Some concluding remarks

To conclude, I briefly discuss some issues for future investigation. They are
only intended to be a collection of hints and have not been fully thought out
(hence the phrase “future investigation”). I shall use the first person, since
many of the remarks here are as much about the author’s lack of knowledge
as they are about his knowledge.

Let R be a q.a. I[F-system over a field K. The elementary equivalence of
Kz and Ry and the close relationship between R and its smallest expansion
S over R provide a general tool which enables us to work locally without
keeping track of parameters but still obtain more robust results which do
keep track of the parameters. For instance, if R is a Weierstrass system
over K (as defined in [19] with closure under Weierstrass division, not just
Weierstrass preparation), it follows from [19] that (R, /) admits quantifier-
elimination.
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But, proving the Main Theorem by using the elementary equivalence of
Kxr and Rg does go against the spirit motivating this work, namely, an
interest in effectivity questions. So a more explicit geometric proof may be
more favorable. It appears that this can be done by proving what I call
a “parameterized normalization theorem,” which associates a function f &
R, with its parameterized form f(z;2) := f(z + 2), a function defined on
a neighborhood of {0} x B, (by Definition 2.1, property (iv)), and then goes
through a detailed analysis of how the normalization procedure performed
in the proof of Theorem 3.4 normalizes f(z;a) for the various a € B, and
the various A € R associated to the blowup substitutions bf\’” to show that
it suffices to only consider a € K™ N B, and blowup substitutions b’;\’” with
A € KU {oo}. This is much more complicated than the method employed
here, though, so I decided against it. The main reason for this is that the
normalization procedure of Chapter 4 seems more suitable for dealing with
effectivity questions than the preparation theorem itself, so this harder proof
seems unwarranted.

I am primarily interested in decidability questions, so I am not partic-
ularly interested in the preparation theorem for the algebraic restricted an-
alytic functions, since they are all definable over the real field which, as is
well known, has a decidable theory. So the collection R should contain at
least one transcendental function, which brings us to consider differentially
algebraic functions. But I do not know of an effective proof of the fact that
the differentially algebraic power series are closed under Weierstrass prepa-
ration, so at the moment Weierstrass preparation seems to be too strong a
closure assumption.

In contrast, it is very easy to show in an effective manner that the Noethe-
rian functions are closed under addition, multiplication, differentiation, com-
position and implicit functions. But they are not closed under monomial
factorization; in fact, Bergeron and Reutenauer [1] showed that (e — 1)/x
is not Noetherian (but they used the name “constructible differentially alge-
braic”), while of course e*—1 is. Nevertheless, studying some small expansion
of the Noetherian functions which is an IF-system may enable one to get an
effective version of the model completeness proof of Chapter 4. But of course
this is far from being clear, and because it is a model completeness result
and not a quantifier elimination result, it is quite similar in spirit to what
has been done in [13] and [8] and will most likely encounter similar difficulties.

Acknowledgement. I am grateful to Patrick Speissegger for his continual



77

support and guidance, to Jean-Philippe Rolin for his wonderful set of lectures
which got me started on this project, and to my committee members for their
useful comments on the write-up of this thesis.



78

Appendix A

Differentially algebraic power
series

Let K be a field of characteristic 0. Given a field extension L O K we
write tdy L for the transcendence degree of L over K. For f € K[z] and
2= (21,00 2) let Alf)(2) = { G () : @ € N"} and Alf] := A[f)(x). By
definition, f € K|[z] is differentially algebraic over K if tdx K(A[f]) <
co. Let K[z]]% denote the set of f € K[x] which are differentially algebraic
over K.

Lemma A.1. K[z]% is a ring closed under differentiation and formal com-
position, which is the formal analogue of local composition (see Section 3.1).

Proof. If f,g € K[x]% then A[f +g] € Q(A[f], Alg]), so tdx K(A[f +g]) <
tdx K(A[f], Alg]) < oo. Similarly, Leibniz’ rule gives A[fg] C Q(A[f], Alg]

sotdx K(A[fg]) < co. Also, A[g—i] C A[f] forany i > 1, so tdg K(A[gi]) <

0. So K[[z]% is a ring closed under differentiation.
Let f € K[z1,...,2,]% and g € (K[z])™ be such that g(0) = 0. The

chain rule gives A[fog|(x) C Q(A[f](g(x)), Alg](x)). Since tdx K(A[f](z)) <
oo, tdx K(A[f](g(x))) < o0, s

tdx K(A[f o g](x)) < tdx K(A[f](g(x)), Alg)(x)) < o0.
0

By a proof too long to be included here, it is shown in [19] that K[z]%
is closed under Weierstrass preparation. Hence K[z]% is a “formal” Weier-
strass system, meaning that it is a K-algebra of formal power series over
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K which is closed under differentiation, formal composition and Weierstrass
preparation.

The system D of differentially algebraic analytic functions, as defined in
Examples 2.7, is by definition the collection of all f € O such that f € R[z]%

(recall that O is the system of all restricted analytic functions). Consider
f € O,. For any a € int(B,, ;) and p € R[X,, : @ € N"], p(%(x) ra€A) =
0 iff p(%(m +a):a € A)=0. Hence D is also closed under translation, so
D is a Weierstrass system.

The following characterizes K [x]% as being the collection of power se-
ries satisfying certain highly determined systems of polynomial differential

equations whose coefficients may always be taken to be in Q.
Lemma A.2. Let f € K[z]. The following are equivalent.

(i) f is differentially algebraic over K;

(i) tdg QAf]) < o0;

(iii) there is an N € N such that for each § € N with |3| = N, there is
aps € QX,:a€eN", |af <N ora=f| such that ps(A[f]) = 0 and
25 (A[f]) # 0;

(iv) Q(A[f]) is finitely generated over Q;

Proof. Let L be a subfield of K and suppose that td; L(A[f]) < oco. Fix
A C N” such that {% :a € A} is a transcendence basis of L(A[f]) over
L, and pick N € N" such that |a| < N for all a € A. For each § € N such
that |3| = N there is a nonzero pg € L[ X, : « € N*, |a| < N or a = 3] such
that ps(A[f]) = 0. By choosing pg to have minimum degree in Xz we can
ensure that 7 (A[f])) # 0.

Since pg(A[f]) =0, for each i =1,...,n, %(pg(A[f])) = 0. Calculating
this derivative gives

apﬁ aN—Hf apﬂ 8|a\+1f B
@(A[ﬂ)ﬁxﬁﬂz + Z 8XQ(A[f] ’ 8.Ta+ei - Y

la|<N
where e; is the ¢th standard unit basis vector. Since %(A[ f1) # 0, this

shows that P(% ol <K N+1) C P(%lzllf o] < N), where P C L is the
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field generated by the coefficients of all the ps’s. An easy induction shows

that therefore P(%‘le Cal < N +14) C P(% tJal < N) for alli € N.
Hence P(A[f]) is finitely generated over P. But since P is finitely generated
over Q, then P(A[f]) is finitely generated over Q. Since Q(A[f]) C P(A[f]),
then Q(A[f]) is finitely generated over Q.

If we take L to be K, the preceding argument shows that (i) implies (iv).
Clearly the converse is true, so (i) and (iv) are equivalent.

To finish, note that (iv) implies (ii), and that by taking L to be Q in the
above argument shows that (ii) implies (iii) and that (iii) implies (iv). O

By the above lemma, if L O K is a field extension, then K[z]¥ =
L[x]% N K[x], and there is no ambiguity in just saying “f is differentially
algebraic” without the modifier “over K.”
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