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Abstract

Wheeler conjectured in [16] that if a theory has a model companion, then its universal
Horn fragment has a model companion. This conjecture was made on several positive
examples, see [6] and [8]. In these examples, models of the universal Horn fragments
contain definable Boolean algebras. Wheeler’s conjecture is shown to be false in [5] with
an example that does not contain a Boolean algebra. We focus on finding a positive
alternative to Wheeler’s conjecture. This is discussed more fully in chapter 1.

In chapter 2, we construct a language £P* which permits an approximation of a
model having an underlying Boolean algebra. This is closely related to work done by
Weispfenning in [15]. We provide a seemingly trivial translation of an L-theory I' to
a LBA-theory I'PA? such that the classes of models of these theories are essentially the
same.

In chapter 3, we examine products of models of I'®A2. This requires a more general
translation of £-sentences to LBA-sentences. We provide two translations of £-sentences
to this context: one associated with Kripke forcing, and a second translation which is
essentially Boolean forcing, which we call T'B4.

In chapter 4, we show that the Boolean translation associates with each L-sentence

an ideal on the Boolean algebra. We then construct £-models out of models of I'BA

I'BA is the universal Horn

that preserve the IT5 subset of I'. Using this, we show that
fragment of ['BAZ,
In chapter 5, we extend I'®A to a theory I'*BA by requiring the underlying Boolean

algebra to be atomless. We show that if a II theory T' is model complete, then its



ii
translated theory I'ABA is model complete.

In chapter 6, we show that models of I'®A embed into models of T'ABA. With the
results of the previous chapters, this gives us a positive alternative to Wheeler’s conjec-
ture.

In chapter 7, we investigate the internal logic of the structures obtained. We show
that the deductive power of the Boolean translation is strictly stronger than intuitionistic

logic, but not as strong as classical logic.
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Chapter 1

Introduction

A common pursuit in model theory is the construction of model complete theories. Model
complete theories are often very useful. For example, David Marker says in [10, page
111], “Model-completeness and quantifier-elimination have many applications in real
algebraic geometry.” In support of this idea, Annalisa Marcja and Carlo Toffalori state
in [9, page 86] that “In fact, Algebra inspires the notion of model completeness ...”, and
“...some developments in Model Theory do produce a significant progress in Algebra;
indeed some alternative elegant proofs of the celebrated Hilbert Nullstellensatz, or of the
Hilbert Seventeenth Problem, and, more notably, the solution of Artin’s Conjecture on
p-adic fields witness these fruitful contributions.” Often these model complete theories
are the model companions of well-known theories or theories that are easy to describe.

One well-known model theory result of interest to us is the following.

Proposition 1.1 Let I' be a theory such that T' has a model companion. Then the

universal fragment I'y of I has the same model companion.

So the model companion of a theory is determined by the universal fragment of the
theory, and different model complete theories must have different universal fragments.

Recall that a sentence ¢ is equivalent to a universal Horn sentence if and only if
it is preserved under submodels of products of models satisfying . In 1978, William

Wheeler made the following conjecture in [16].



Conjecture 1.2 (Wheeler’s Conjecture) Let I" be a theory such that T' has a model

companion I'*. Then the universal Horn fragment I'yg of I has a model companion.

This conjecture was made on a number of known examples. For instance, the theory
of commutative rings without nilpotent elements is the universal Horn fragment of the
theory of commutative integral domains. The latter has as its model companion the
theory of algebraically closed fields. The former was shown to have a model companion
by Lipschitz and Saracino. The method used in [6] was then employed by MacIntyre
for the case of linearly ordered integral domains; see [8]. To make his proof work,
MaclIntyre had to alter the language of ordered rings: in place of the order predicate <,
he introduced two binary functions for the maximum and minimum of pairs of elements.
This change is trivial in the case of linearly ordered rings. However, the universal Horn
fragment of linearly ordered integral domains, over this language, changes to a theory of
commutative rings with a distributive lattice ordering. The importance of this language
change is discussed more below.

Wheeler’s conjecture is false. In [5], Glass and Pierce proved the following result.

Theorem 1.3 The theory of linearly ordered abelian groups has a model companion,
but the universal Horn fragment of this theory does not have a model companion. If
we replace the order predicate with maximum and minimum, then the theory of linearly
ordered abelian groups still has a model companion and the universal Horn fragment still

has no model companion.

There is a significant difference between the examples of Lipschitz and Saracino and
MaclIntyre on the one hand, and the example of Glass and Pierce on the other. Recall

that for a theory I', models of the universal Horn fragment I'yg correspond to submodels



of products of models of I'. In products of integral domains and products of ordered
integral domains, the set of idempotents form a Boolean algebra. Hence, these product
models have a Boolean algebra contained within them. This is not the case with ordered
abelian groups.

With this in mind, our work is motivated by trying to find a uniform first-order
approximation of the methods used in the examples of integral domains and ordered
integral domains. We begin by making a trivial change to the original language £ of the
companionable theory I'. The new language £B4 is obtained by replacing predicates in

L with function symbols in £B4 that map to the two-element Boolean algebra.

Definition 1.4 We let 2 be the nondegenerate Boolean algebra consisting of two ele-

ments, 0 and 1.

Our companionable theory I' is replaced with a theory I'BA% over £BA such that

models of I" trivially correspond to models of I'BA2.

Proposition 1.5 Let I' be an L-theory. Then T is companionable if and only if TBA2 is
companionable and I’ admits quantifier-elimination if and only if B2 admits quantifier-

elimination.

In our context, the domains of models over £B contain three disjoint parts. The
first is the underlying Boolean algebra. The second part is the structure. The structure
of a model over £BA corresponds to a model over £. The final part is the chaff, which
consists of all elements that are neither Boolean nor structural. In general, chaff has
little importance other than the fact that it exists.

The following result is our positive solution to an alternative to Wheeler’s conjecture.



Theorem 1.6 Let I' be a companionable L-theory. Then the universal Horn fragment

of T®A2% has a model companion.

Theorem 1.6 is a variation of a major result of Weispfenning’s, see [15]. Weispfenning
uses a two-sorted language over which he develops theories with many similarities to our
theories I'®42% and the theory I'*PA mentioned below. His work is a generalization of
the model companion result found in [6]. Weispfenning’s major result is different from
MacIntyre’s generalization in [8]. MacIntyre uses aspects of Boolean sheaves, while
Weispfenning codes these sheaves in first order logic.

Theorem 1.6 is proved in several steps. In defining the axioms I'®42_ we also introduce
the subtheory I'BA, where the major difference between these axiom sets is that I'B4
allows for the underlying Boolean algebra to be any Boolean algebra, not just the two-

element Boolean algebra. The first major step in proving the above theorem is the

following result.

Theorem 1.7 Let T be a universal L-theory. Then the universal Horn fragment of TBA2

is TBA,

Again, this is similar to a result of Weispfenning. However, our results are carried
out in a more general fashion. One major difference is that Weispfenning works only
with structural elements which exist over the entire Boolean algebra. We include partial
structural elements; that is, structural elements which exist over Boolean elements that
are not 0 or 1. Another difference with the work of Weispfenning is our translation. If
all structural elements exist over the whole Boolean algebra, then our axiomatizations

of IBA are the same. However, the presence of partial structural elements requires a



more general axiomatization of ', In our context, we associate with an £-sentence an
ideal on the Boolean algebra.
By Theorem 1.7, it is sufficient for our main result to find a model companion for

I'BA We introduce an extension I'*BA of I'BA. We axiomatize I'*BA by adding to ['BA

the following three axioms:

e The underlying Boolean algebra is atomless.
e There are infinitely many chaff elements.

e There exists an element of full extent.
With this, we show the following.
Theorem 1.8 Let I' be a model complete L-theory. Then T'ABA is model-complete.

With this result, we get new model complete theories which are distinct from the
original theory.

Our main work is completed with the following result.

Theorem 1.9 Let I' be a I13-theory. Then every model of TBA embeds into a model of
[ABA - So 4f T is a universal theory that has a model companion I'*, then the universal

Horn fragment of TBA2 has (I*)ABA model companion.

This Theorem shows that by internalizing a Boolean algebra we give the language
enough power to axiomatize the theory of the existentially closed models.
We conclude by demonstrating the deductive power of models over £BA. Using

the intuitionistic sequent calculus, we show that intuitionistic derivability transfers to



Boolean indexed models. We also demonstrate that we are not able to get full classical

derivability in our context. We do this by describing models of (P4 and L-sentences over
this model such that the ideal these sentences generate are not principal. We also give
two sufficient conditions for a model to have all of its L-sentences to generate principal

ideals.

1.1 Notation

The following identifies the notation we use. If 2 is a model, then A denotes the domain
of 2. It will be important to distinguish between intuitionistic proof and classical proof.

We use F; to represent intuitionistic derivation and F. to denote classical derivation.






Chapter 2

Language and Axioms

2.1 Introduction

We begin with an arbitrary language £ of predicate logic, and define a new language
LBA Over LB, we introduce a theory PB42 so that for each model 2 over £, there is an
associated model APA2 over £BA such that 2 and APA? are essentially the same model.
Here, APA2 is in essence a two-sorted model, with one sort being elements from 2 and
the other sort being elements of the two element Boolean algebra 2. We replace every
n-ary relation over 2l by its characteristic function on (ABA2)". We leave functions on
2 unchanged. For each L-sentence ¢ there is a straightforward translation to an L£LBA-
sentence P42 such that 2 = ¢ if and only if ABA2 |= pBAZ. Every set of L-sentences
I" has a corresponding set of £PA-sentences I'®42 extending (BA? such that I' and ['BA2

axiomatize essentially the same theories.

2.2 Creating an appropriate language

Our choice of predicate logic language is based on [13]. In this paper, Scott enriches
the usual predicate logic language with an existence predicate E and a unique-identity

operator I. We avoid the use of I, but the predicate E plays a significant role. Since



we use predicate logic in both intuitionistic and classical situations, all of our languages
include {T, L, A,V,—,3,V,= E}, besides the usual predicates and function symbols,
including constant symbols. In particular, the translated languages £B* also contain
the predicate E. We discuss the presence of E in more detail below.

In all theories, we allow functions to be partial. The predicate E is a unary existence
predicate, that is, F; E(x) <> = = x. So the predicate E essentially stands for the sort
of all existing elements. This is useful in the context of partial functions. All predicates
and functions are strict, i.e., all theories include axioms of the form E(f(x)) — E(x)

and P(x) — E(x). Because functions may be partial, the reverse implication E(x) —

E(f(x)) need not hold.

Definition 2.1 Given a language £, we form the associated language LP%, a new

language with symbols for a Boolean algebra:

e Introduce a unary predicate BA(z) into LB,

o For every predicate P(x) € L, introduce a new function symbol [P(x)]. This
includes the predicates v = y and E(x). Note that the symbols [] do not have any

meaning by themselves, but only in the context of [P(x)].
o We include all function symbols from L.

o We introduce two binary function symbols: x [y, and x &y, and a constant symbol

w, which will be a “structural” element.

o We introduce function symbols x Uy, x My, and —x as well as constant symbols 0O

and 1 for the Boolean algebra.
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Having introduced £B#, we now provide some explanation on the intended meaning
of its function and constant symbols. In our context, the domain of an £P4-model has
two essential parts: an underlying Boolean algebra and a structure which lives above
this Boolean algebra. The structure is a generalization of a model over £, and the
Boolean algebra generalizes the two element Boolean algebra of true and false. These
two parts are disjoint, but interact through the functions [P(x)] and x [y. In general,
models over £B* will have a third part, which we call chaff. While the presence of chaff
is unavoidable, it has no properties except existence.

We now discuss the functions [P(x)]. This is read as “the extent of P”, that is, the
Boolean elements where P holds for each x. These functions map elements from the
structure to Boolean elements. At this point we discuss = and E. There are two places
where = and E are present in £B#. The first place they appear is in the functions [z = y]
and [E(x)], which are special cases of [P(x)]. These are functions from the structure of
a model to the Boolean algebra. Every structural element will have a unique Boolean
element over which it lives, which we call the extent of that element. The function
[E(x)] takes as input a structural element and outputs its extent. There are certain
contexts where structural elements do not exist over the full Boolean algebra, that is,
there is a structural element where the extent of that element is neither 0 nor 1. For
two distinct Boolean elements y and z, the inverse image of y and z are disjoint. Thus,
the Boolean elements partition the structure under this inverse mapping. The function
[x = y] takes as input two structural elements and outputs the Boolean element over
which the two structural elements are equal.

The second place where = and E occur in £B4 is as the usual predicates, that is z = y

and E(z) assign true or false to elements from the domain of a model. As predicates, =
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and E have as input all elements, whether structural, Boolean, or chaff. The functions
[x = y] and [E(x)] are different from but analogous to the predicates x = y and E(x).
These functions act only on structural elements, and if the structure of an £BA-model
is a generalization of an £-model, then [z = y] and [E(z)] are generalizations of the
L-predicates = and E.

We briefly discuss the constant symbol w. This symbol will represent a structural
element which only exists above 0. We show below that this is the unique element
that exists over 0. In some sense, this element corresponds to being “undefined”. For
example, suppose that in a model over L, a particular function is undefined on some set
of elements. Then, in the translation of this model to a model over £B*, this function,
when acting on this set of elements, maps to w.

Our language LB is similar to one used by Weispfenning in [15]. Here our sort BA
corresponds to his B-sort, and our functions [P(x)] correspond to his functions vg. He
also refers to structural elements as £-terms. Like in our context, his functions vz map
L-terms to the B-sort. He also includes functions from £ as functions from L-terms to

L-terms.

2.2.1 Axiomatizations for the basic theories

@BA @BA2'

We list axiomatizations for and Unless otherwise noted, all variables are

understood to be universally quantified. We begin with axioms for the sort BA:
Bal BA(0) A BA(1)
Ba2 BA(z) ABA(y) — BA(zMy)

Ba3 E(zMy) — BA(z) A BA(y)



12
Bad BA(z) A BA(y) — BA(z Uy)
Ba5 E(z Uy) — BA(z) A BA(y)
Ba6 BA(z) — BA(—2)

Ba7 E(—z) — BA(x)

These axioms imply that x My and z Uy, and —z are total functions on BA, the first
two from BA x BA to BA, and the last from BA to BA. Next, we include the Boolean

algebra axioms:

Ba8 BA(z) —» (zMx=2)A (z Uz =)

Ba9 BA(z) ABA(y) —xNy=yMNx

Bal0 BA(z) ABA(y) —2Uy=yUx

Ball BA(z) ABA(y) ABA(z) — (zMy)Mz=xM(yMz2)
Bal2 BA(z) ABA(y) ABA(z) = (zUy)Uz=2U(yUz2)
Bal3 BA(z) » (zM1=2)A(zU0=ux)

Bald BA(z) ABA(y) — (zU (zMy)=2)A(zM(xUy) =)

Balb BA(z) ABA(y) ABA(z) — ((zN(yUz2))=(zNy)U(xNz)A((zU(yMNz) =

(¢Uy) N (&N 2))
Bal6 BA(z) = (zU—xz=1)A(zMN—z=0)

BalT 1=0— L
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Thus, the model will contain a nondegenerate Boolean algebra. We provide the

following definitions related to the Boolean algebra:

Definition 2.2 1. We introduce a relation x <y on the Boolean algebra that holds

precisely when x Uy = y. Equivalently, x <y holds if x My = x;

2. If we have a Boolean algebra A, and B C A, we let (B) be the Boolean algebra

generated by the elements from B.

3. For a model A, we define BA(A) to be the set {a € A : A= BA(a)}.
Next, we introduce structural elements which are disjoint from the Boolean algebra:
Sol BA(z) AE([E(x)]) — L

Again, [E(x)] is a function which only takes structural elements as its input. Thus,

E([E(z)]) holds only for structural elements.

Definition 2.3 For a model 2, we define the structure, denoted ST(A), to be the set

{a e A : AE=E([E(a)])}. For convenience, we use ST(x) as shorthand for E([E(x)]).

Thus, Sol implies that the Boolean algebra BA is disjoint from the structural ele-
ments ST. Below, we axiomatize that the structural elements exist above the Boolean
algebra.

We now list the axioms for the functions [P(x)] for each P(xg,...,x,-1) in £ of

arity n.

Prl E([P(x)]) — A._, ST(z;)

<n

Pr2 (A,., ST(z;)) — BA([P(x)])
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These two axioms state that the functions [P(x)] are from ST" to BA. In particular,
this implies that the function [E(z)] is a map from ST to BA, and [x = y] is from

ST x ST to BA.

Definition 2.4 1. For a model A and a € ST(A), we define the extent of a to be

the Boolean element [E(a)].

2. For a model 2L and an element p € BA(A), we define A, to be the set {a € A :

A = [E(a)] = p}, that is, A, is the set of structural elements with extent p.

Pr3 E([P()]) — ([P()] <<, [E(:)])

Recall that a function is strict if E(f(x)) — E(x), and a predicate is strict if
P(x) — E(x). The previous axiom gives us that the strictness axioms for predicates are
internalized within the new theory.

We now list the axioms for function symbols f from L:

Fnl E(f(x)) — (A<, ST(x:))
Fn2 (A, ST(z;)) — ST(f(x))

These axioms state that f is a map from ST" to ST.

Fn3 E(f(x)) = ([E(/ ()] DT, [EC)])

This axiom states the strictness of f is internalized in the new theory.
We now produce the axioms for the restriction function x [ y. We use x [ y as

shorthand for zq [y, z1 [y, ..., Tp 1 [y:

Rsl E(zy) — ST(z) A BA(y)



15
Rs2 ST(z) ABA(y) — ST (x| y)
These two axioms state that z [y is a function from ST x BA to ST,
Rs3 ST(z) — = [[E(z)] =
Rsd ST(z) ABA(y) ABA(2) — ((zy)[2) =z [(y 1 2)
Rs5 E([P(x)]) ABA(y) — [P(xTy)] = [P(x)] My
Rs6 E(f(x)) ABA(y) — f(xIy) = f(x) [y
RsT E([z = y]) = (z[[z = y]) = (y [ [z = y])

By Rsb, for a model 2, if a € A, and ¢ € BA(A), then a[q € Apny.

We next include the axioms for the piecing together function z @ y. To explain this
function, we take a model 2 and elements a € A, and b € A, such that a[(pMq) =b]
(pTq). Then a @ b is the element in Ay, such that (a ®b) [p =a and (a ®b) [¢ = b.

We show below that this element is unique. We axiomatize this as follows:

Ptl E(zx ®y) — ST(x) A ST(y)
Thus, only structural elements can be pieced together.
Pt2 E(z @y) — = [[E(y)] = y [ [E(2)]

Thus, the only elements which can be pieced together are those which are equal

on their shared extent.

Pt3 E(z ®y) — [E(z @ y)] = [E(z)] U [E(y)]

Thus, the piecing element has extent equal to the join of the extents of the indi-

vidual elements.
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Ptd E(z @y) — (z @ y) [ [E(@)] = 2) A((z @ y) [[E(y)] =v)
Thus, the piecing element restricted to the extent of an individual element is equal

to that individual element.
Pt5 y[[E(z)] = 2 [[E(y)] — E(z @ y)

Thus, x @ y exists for elements that are equal over their shared extent.

We conclude the axiomatization of (B4 with some axioms on particular extents.
Exl [T] =1
Ex2 [L] =0
Ex3 ST(z) — [z = z] = [E(x)]
Ex4 [E(w)] =0

This concludes the axioms @B*. Note that this axiom set has many similarities to the
two-sorted system of [15]. Our Fn axioms correspond with Weispfenning’s description
that L-functions have only L-terms as their domains, and these functions themselves are
L-terms. Our Pr axioms are equivalent to his statement that vz have L-terms as their
domain, and themselves are B-terms. There are some marked differences, however. In
[15], all structural elements are only allowed to have full extent. In our case, we include
elements that can have as extent any Boolean element. As such, we require Rs axioms
to provide us with the needed structure. Also, Weispfenning does not include piecing
together in his base theory, but instead includes it in extensions of his base theory. We

include it for technical reasons, which we discuss later.



17

We label the theory axiomatized by (B as Th((B4). We first note that each of the

axioms of (B4 has a well-known form:

Definition 2.5 A sentence is universal Horn if it is equivalent to a conjunction of
sentences of the form Vx(aq(x) A ... an(X) — ao(x)), where a;(x) is atomic for each i.
For a set of sentences I, we label (I')yn as the set of universal Horn sentences derivable

from T'.

As | is an atom in our language, universal Horn sentences include the negation of

()BA is universal Horn.

conjunctions of atoms. Note that each axiom of
Definition 2.6 We call models of )®* Boolean indexed models.

We are now ready to define the axiom set (B42.

The following axiom states that BA equals 2:
Bal8 BA(z) mz=0Vvz=1

The following axioms states that all elements are either Boolean or structural ele-

ments:
So2 E(x) — BA(x) v ST(z)

Definition 2.7 1. We define the axiom set 0B*2 to be the set of sentences B U

{Bal8, So2}.

2. We call models of )®*? simple Boolean indexed models.
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We now discuss our inclusion of ¢ as a function symbol. We demonstrate below that
()B4 is the universal Horn fragment of @42, If @ vy is not a function symbol in £B4,

then we would need to define it as an abbreviation for

Lz ((z 1 [E(@)] = =) A (T TE@W)] = y) A ([ER)] = [E@)] U [E@W)]))

where [z. is the existence operator used in [13]. With this term, we can no longer
axiomatize piecing together by universal Horn axioms. We include x ¢ y as a function
symbol in the language and as a consequence, piecing together becomes part of the

universal Horn fragment of (JBA2,

2.3 Simple Boolean indexed models

We now show that simple Boolean indexed models are essentially models over £. We

begin by translating £-formulas to £BA-formulas:

Definition 2.8 1. For an L-formula ¢, we define the translated LBA-formula pPA?

inductively as follows:

If v is atomic, of the form P(t), then ©®42% is [P(t)] = 1. In particular,
(E(z))BA% is [E(x)] =1 and (v = y)BA2 is [z = y] = 1.

If ¢ is Y A O, then ©BAZ s h)BAZ A IBAZ,

If ¢ is YV 0, then ©BA% is yBAZ v IBAZ,

If ¢ is b — 0, then PA2 45 pBAZ — BAZ

If p is Vb, then pBA2 is Va([E(z)] = 1 — (x)BAZ).

If o is 3w, then pBA2 is Jx([E(z)] = 1 A o(2)BAZ),
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2. For a set T of L-sentences, we define TPA2 to be the set {yBA% .y € T'} U PBA2,

We thus have a new translation of sentences I' over £ into a set of sentences 'BA2

over LBA. Specifically, if I' is empty, we get IBA2. Note that T translates to [T] = 1,
which, by Ex1, is equivalent to T. Similarly, L translates to [L] = 1, which, by Ex2
and Bal7, is equivalent to L.

We first show that the translation of a quantifier-free formula has the following

general form:

Lemma 2.9 Suppose ¢ is an L-formula. Let @' be the LB formula gotten by replacing

each atom ¢ that appears in ¢ with ([§] = 1). Then ' is equivalent to pBAZ2.

Proof. This holds a straightforward induction on the complexity of ¢, along with the
fact that for an L-formula 1, V1) is equivalent to Vz(E(x) — 1), and Jz1) is equivalent

to dx(E(z) A). 4

We now show how to translate a model 2 over £ into a model ABA2 over £BA. This
translation has the property that, for any set I' of L-sentences, 2 = I' if and only if
QlBA2 ): FBAZ:

Definition 2.10 Let A be a L-model. We define the translated model AP*? as follows:

o We set BA(ABA2) = 2 with the functions U, N, and — defined as usual in the two

element Boolean algebra.

e For each a € A, we introduce a new element a into ABA2, and set [E(a)] equal to
1. We let A be the set {a : a € A}. Then ST(ABA2) is AU {w}. As we explain
below, w will take the place of a function being undefined. We also set [E(w)]

equal to 0.
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e For each n-ary predicate P € £ and a € (A)", we set [P(a)] equal to 1 if and
only if A = P(a). If w € b, we set [P(b)] equal to 0. We only define [P(x)] for

tuples from ST(ABAZ).

e For each function f € L and a,b € (A), we set f(a) equal to b if and only if
A= f(a) =b. If f(a) is undefined, then we set f(a) equal to w. If w € b, we set

f(b) equal to w. We only define f(x) for elements in ST(ABAZ).

o We define x [y only if v € ST(APA2), and y € BA(APA2). We set 2|1 equal to x

and x [0 equal to w.

o We define x @ y if and only if either x is w and y € ST(APA2), if y is @ and
x € ST(ABA2) or v = y and v € ST(APA2). In the first two cases, we set © ® @

and w & x equal to x, and in the last case, we set x &y equal to x.
o Finally, we set [T] equal to 1, and [L] equal to 0.

We now have that this translated model satisfies the axioms in (BA2:

Lemma 2.11 Suppose 2 is a L-model. Then ABA? = ()BAZ,

Proof. This is a simple exercise on the axioms listed.

Clearly, for an £-model 2, the translated model ABA2

is very similar to 2. To make
this statement more concrete, we first define (p(a))B4? to be B42(a). With this, we

get the following:

Lemma 2.12 Suppose 2 is a L-model, and let p(a) be a L(A)-sentence. Then A = ¢(a)

if and only if ABA2 = pBAZ(4).
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Proof. We prove this by induction on ¢. If ¢ is atomic, then by the translation
above, the result is obvious. We now suppose the result holds for ¢ and 6.

Suppose ¢ is ¥ A 0. Then A = ¢ if and only if A |= ¢ and A = 6. By induction,
this holds if and only if ABA2 |= ¢BA2 and ABA2 |= ¢BA2. This holds if and only if
YABAZ | ,BA2,

Suppose ¢ is 1 V 0. Then A = ¢ if and only if A = ¢ or A | 6. By induction,
this holds if and only if ABAZ |= ¢BAZ or YBAZ |= ¢BAZ This holds if and only if
YABAZ | ,BA2,

Suppose ¢ is 1 — 6. Then 2 = ¢ if and only if A |= ¢ implies A |= 6. By induction,
this holds if and only if 2APA% = BA2 implies ABA2 = 9BA2. This holds if and only if
YABAZ | ,BA2,

Suppose ¢ is Vaip. Then A |= ¢ if and only if, for every a € A, A = ¥(a). By
induction, this holds if and only if, for every a € ABA? such that if A | [E(a)] = 1,
ABAZ 1= 4)(a)BA2. This holds if and only if ABA? = pBAZ,

Finally, suppose ¢ is 3x1. Then 2 |= ¢ if and only if there exists an a € A with 2 =
¥(a). By induction, this holds if and only if there exists & € A with ABA2 = [E(a)] = 1

and ABA? |= 4)(a)BA2. This holds if and only if ABA2 = oBAZ,
With this, we get that APA? satisfies all of T'BA2:

Corollary 2.13 Suppose 2 is an L-model and T is a set of L(A) sentences with A =T

Then ABA? |= ['BAZ,

Proof. This follows from Lemma 2.11 and Lemma 2.12. -

We now show how to get matching £-structures from models of #BA2:
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Definition 2.14 If B = 0B42, then we define B, as the following L-model:

The domain By is {b € B : B = [E(b)] = 1}.
For predicates P, B, = P(b) if and only if B =1 < [P(b)].
For functions symbols f, B = f(a) = b if and only if B = f(a) = b.

Note that the map sending B to B; is essentially a projection operator. We now

explicitly show the connection between the original model 2 and the model ABA2:

Lemma 2.15 Let A be a L-model and let APA? be its translation. Then (APAZ),

12

2.

Proof. Recall that for each element a € A, there is a corresponding element a € ABA2

with 2B42 = [E(a)] = 1. Thus, we let F : % — (AB42); by a +— a. This is clearly
one-to-one and onto. Now, suppose 2 = P(a). Then 2ABA2 = 1 < [P(4)], so that
ABA2Z = P(a). Now if 2 £ P(a), then ABAZ £ 1 < [P(a)], so that APA2 £ P(a).

Finally, suppose 2 |= f(a) = b. Then APA2 & f(a) = b, so that ABA2 = f(a) = b.

Thus, we can think of APA2 as the model 2, but instead of sentences being true or
false, we say that sentences have extent 1 or extent 0, respectively.

Next, we show that Lemma 2.15 has a corresponding result for models of T'BA2:
Lemma 2.16 Let B = B2, Then (9B,)B4% =~ 9B.

Proof. Each element b € By has a corresponding element b € BBA2, Thus, we set
F: B — (B1)82 with F(w) = @, F(b) = b for b € By, F(0) = 0, and F(1) = 1.
Clearly this map is one-to-one and onto. Clearly this map preserves predicates E and
BA. Also, F(x @ y) = F(z) ® F(y), and F(x [ y) = F(z) | F(y). Next, suppose

B = f(a) = bfor f € L. Then By | f(a) = b, so that (B,)B42 = f(a) = b. Now,
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suppose B = [P(b)] = 1. Then B; = P(b), so that (B;)®*2 = [P(b)] = 1. A similar

proof holds if 98 |= [P(b)] = 0. Thus, for all functions, F'(f(b)) = f(F(b)). -

Corollary 2.17 Let I be a set of L-sentences and suppose B |=TBA2. Then B, =T.

Proof. By Lemma 2.16, (%B1)4? = B, so that (%B,)2? = I'®*2. By Lemma 2.12,

By =T,

Thus, there is a one-to-one correspondence between models of I' and I'BA2,
We now show that if I' and A are classically equivalent sets of sentences, then I'B42

and APA? are classically equivalent.

Lemma 2.18 Let I'U {y} be a set of L-sentences. Then T' . v if and only if TBA? |-,

BA2
Y .

Proof. Suppose I' . v, and let B8 be an arbitrary model of I'®42. By Corollary
2.17, B, = T. Thus, B, = 7. Since B = (B)P42 we get that B | yBA2Z. As B was
arbitrary, we get I'B42 |= 4842 Conversely, suppose ['®42 |-, 4842 "and let A = T'. Then

QUBAZ |2 TBAZ oo BAZ 1= 4BAZ Hence (ABA2); = 4. As A = (ABA2),) we are done.

Thus, models of I and models of I'®4% are essentially the same. The following is now

obvious:

Proposition 2.19 Let I' be a set of L-sentences. Then I' has a model companion if
and only if T®A% has a model companion. If T' is model complete, then I'BA2 is model
complete. Finally, T admits quantifier-elimination if and only if TPA2% admits quantifier-

elimination.
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Proof. The first two claims are straight-forward. The last claim follows from the

observation that if ¢(z) is an £P*-formula, then Jzp(x) is equivalent to 3z (ST(z) A

@)V (0) V().
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Chapter 3

Boolean Indexed Models and

Intuitionistic Logic

3.1 Introduction

In defining 0B42%, we also defined the subset #®*. We begin by describing models of (BA
which have elements that are neither Boolean nor structural. We then produce some
basic properties satisfied by #B*. We then show that each model of )B4 has an associated
Kripke model, where the underlying poset corresponds to the Boolean algebra. Similarly
to the case for )B42, we introduce two new translations of each L-sentence ¢ to an LBA-
sentence. The first translation we name ©P*. In the presence of )B42, the sentences P42
and B4 are equivalent. The second translation we name . This second translation

is closely related to intuitionistic forcing.

3.2 Clean and non-clean models

The set (P4 does not contain the axiom So2. Thus, if 2 = (B4, there may be elements

in A that are neither Boolean nor structural.

Definition 3.1 Let 2 be a model of )B*.
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1. We call A clean if it satisfies So2. If A does not satisfy So2, we say it is non-

clean.

2. We call an element a such that A = —(ST(a) V BA(a)) chaff. We let CH(A)

represent the chaff of 2.

We begin by showing that in working with models of (B4, we may ignore the presence

of chaff.

Proposition 3.2 Suppose A = 0B~ Then A is the disjoint union of ST(A), BA(A),

and CH(A).

Proof. Clearly these sets union to A. By Sol, and the fact that « € CH(A) if and

only if 2 = = BA(a) A = ST(a), these sets are disjoint. -
With this, we give the following definition:

Definition 3.3 Let A = ()B4,

1. We set BA(RL) to be the model over language {M,, —, 0,1} with domain BA(A),

that is, BA(2L) is the model consisting just of the underlying Boolean algebra.

2. As all LB functions are only defined on ST(A)UBA(A), we let A° be the submodel

of A with domain ST(A) UBA(A).

Proposition 3.4 Let 2 |= 0B~ Then A° is the largest clean submodel of A, and A° |=

@BA )
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Proof. Clearly 2A° is clean. Further, if 2" C 2( is another clean submodel, then for
alla € A, = BA(a) vV ST(a). Thus 2 C A. As ()B4 contains only universal axioms,

the last claim follows. -

For a given model 2 = (B4 and an L£P”-sentence ¢, we let ¢° to be the usual
relativization of ¢ to the submodel 2°. For convenience, we reproduce the definition

below:

Definition 3.5 Define ©° as follows:

o [f p is atomic, then ©° is simply .

If p is iy NG, then p° is Y° N 6°.

If o is YV 0, then ¢° is Y° V 6°.

If pis i — 0, then ¢° is Y° — 6°.

If v is Az, then ¢° is Jz((ST(z) V BA(z)) A ¢°).

If @ is Vi, then ¢° is Vo ((ST(x) vV BA(z)) — ¢°).
The following result is obvious from this translation:

Lemma 3.6 For an L%*-sentence o, we have So2 b ¢ < ©° and b; p° < (¢°)o.
With this, we show how ¢ is related to ¢°.

Lemma 3.7 Let 2A = 0B, and ¢ be an LB*(A°) sentence. Then the following are

equivalent:

1. A E ¢
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2. A° = ¢
3. A° = .

Proof. 1 and 2 are equivalent by the usual properties of relativization. 2 and 3 are

equivalent by Lemma 3.6.

We now show that for our purposes, the submodel relation between models of )B4 is

essentially the same as the submodel relation between models of )B4 U {So2}.
Proposition 3.8 Let A and B be models of PBA.

1. If A embeds into B, then A° embeds into B°.

2. Suppose A° embeds into B°. Let € be the model extending B° with € = B° and

CH(C) = CH(A). Then A embeds into €, and € = B2,

Proof. Part 1 is obvious. For 2, 2 clearly embeds in €. The last claim follows from

the fact that B = @BA.

Thus, for models 2 and B of PB4, up to a minor change in the chaff of B, A embeds
into B if and only if 2° embeds into B°. In proofs that a model 2 embeds into a model
of a particular theory, it suffices to show that 2° embeds into a model of that particular
theory. This will prove useful in finding the universal Horn fragments of certain theories

extending ()BA.

3.3 Basic properties of Boolean indexed models

We now show some basic properties which are derivable from (BA. For tuples x and y

of the same length, we let [x = y] stand for [xg = yo] M ... N [x,1 = yn_1]-
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Lemma 3.9 The following are consequences of OBA.

1.

2.

10.

11.

12.

15.

14.

15.

16.

(E(IP, 1, 2)]) NE([P(x,92,2)]) — (1 = 5] 11 [P(x,91,2)] < [P(x, 92, 2)]).
(E(f(x91,2)) ABA([yr = 2])) = f(xm1 [y = 2], 2) = f(x, 021y = v2], 2).
ST(z y) — ([E(zy)] = [E()] My).

(ST(x) ABA(y)) = = [y = (« [ ([E(=)] M y)).

[E(x)] Qy —xly==x.

(E(f(x,..., 1)) ABA(y)) — f(zo, ..., xily, ..., Tno1) = f(x) [y
(E(f(zo, ..., Tno1)) AN <n BA(y:)) — f(xo o, -, Tt [Yn-1) = f(%) f|_|z-<n Y-
(ST(x) ABA(y)) — [P(xo,-- ., i [y, ..., zn—1)] = [P(x)] My

((E()] = 41 Uy2) A([E(z2)] = y1Uy2) A1 Tyr = 22 Tya) A1 [y2 = 22 [92)) —

(1 Tyr =z Tyn) A (1 [y = 22[92)) — 21 [ (Y1 Uy2) = 22 [ (1 U g2).
Exoy) — fxoy) = f(x)® f(y)

E(fx)[(yU2) = (fx)[(yU2) = (fx)[y) @ (f(x)]2).

Exey) = [Pxaey)] =[PE]U[PH)]

[E@)] =0— 7 = w.

ST(z) — 2Bz = 1.

Erxoy) »zdy=you.



31

17. (E(z®y) NE(y@ 2) NE(z @ 2)) = (2 By) @z=2 (y P 2).
Proof. For 1, by axiom Rs7, y1 [[y1 = v2] = v2[[va = y2]. Thus

[P((x,91,2) [ [y1 = v2])] = [P((%,92,2) [[1n = va])]-

By axiom Rsb, this is equal to [P(x,v2,2)] M 11 = vo] < [P(x,y2,2)].
2 follows from axiom Rs7 and Fn2.
3 is a special case of Rsb.
For 4, by Rs3 and Rs4, z [ ([E(x)] My) = (z[[E(z)]) [y = = [v.
For 5, o = 2| [E@)] = [ ([E@)] Ny) = 1.

For 6, by axiom Fn3, [E(f(zo,...,%i[y,...,2n—1))] <y. Thus,

f(an"'wri [y,.--,l'n_l):<f(1'0,---,1'1‘ rya"wxn—l)) fy:f(XTy) :f(X) [y

where the first equality follows from part 5, and the last two equalities hold by Rs6.
7 follows immediately from 6.

For 8, with Pr3 we have [P(zo,...,z;[y,...,2,—1)] <y, so that

[[P<x0a"'7xi Wr--ﬂ%—l)]] = [[P(IE(),...,I'Z‘ rya"wxn—l)]]'_ly

Using Rsb,

[[P($07-"7xiryv"-axnfl)]]I_ly: [[P(l"ofy;,ifz [yv"wxnfl [y)]]

. Again, by Rs5, this is equal to [P(x)] My.
For 9, we have that [x; = 23] My1 = [z1lyr = x2]w1] by Rsb. Similarly,
[21 = 2] My = [z1Ty2 = 22[w2]. Thus, (Jz1 = ] Ny) U ([r1 = o] Nya) =

[#1 = 2] N (y1 Uys) = [21 1 (1 Uye) = @2[(y1 Uya)]. But since 1 [ y1 = @2 [ 1,
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[x1 = @] Ny is [E(z1)] Myy. Similarly, [z1 = 23] Nys = [E(z1)] M ye. Thus,
[21 = @] T (1 Uy) = ([z21 = z]0y)U([z1 = 2] My) = ([E(z)] Ny) U
([E(x)] My2) = [E(z1)] M (y1 Uy2) = [E(z1)], where the first and third equality hold
by Balb. A similar argument gives us that [r; = 23] M (1 U y2) = [E(xs)]. Thus
x1 =z [[E(z)] = 21 [ 11 = 2] = 22 [ 11 = 2] = 9.

10 follows with part 9 applied to the elements z [ (([E(z2)] My1) U ([E(z2)] M y2))
and 3 [ ([E(z1)] M) U ([E(z1)] My2)).

11 follows with parts 2 and 6.

12 follows with 10.

13 follows with parts 1 and 8.

For 14, suppose we have [E(z)] = 0. Now, 0 = [x = @] MO0, since [x = w] is a
Boolean element. By axiom Rsb, [r = @w] M0 =[]0 = w[0]. But, by axiom Rs3
and Ex4, x [0 =z and w [0 = w. As aresult, [z[0 = w]0] = [r = w], so that

O=[z =w]. Thus,z=z[0=z]zr = w]=w|[z

I
&
I
g
o
i
g

For 15, note that E([E(x)]) implies E(z @ x), and [E(z @ z)] = [E(x)]. The result
then follows by part 9.

16 and 17 both follow with part 9. H
By Lemma 3.9, we have the following definition:
Definition 3.10 Let 2 = (B4,

1. If a and b are such that A |= E(a ® b), we say a and b are pieceable.

2. By parts 15, 16m and 17, if {a; : i <n} is a set of pairwise pieceable elements, we

write Bina; for ag® a1 D ... ap_1.
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3. For tuples a and b of the same length such that a; and b; are pieceable for all 7,

we write a d b for the tuple ag @ by, ..., 0,1 D by_1.

3.4 The associated Kripke model of a Boolean in-
dexed model
We show that for each Boolean indexed model there is an associated Kripke model.

Definition 3.11 Let 2 be a Boolean indexed model.

1. For p € BA(A), recall that A, is the set {a € ST(A) : p=[E(a)]}, that is, the

set of elements that have extent p.

2. For p € BA(A), we set U, to be the L-structure on domain A, as follows:

e For every nullary predicate P, set A, = P if and only if A = p < [P].

e For every atom of positive arity P(to(x),...,t,—1(x)) in L anda € A,, A, =
P(to(a),...,t,—1(a)) if and only if A = [P(to(a),...,t,—1(a))] = p. Again,

note this includes the functions [z = y]| and [E(x)].

e For every function f(x) in L and elements a,a’ in Ay, set U, = f(a) =d’ if

and only if A = f(a) =d.
We call this structure the node structures at p.

3. Given p,q € BA(A) with ¢ I p, we define a map 7 : A, — A, by 7P(a) = alq.
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We defined A, to be set of elements that have extent exactly equal to p so that if
q < p, then the map 7% sends elements a € A, to a unique image in A,. We now prove

that these maps act as functors.

Lemma 3.12 Let A = 0B*. For every p € BA(A), b is the identity map, and if

r < q dp, then w}onh = wL. Further, each 7wl is a morphism.

Proof. The first two claims follow from Rs3 and Rs4. Suppose 2, = P(a), where
a € Ap. Then 2 = [P(a)] = p. By Rs5, % |= [P(alq)] = ¢q. Thus, &, = P(xf(a)).
Further, if A, = f(a) = d/, then A = f(a) = a’. By Rs6, A |= f(alq) = a' [ ¢. Thus,

Before describing the associated Kripke model, we include one last result on the

morphisms 5.

Lemma 3.13 Let A |= 0B, and let p € BA(A), and suppose A = qUr = p. Then the
map (7P, 7P) : A, — A, x A, is an embedding. Additionally, if g r =0, then (7P, 7P)

g’ 'r q’"'r

18 an isomorphism.

Proof. By Lemma 3.12, it suffices to prove that for a set of elements a € A,, if

&, x A, = P((n?,7P)(a)), then A, = P(a). Thus, suppose 2, x 2, = P((7?,7F)(a)).
Then A, = P(alq) and A, = P(a[r). Thus, A = [P(alq)] = ¢ and A |= [P(a|r)] =
r. With Rs5, 2 = ¢ < [P(a)] and 2 = r < [P(a)]. As [E(a)] is a Boolean element,
we have that p = ¢Ur < [P(a)]. Since [E(a)] = p, we have that 2 | [P(a)] = p.
Thus A, = P(a). A similar argument applies to atoms of the form f(a) = b. Finally, if

qMr =0, then the embedding is clearly onto, so it is an isomorphism.
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We are now ready to define the associated Kripke model K ()~ for a Boolean
indexed model . For a definition of Kripke models, see [14, pages 77-80]. The un-
derlying poset of K ()~ is BA(A) \ {0}, with p < ¢ if and only if 2 = ¢ < p. Above
each Boolean element p is the structure 21,. For all p < ¢ we have the morphism 2.
We note that the poset ordering < has the reverse ordering of <, so that there is a
morphism which sends us from A, to ,. As a consequence, for an atomic sentence ¢
over L£(A,), we have p |-d if and only if 2, |= §. Note that in our formulation, rather
than equality being a congruence relation, it is true equality. This is different from the
common intuitionistic use of equality just as a congruence relation. This is a standard
variation on the definitions of [14, pages 77-80].

For technical reasons, we expand this Kripke model as follows: expand the underlying
poset to all Boolean elements, including 0. Above 0, we put the structure 2y, which has
domain {w}, and 0 |0 for all atoms J, including L. We name this expansion K ().

This expansion is minimal by the following:

Proposition 3.14 Let 2 = 0B, and let p € BA(A) with p # 0. Let ¢ be an L(A,)-

sentence. Then (K(20)~,p) | if and only if (K (), p) |Fe.

Proof. We proceed by induction on the complexity of ¢. The only non-trivial cases
are for implication and universal quantification. For implication, let ¢ be ¥ — 6, where
the result holds for ¢ and 6. Suppose (K(2A),p) |F¢. Then for any ¢ > p where
(K(20), ) |-, (K(20),q) |F0. Then for any g # 0 with p < g, if (K(2)",q) [0, then
(K()7,q) |F0. Thus (K ()™, p) |Fe. For the other direction, suppose (K ()™, p) |F¢,
and let p < ¢q. If ¢ # 0 and (K (), q) |-, then by induction we get (K(2),q) |F6. If

g =0, then (K(20),0) [FL. So (K(2),0) |F. The case for universal quantification is
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also straightforward.

3.5 Translations to the associated language

For an L-formula ¢, we have already introduced a translation of ¢ to an £BA-formula
©PA2_ In that context, a true sentence is associated with the Boolean element 1, and a
false sentence is associated with 0. However, in a model with a larger Boolean algebra,
there may be many different Boolean elements. Further, we can have structural elements
which have an extent properly between 0 and 1. In the context of §B*, the translation

©PA2 is no longer sufficient, as we can have sentences which do not have a truth value of

1, but also do not have a truth value of 0. We must generalize the translation P42 to
a translation that will take into account that there are many different Boolean values.
We associate with a given sentence the set of Boolean elements which in some sense
live below that sentence. We accomplish this with two new translations. One is B4,
which is obtained as follows: we introduce a translation of the form y < [¢], where y

is thought of as a Boolean element below ¢. The translation ¢ then is defined as

1 < [¢]. The other translation, B4, is related to the Kripke models of the last section.

3.5.1 The Boolean translation

We first introduce the notation y < [¢], where y is a Boolean element and ¢ is an
L-formula. In the next chapter, we shall show that the elements y that satisfy y < [¢]
form an ideal. We then introduce the translation ¢P* based on this notation. This

translation is a generalization of P42,
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Definition 3.15 Let ¢ be an L-formula.

1. We define y <° [p] for all L-formulas ¢ inductively as follows:

For an atomic sentence @, which is of the form P(t), define y <° [P(t)] as

yM[P(t)] =y. Again, this includes the functions [x = y] and [E(z)].
e For conjunction: y <° [ A ] is defined asy <° [o] Ay <0 [u].

e For disjunction: y <° ¢ V 9] is defined as Jyi, yo((y1Uy2 = y)Ayr <O [@] A
y2 <0 []).

e For implication: y <° [ — ¢] is defined as Vz((z < y Az <Y [p]) —
z <% [¥]) (note that = < y is already defined for Boolean elements as

2Ny = 2).

e For the existential case: y <° [Fwp(x)] is defined as Ix([E(x)] = y A
y 2 [e@)])-

o For the universal case: y <° [Vap(z)] is defined as Va(([E(x)] < y) —
[E()] <° [@()]) (note that [E(z)] Dy is defined as [E(z)] My = [E(z)],

as [E(x)] is a Boolean element).
2. We define y < [p(x)] as y <° [p(x)] ABA(y) AN, -, ST(z;).

We include the last two conjuncts in the definition of < so that a sentence cannot be
made vacuously true by putting elements of the incorrect sort into the various predicates
and functions. This definition might seem unnecessarily cumbersome. For example, it
appears as if we could have defined y <° [p — ] as y M [¢] <Y []. However, we do

not know that, for arbitrary £-formulas ¢, that [¢] is a Boolean element. In section 7.3,
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PBA and formulas ¢ such that [¢] is indeed not a Boolean

we show there are models of
element. In the next chapter we describe in more detail formulas where [¢] is a Boolean
element. We also show in section 7.4 such contexts where [¢] is a Boolean element for

every L-formula ¢.

We can now define our translation P4,

Definition 3.16 1. For an L-formula o, we define p®* to be the LBA-formula

1< gl
2. For a set of L-sentences I', we define TB* to be the set {yPA 1y € T} UPBA,

The use of < is sometimes cumbersome, as it requires us to verify that all elements
are of the correct type. That is, in order to show that 2 = p < [¢(x)], we have to
verify that p is a Boolean element and x are all structural elements. With this in mind,
we introduce a translation <! which is similar to <. We show below that <! and <
are equivalent, but <! is easier to verify than <. In the next chapter there are many
results which, given various assumptions, have as a conclusion y < [¢]. In such cases it

is easier to prove y <! [¢] than y < [¢].
Definition 3.17 We inductively define y <' [o] as follows:

e For the atomic, conjunction, disjunction, and existential case, we define y <* [¢]
the same way as y <° [¢].

e For implication: y < [p — ] is defined as BA(y) A N\, ST(z;) AVz((2 < y A
24 o)) — = <M [¥]).

o For the universal case: y <' [Vap(z)] is defined as BA(y) AVz(([E(z)] < y) —

[E(@)] < [¢()])-
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We now show that the translations y < [¢] and y <! [¢] are equivalent.
Lemma 3.18 Let ¢ be an L-formula. Then 0B* ; y < o] < v <! [¢].

Proof. It is straightforward to show that 03 ; y < o] — v <! []. Thus, it
suffices to show 0BA F; y < [p] — y < [¢]. Now, as y < [¢] is defined y <°
[¢] ABA(y) A A, ST(2;), we must show that y <' [] implies BA(y) A A,_,, ST(z;).
Thus, suppose y <! [¢]. We proceed by induction on the complexity of .

Suppose ¢ is atomic. Then ¢ is of the form P(t). Then y <! [¢] is y M [p] = y. By

axiom Ba3, that means that BA(y) A BA([¢]). By Prl, we get A,_ ST(x;).

i<n

We now suppose the result holds for ¢ and ~.

Suppose ¢ is ¥ A y. Then y <! [¢] is interpreted as y < [v] Ay <' [y]. By
induction, we get BA(y) A A,_,, ST(;).

Suppose ¢ is V7. Then y <! [¢] is interpreted as Jyi, yo(y1 Uys = yAy; < o] A
y» <' [0]). By axiom Bad, we get BA(y). By induction, we also get A,_, ST(z;).

Suppose ¢ is ¢ — . Then y <' [¢] is interpreted as BA(y) A A,_, ST(z;) A
Vz((z 4 yAz < e]) — 2z Q' [¢]). Clearly then BA(y) A A,.,, ST(x;) holds.

Suppose ¢ is Vaip. Then y <! [p] is interpreted as BA(y) A Vz(([E(z)] < y) —
[E(x)] <' [p(x)]). Clearly BA(y) then holds. Now, as 0B ; [E(w)] = 0 < y, by
supposition, we get that [E(w)] = 0 <! [(w)]. By induction, 0 < [¢] holds. Thus, we
get that PB4 H; A,_,, ST ().

Finally, suppose ¢ is Jx1). Then y <' [¢] is interpreted as Jz([E(z)] = y A
y <! [¢(x)]). By axioms Prl and Pr2, we have that BA([E(z)]), hence BA(y) holds.

Since y <! [¢(x)], by induction we get 084 =; A,_ ST (z;).

<n
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Thus, we get that y < [¢] and y <! [¢] are equivalent. In general, we use the
notation y < [¢], but prove y <! [p]. The usefulness of <! will become clear in the
next chapter.

Since - is ¢ — L, the formula y <° [-p] becomes Vz((z < y Az <0 [¢]) —
z < [L]). In the presence of §BA [L] = 0, so that PB4 proves that y <° [—¢] is
equivalent to Vz((z <y A 2z <° [¢]) — 2 = 0).

We now show that P4 is a generalization of the translation pPA2:
Proposition 3.19 Let ¢ be an L-formula. Then (B2 -; pBAZ s pBA,

Proof. Use that 0 and 1 are the only Boolean elements.

3.5.2 The Kripke translation

We now introduce the notation y < [¢] similar to y < [p]. We then define the
translation pB* based on this. This translation is essentially identical to intuitionistic

forcing as discussed in 3.4.

Definition 3.20 1. We define y <% [¢] for all L-formulas inductively as follows:

For an atomic sentence @, which is of the form P(t), define y <% [P(t)] as
ypPe)] =y

e For conjunction: y <% [ A ] is defined as y <% [¢] Ay <% [].

For disjunctions, we define y <% [V ¢] as y <% [p] Vy <% [].

For implication: y <% [o — o] is defined as ¥Vz((z < y Az <% [¢]) —
z k. WD
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e For the emistential case: y <% [Fzp(z)] is defined as Fz([E(z)] = y A
y <k le@)]).
o For the universal case: y <9 [Vzo(z)] is defined as Vz(([E(z)] < y) —

[E@)] <% [v@)]).
2. We define y i [o(®)] as y <% [p(O] A BA() A A, ST(@1).
3. For an L-formula o, we define ©®* to be the LEA-formula 1 <k [¢].
4. For a set T of L-sentences, we define TBA to be the set {yBA 1 € T} U (BA,

We note that the only difference between < and i came in the disjunction case.
When defining forcing in a Kripke model, one of the main differences comes in the
universal case. However, we defined y < [Vzp] to say that if an element lives below
y, the extent of that element is below the extent of ¢ when that element is substituted
in . Thus, our definition of y < [Vzy] already matches the definition of forcing. We
demonstrate this below.

With this we get the following result:

Proposition 3.21 1. Let ¢ be an L-sentence in which disjunction does not occur.

Then y <k [¢] and y < [¢] are the same formula.

2. Let T be a set of L-sentences such that disjunction does not occur in any v € T'.

Then T'BA = I'BA,

Proof. Part 1 follows from the definitions of <y and <. Part 2 follows from part

1.

We now show that B4 is also a generalization of the translation @PA2:
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Proposition 3.22 Let ¢ be an L-formula. Then (B2 -; oBAZ s oBA
Proof. Again, this follows from the fact that 0 and 1 are the only Boolean elements. -
We now explicitly show how <g relates to intuitionistic logic:

Proposition 3.23 Let A = 084, p € BA(A), and ¢ an L(A,)-sentence. Thenp <y [¢]

if and only if (K(2),p) |-¢.

Proof. The forcing definition in [14, pages 77-80] and the inductive definition of <k
are essentially the same. The result then follows by a straight-forward induction on the

complexity of ¢.
We get an immediate corollary:

Corollary 3.24 Let T'U {p} be a set of L-sentences, with T ; . Then T'BA .1 <k

[l

Proof. First, [P I, 1 <y [y] for all ¥ € I'. By Proposition 3.23, 1 |-+ for each 7.
By Kripke’s completeness theorem, 1 |-¢. Again, by Proposition 3.23, B4 . 1 <y

[].

Thus, Jj preserves intuitionistic derivability. In section 7.2, we will show that <J

also preserves intuitionistic derivability. This proof is not as straightforward.
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Chapter 4

Point Models and Universal Horn

Fragments

Let ' be a set of universal £-sentences. For each v € T', we have that P4 is equivalent
to a universal Horn sentence over @BA. If ¢ and 6 are universal £-sentences, then 1)
and @ are classically equivalent if and only if ¥4 and %4 are classically equivalent over
()BA . Further, we show that I'®A2 is a universal theory, and the universal Horn fragment
(TBAZ)yy of I'PA? is axiomatized by I'BA. Also, TBA and (I'yy)B* axiomatize the same

theory. In particular, the universal Horn fragment of ()BA2

is axiomatized by simply
removing the axioms Bal8 and So2.

We do this by first proving some technical lemmas which show that each L-formula
has a corresponding ideal on the Boolean algebra. We introduce a generalization of the

node structures 2A,. With this, we are able to show that if I' and A are IIJ theories

which are classically equivalent, then I'BA and AP? are classically equivalent.

4.1 Local and pointwise truth of L-sentences

For an L-sentence ¢, we consider two ways in which ¢ can be true in a model 2 of

@BA. The first is of the form p < [], which we call local truth over p. The second is
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of the form 2, = ¢, which we call pointwise truth at p. We begin by showing that for
an L-sentence, local truth corresponds with ideals on the underlying Boolean algebra.
Next, we generalize the notion of pointwise truth from elements of the Boolean algebra
to filters on the Boolean algebra. Finally, we connect local truth of II3 formulas with

their pointwise truth.

4.1.1 Local truth of L-sentences

Before showing that L£-formulas correspond to ideals on the Boolean algebra, we need

to develop some properties. We first introduce a new notation:

Definition 4.1 1. Let ¢ be an L-formula. Then we write z < [p(z [y)] for the

substitution z < [ (x)] [z/(x [y)].

2. Let ¢ be an L-formula. Then we write z < [p(xz @ y)]| for the substitution z <

[o(@)] [#/(z @ y)].

Note that Definition 4.1 may lead to ambiguities if the restriction function symbol
x [y or the piecing together function symbol x & y already occur in £. In our context,

we will not encounter this problem.

Lemma 4.2 Let o(x) be an L-formula. Then 0B2 +; 2 <y — (2 < Je(x)] < 2z K

[e(xTy)]).

Proof. We proceed by induction on the complexity of . If ¢ is atomic, then the

result holds by Rsb and Rs6.
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Suppose ¢ is ¥ A 6. Then z < [p(x)] means that z < [i(x) A O(x)], or z < [(x)]
and z < [0(x)]. By induction, this holds if and only if z < [(x [y)] and 2z < [0(x[y)],
or = 4 [p(x )],

Suppose ¢ is ¥ V 0. Then z <Q [p(x)] is interpreted as Iz, 2z2(21 U 29 = 2 Az <
[v(x)] A z2 < [0(x)]). Now, 23 < y and by induction, z; < [¢(x)] if and only if
z1 9 [w(x[y)]. Similarly, zo < [0(x)] if and only if z5 < [#(x[y)]. Hence, this is
equivalent to 321, 29(2z1 U zo = 2 A 21 S [(x[y)] Az < [0(x[y)]). Thus, z < [p(x)] is
equivalent to z < [p(x[y)].

Suppose ¢ is ¥ — 6 and z < y. Note that if z < [p(x)] holds, then BA(z) A
Ni<,, ST(x;) also holds, and z < [p(x[y)] implies the same. Now, z < [p(x)] is
z < [¢(x) — 0(x)], which, by the discussion above, becomes YVw < z(w < [¢(x)] —
w < [0(x)]). Then w < z implies w <y, so by induction, this holds if and only if Yw <
z(w < [oxTy)] — w < [0(x[y)]). Thus, z < [e(x)] is equivalent to z < [p(x[y)].
Note, as =) is defined as ¢ — L, this case shows the Lemma holds when ¢ is —).

Suppose ¢ is Vzip(z) and z < y. Again, note that z < [p(x)] implies BA(z),
as does z < [p(x[y)]. Then, as in the implication case, z < [Vxi(x,z)] becomes
Va([E(2)] 9 2 — [E(x)] < [¢(x,2)]). Now, [E(z)] < z implies [E(z)] <y, so by
induction, this is equivalent to Vz([E(z)] < 2z — [E(z)] < [e(x[y,z[y)]). Thus,
z < [p(x,x)] is equivalent to z < Jo(x [y, z [y)].

Finally, suppose ¢ is Jz¢)(z). Then z < [p(x, z)] translates to Jz([E(x)] = 2 A 2z
[ (x,2)]). By induction, this is equivalent to Jz([E(x)] = z A z < [v(x [y, 2 [y)]), so

that z < [p(x,x)] is equivalent to z < [o(x [y, z [y)]. -

We get two corollaries from this result:
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Corollary 4.3 0BA ; y < [p(x)] < y < [o(x]y)]

Proof. Obvious from Lemma 4.2.

Corollary 4.4 Let 2 be a model of 0B, o(x) an L-formula, and suppose a, b and p

are elements such that A =b[p=alp. Then A = p < [p(b)] < p < [¢(a)].

Proof. By the previous corollary, p < [¢(a)] if and only if p < [p(a[p)] if and only

if p < (b p)] if and only if p < [p(b)].

We now show that < as a Boolean relation and < as a relation between Boolean

elements and extents of formulas are compatible.
Lemma 4.5 Let ¢ be an L-formula. Then 0BA F; z Ay Ay < o] — 2 < [o].

Proof. We proceed by an induction on the complexity of ¢. If ¢ is atomic, then
y < [¢] means that y M [¢] = y. Since zMy = z, we have z M [¢] = (zNy) M [¢] =
2N (yM[p]) = 2Ny =z, so that z < [¢].

Suppose ¢ is Y A 0. Then y < J¢] is y < [ A0], so y < [¢] and y < [0]. By
induction, if z <y, then z < [¢] and z < [0], so z <[4 A 0].

Suppose ¢ is V. Then y < pisy < [ V 0], which translates to there exist y; and
y2 such that y; Uy, =y and y; < [¢] and yo < [#]. Suppose z <y, and let y; = y; M2
and y5, = y2 M z. Then y; < y; and y, < ys, so, by induction, y; < [¢] and v} < [6].
Further, y; Uy} = z by axiom Bal5. Thus z < [¢ Vv 6].

Suppose ¢ is 1 — 6. First, note that z <y Ay < [p] implies BA(y) A A,_,, ST(z;).

So y < [¢] becomes Yw < y(w < [¢] — w < [A]). Suppose that z < y. We need to
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show that z 9 [¢], that is, Vw < z(w < [¢] — w < [0]). Now, if w < z, then certainly
w <y. Soif w <[], then w < [0]. Thus, z < [¢].

Suppose ¢ is Vi) (x). Again, note that z < yAy < [¢] implies BA(y). Then y < [¢]
becomes Va([E(z)] <y — [E(z)] < [¢(x)]). We need to show that Va([E(z)] < z —
[E(x)] < [¢(x)]). If z <y, and if x is such that [E(z)] < z, then [E(z)] < y. By
supposition, z < [¢(z)].

Finally, suppose that ¢ is 3xt)(z). Then y < [¢] translates to Jz([E(z)] =y Ay <
[ (x)]). If = is such an element, then by induction, z < [¢(x)]. By Corollary 4.3, this

implies that z < [[¢(x [ 2)], and so z < [Fzy(x)].

We now show that, for an L£-formula ¢, the set of Boolean elements that are below

the extent of ¢ is closed under join.
Lemma 4.6 If ¢ is an L-formula, then 0B* F; y Qo] A2 D [¢] — y U2z < [o].

Proof. We again proceed by induction on ¢. If ¢ is atomic, then [¢] has a Boolean
value, so that the result is obvious.

If v is ¢ A0, and both y < [¢] and z <[], then y < [¢], 2z < [¢], y < [0] and
z < [0], so by induction, y Ll z < [¢] and y Lz < [0]. Thus y U z < [¢p A 6].

If o is ¢ VO, and y < [¢], there exist y;,y2 such that y = y; Uya, y1 < [¢], and
yo < [0]. Let 21,2y be similar elements for z. Then, by induction y; U z; < [¢/] and
yo U 2o < [o]. Then yy Uz Uys Uzo =y U2z <[ VA

If o is ) — 6, then y <[] A z < [¢] implies BA(y) A BA(2) A A,_,, ST (z;). Now,
suppose y < [¢] and z < [¢]. Let p < yU 2z, and suppose p < [¢0]. Then, pMy < p, so,
by Lemma 4.5, pMy < [¢]. Since y < [¢], we have that pMy < [0]. Similarly, we have

that pMz < [¢]. Thus, by induction, (pMy) U (pMz)=p <[], so y Uz < [¢].
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If ¢ is Vat)(z), then, again, y < [¢] A z < [¢] implies that BA(y) A BA(z). Now,
suppose y < [¢] and z < [¢]. Let a be an element such that [E(a)] <y U z. Now, we
have that [E(a|y)] < [¢(aly)] and [E(al2)] < [¥(al2)] by Lemma 4.5 and Corollary
4.3. By Corollary 4.3, we have that [E(a)] My < [¢(a)] and [E(a)] Nz < [¢(a)]. By
induction, we have that ([E(a)]Ny)U([E(a)]Mz) = [E(a)] < [¢(a)], and so yLz < [¢].

Finally, suppose ¢ is Jztp(z). If both y < [¢] and z < [¢], then there exists a
where [E(a1)] = y and y < [)(a;)], and a similar element a» where [E(a2)] = 2 and
2 < [p(ay)]. Let a be the unique element where [E(a)] = y U (21 —y), and a [y = a;
and a | (M —y) = as, that is @ = (a1 [y) ® (as [ (—yMz)). Then [E(a)] Ny < [¢(a)] and
[E(a)] (2N =y) < [¢(a)]. By induction, ([E(a)] My)U([E(a)] M (zM—y)) = [E(a)] <

[¢(a)]. Thus y Uz < [e].

Next we show that, in some sense, we can piece together pieceable formulas.

Corollary 4.7 Let 2 | (B4, and let a,b € ST(A), p,q € BA(A), and ¢ be an
L(ST(A))-formula. Suppose p < [p(a)], ¢ < [¢(b)], and a and b can be pieced to-

gether. Then pllq < [p(a@®b)].

Proof. By Corollary 4.3, we have that p < [p(a@® b)] and ¢ < [p(a® b)]. By

Lemma 4.6, we have that p U ¢ < [e(a® b)]. -

We now show that for any L-sentence ¢, we have that 0 is below the extent of (.

Lemma 4.8 Let p(x) be a L-formula. Then 0B2 = \._ ST(z;) — 0 < [o(x)].

<n
Proof. We suppose A\,_, ST(x;). We proceed by induction on the complexity of ¢.

Now, by Corollary 4.3, 0 < Je(x)] if and only if 0 < [p(x[0)], so we may assume all

elements appearing in ¢ are copies of w.
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If ¢ is atomic, then [¢] is a Boolean element, so 0 < [¢].

If ¢ is ¢ A 0, where 0 <[] and 0 < [6], then 0 < [ A 4].

If pis ¢ V6, where 0 < [¢p] and 0 Q [6], then 0 < o Vv 4].

If pisy — 0, and if y <0 and y < [¢], then y = 0, so by induction, y < [6].
If v is Vaip(z), then, by induction, 0 9 [¢(w)], so 0 < [V (x)].

Finally, if ¢ is Jz(z), then by induction, 0 < [¢(w)], so 0 < [Fxp(z)].

Definition 4.9 Recall that in a Boolean algebra A, an ideal is a subset I C A such

that:
e 0c 1.
o Ifpel and q Jp, thenq € 1.
e Ifpqgel, thenplqel.
Combining Lemma 4.5, Lemma 4.6, and Lemma 4.8, we get the following result.

Theorem 4.10 If A = 0B* and ¢ an L(ST(A))-sentence, then {p : A= p <[]} is

an tdeal.

Thus, L-formulas correspond to ideals on the underlying Boolean algebra. This

allows us to express certain properties involving local truth in terms of ideals.
Definition 4.11 Let 2 = (B4,
1. Suppose p € BA(A). Then (p] is the principal ideal {q € BA(A) : ¢ < p}.

2. For an L(ST(A))-sentence ¢, with Lemma 4.10, we denote the ideal of Boolean

elements q such that A = q < [¢] as (¢].
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3. If ¢ and ¢ are L(ST(A))-sentences, then we write [p] < [¢] for (¢] C (¥].

4. If p € BA(A), then we say [¢] = p if (¢] = (p]. So A = [¢] = p exactly when
A EVe(z D p] & 2z dp).

As we shall see in section 7.3, (¢] need not be a principal ideal. We give a charac-

terization of when an L-formula corresponds with a principal ideal.

Definition 4.12 Let ¢ be an L-formula. We define [o(x)] <y as Vz(z < [p(x)] —

2 4y) A Nie, ST(23).
The following proposition easily follows from the above definitions.

Proposition 4.13 Let A = (0B and ¢ be an L(ST(A))-sentence. Then A = p = [¢]

is equivalent to A = p <[] A [¢] < p.

We now provide some explicit correspondences between L-formulas and ideals.
Proposition 4.14 Let ¢ and ¢ be L(ST(A))-sentences, and p € BA(A).

1. A = p <[] if and only if (p] C (@] if and only if p € (y].

2. A k=[] < p if and only if (] C (p).

3. (] C (] if and only if A = [p — Y] = 1.

Proof. For 1, suppose p < [¢]. By Theorem 4.10, (p] C (¢]. Now suppose (p] C (¢].
By the definition of (p] we have p < [p]. 2 immediately follows from the definition
of [¢] < p. For 3, suppose (¢] C (¢)]. We need to show that 1 < [ — ¢]. Suppose

g <1Aq <[] Since (¢] € (1], we have that ¢ € (¢)]. By part 1, this implies that
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q < [¥]. Conversely, suppose 1 < [ — ¢]. Thus, for all ¢ < 1, if ¢ < [¢], then

q < [¢]. By part 1, this implies that (¢] C (¢].

We now discuss, for a model 2 = B4 and an £(ST(A))-sentence o, when (¢] is a

principal ideal.

Definition 4.15 1. We call an L(ST(A))-sentence ¢ whose ideal is principal over A

a discrete sentence. FEquivalently, ¢ is discrete if A = [¢] = p for some p in

BA(A).

2. For an LB*-formula 0(x) and a discrete sentence o, we define O([o]) to be 6(p),

where (] = (p].

For discrete sentences, we can interchange [¢] and the Boolean element which gives

the same principal ideal. Below are some illustrations of its use.

Lemma 4.16 Let 2 be a model of 0B~. Then the set of L(ST(A))-sentences ¢ that are

discrete is closed under conjunction, disjunction, and implication.

Proof. Suppose ¢ is A0, where p = [¢)] and ¢ = [#]. Then pfg = [¢» A 0]: certainly
pMq < [vp AG]. For the other direction, suppose r < [ A ¢]. Then r < [¢] = p and
r <[] = ¢, so that < (pMq). Thus [p A¢] I pNyg.

Suppose ¢ is ¢ V 0, where p = [¢] and ¢ = [0]. Then pUq = [¢p vV O]: clearly
pUq < v Vv 0] by Lemma 4.5. For the other direction, suppose r < [¢ V 0]. Then there
exists ry,ry such that r < [¢] = p, ro < [0] = ¢, and r; Ury = r. Since r; < p and
ro g, thenr =r; Ury Iplq.

Finally, suppose ¢ is ¥ — 6, where p = [¢)] and ¢ = [0]. We show that (—p) U

q=[v—10]. First, (—p) Uq < [ —=0]: if r < (—p)Uq and r < [¢], then r <
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((=p)Uq)Mp=pMygq,so that r < [#] by Lemma 4.5. For the other direction, we show
that [t — 0] < (—p) U q. Suppose r < [¢p — 0]. Then Vs < r(s < p — s < ¢q). Let
s=7rM(pM(—q)). Then s < r and s < p. Thus, s < ¢q. But since s < (—¢q), we have

that s =0. Thus 7N (pM (—¢q)) =0,s0 r < —(pM(—q)) = (—p) Ugq.
We get two immediate corollaries from this Lemma.

Corollary 4.17 Let A |= 0B and ¢, ¢ be L(ST(A))-sentences. If p and 1 are discrete,

then [ Al =[] N [Y] [e Vo] = [l U [¥], and [ — ] = =[] U [¢].
Proof. Immediate from the proof of Lemma 4.16.

The second corollary shows that the set of discrete sentences is nonempty.

Corollary 4.18 Let A |= 0BA. Then its set of discrete sentences contains all quantifier-

free sentences.

Proof. If ¢ is atomic, then by Pr2 [¢] is a Boolean element. Since quantifier-
free sentences are created from conjunctions, disjunctions, and implications of atomic

sentences, we are done by Lemma 4.16.

4.1.2 Pointwise truth of L£-sentences

In order to discuss pointwise truth, we first review some standard properties of filters

and ultrafilters on Boolean algebras.

Definition 4.19 1. Recall that in a Boolean algebra, a filter is a subset F' C BA(A)

such that:
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o lcF.
o I[fpe Fandp <q, thenq € F.

o [fpeFandqe F, thenplqe F.
2. A filter is a proper filter if 0 ¢ F. In our contezt, all filters are proper.

3. An ultrafilter U on BA(A) is a filter such that for all u € BA(A), either u € U

or —ueU.
4. If A = OB we let Uy be the set of all ultrafilters on BA(A).
5. A prime filter is a filter such that if vilu € U, thenv € U oru e U.
6. For an element p € BA(A), we define [p] = {U e Uy : p € U}.

In our context, prime filters and ultrafilters are identical, for suppose U is an ultra-
filter, and suppose v Uu € U, and v ¢ U. Since U is an ultrafilter, —v € U. Thus
(—v) M (vUu) = (—v)Nu € U, so that u € U. Conversely, suppose U is a prime filter.
Then u U —u =1 € U, so that either u € U or —u € U.

It is a well known result that for each nonzero Boolean element p, there exists an

ultrafilter containing p. For the reader’s convenience, we include the following Lemma:

Lemma 4.20 Let A = 0B with p, ¢ € BA(A). If p 4 q, then there exists U € Uy

such thatp € U and q ¢ U.

Proof. If p 4 ¢, then pM —¢ # 0. So there is U € [pM —¢q]. Then p € U and q ¢ U.

Now, the sets [p] for each p € BA(A) form the basis of a topology on Uy. We now

reproduce some fundamental properties of that topology.
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Lemma 4.21 Let 2 = 0BA. Then the topology on Uy with basis {[p] : A = BA(p)} is a

compact, 0-dimensional, Hausdorff space.

Proof. Assume we have elements P C BA(A) with ,cp[p] = [1], but no finite
subset of the p; cover the space. That is, for every subset F' € [P]<¥, we have that
Uperpl = Uyerlpl # [1]. Thus, [],cr—p # 0, otherwise | | ..p = 1. Hence, the
collection {[—p] : p € P} has the finite intersection property, so there is an ultrafilter U
which contains each of —p for p € P. But then U ¢ |J,p[p|] = [1], a contradiction.

Since both [p] and [—p| are basis elements of the topology, it is clearly 0-dimensional.
Finally, let Uy, Uy be distinct ultrafilters in Us. So we may suppose there is p € BA(A)
such that p € Uy and p ¢ Us. Since Us is an ultrafilter, we must have that —p € Us.

Thus U; € [p] and U, € [—p]. As [p] and [—p] are disjoint, the space is Hausdorff. -
For a model 2 |= 0B we now relate filters on BA(A) to structural elements.

Definition 4.22 Let 2 |= 0B, and let F be a filter on BA(A).

1. For elements a,b € ST(A) we define a ~p b if there ezxists p € F such that
A E [a=0b] = p. For tuples a,b of length n, we say a ~p b if a; ~p b; for all

1< n.
2. We define ST(A)r to be the set {a € ST(A) : A = p = [E(a)] for somep € F}.

One easily sees ~p is an equivalence relation on ST(A)pg: it is clearly reflexive and
symmetric. For transitivity, suppose a ~r b and b ~p ¢. Then 2 = [a = b] = p and
AE[p =] =qwithp, geU. Then A EpMqg <fa = ¢]. Since F is a filter and
pq € F, we have that [a = ¢] € F, so a ~p ¢. This allows us to make the following

definition.
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Definition 4.23 1. We define Ap to be the set of equivalence classes of elements on
ST(A)r modulo ~p.

2. If a € ST(A)r, we write ar for the equivalence class of a in Ap.

Note that an element a € ST(A) is in an equivalence class if and only if a € ST(A)p.
In particular, w is not in any equivalence class in A for any filter F.

We are now ready to introduce point models.
Definition 4.24 We define a point model Az as follows:

o The domain of A is Ap.

e For a predicate P(x) and elements ap € (Ap), we define Ar = P(ar) if there

exists p € F' such that A = [P(a)] = p.

e For a function f, and elements ap, b, we define Ay |= f(ap) = b if there exists

p € F such that A |= [f(a) = b] = p.

Note that for a sentence ¢ over L(ST(A)r), we have [] € F if and only if there exists

p € F such that A = [¢] = p. We now show that the above definition is consistent:

Lemma 4.25 Let A = 082, and let F be a filter on BA(A).
1. Suppose a,b € (Ar) with a ~p b. Then [P(a)] € F if and only if [P(b)] € F.

2. Suppose a,a’ € (Ap) witha ~p a’, and b,b' € Ap withb ~p b'. Then [f(a) =b] €

F if and only if [f(a') =V] € F.
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Proof. For part 1, suppose [P(a)] € F. Let p=[a = b]. Since p € F, pM[P(a)] €
F. By Corollary 4.4, we have that pM[P(a)] < [P(b)]. Since F is a filter, we have that
[P(b)] € F. The reverse direction is similar.

For part 2, suppose [f(a) =0] € F. Let p = [a = a'] and ¢ = [b = V], with p,
q € F. Then pfign[f(a) =0b] € F. By Lemma 3.9.2, we have that prign[f(a) =0] <

[f(a") =¥]. Thus [f(a") =] € F. The reverse direction is similar. -
We now show that point models generalize node structures.

Proposition 4.26 Let A = 0B, and let F be a filter on BA(A). If F is a principal

filter with generator p, then Ap = A,.

Proof. One easily shows that the mapping f : Ap — A, defined by f(ar) =alpis

well-defined and an isomorphism. -

Let 2 = )B4 F a filter on BA(A), and ¢ an £(ST(A)r)-sentence. Then ¢ is called
a positive F-sentence if [p] € F implies Ar = ¢, and ¢ is called a negative F-
sentence if Ap |= ¢ implies [¢] € F. For the remainder of this subsection, we consider

only the case where F'is an ultrafilter U.

Definition 4.27 For an ultrafilter U, we call U-sentences those L(ST(A)y)-sentences
¢ such that Ay = ¢ if and only if [p] € U, that is, all sentences that are both positive

and negative U-sentences.
We now show that U-sentences are much like discrete sentences.

Lemma 4.28 Let A be a model of 0®* and U an ultrafilter on BA(A). Then the set of

U-sentences is closed under conjunction, disjunction, and implication.
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Proof. Let 1) and 6 be U-sentences. Note that if [¢)] € U and [0] € U, then
and 6 are discrete formulas. By Corollary 4.17, we know that [ A 0] = [] M [6],
[vv o] =[v]uld], and [ A 0] = =[] U[0]. We shall use these facts throughout the
proof.

Suppose ¢ is P A . Then Ay | ¢ if and only if Ay = ¥ and Ay = 6. By induction,
this holds if and only if [¢/] € U and [0] € U. Since U is an ultrafilter, this holds if and
only if [ ] M [0] =¥ A0] €U.

Suppose ¢ is ¥ V 6. Then Ay | ¢ if and only if Ay | ¢ or Ay = 6. By induction,
this holds if and only if [¢)] € U or [#] € U. As U is prime, this holds if and only if
[vjule] =[vveleU.

Suppose ¢ is ¥ — 0. Let ¢ = [¢] and r = [#]. Now, suppose Ay = ¢, so that if
Ay = 9, then Ay | 0. We need to show that ¢ — 0] = (—q) Ur € U. Now, if ¢ € U,
then by induction, 2y = v, so that 2y = 0. By induction, r € U. Since U is a filter,
we get that A = (—q)Ur € U. If ¢ ¢ U, then, since U is an ultrafilter, we have that
(—q) € U. Thus, (—q)Ur e U.

Conversely, suppose [¢] = (—¢) Ur € U. We need to show that Ay = ¢ — 0.
So suppose Ay | . By induction, this means that ¢ € U. Thus, ¢ M ((—¢) Ur) =

(gqM(=q))U(¢gnr)=qgnreU. Thus, r € U, so, by induction, 2y = 6. -
We now show that the set U-sentences is nonempty.

Corollary 4.29 Let A = 0B and U € Usy. Then the set of U-sentences contains the

set of quantifier free L(ST(A)y)-sentences.

Proof. If ¢ is atomic, then Ay = ¢ if and only if [¢] € U by the definition of

2 above. Since quantifier-free sentences are constructed using atomic sentences and
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conjunction, disjunction, and implication, the result follows. —

We conclude this subsection by showing that clean models of )B4 essentially are sub-
direct products of simple Boolean indexed models. Recall that simple Boolean indexed
models are, up to a trivial translation, the same as £-models. Thus, clean models of

()B4 can be thought of as submodels of products of models over L.

Definition 4.30 Let 2 be a clean model of 0B*, and let U € Uy. We define the map
A — (Ay)BA% as follows:
(

Ty if AEST(z) and [E(z)] € U
w if AEST(z) and [E(z)] ¢ U

1 ifAE=BA(x) andx € U

0 fAEBA(z) andx ¢ U

\

We now show this map is a morphism.

Lemma 4.31 Let 2 be a clean model of 0B, and let U € Uy. Then my is an onto

morphism.

Proof. If 2 |= E(z), then (A)BA? = E(my(x)). Also, if % = BA(z), then clearly

(Ayr)PA2 |= BA(my ().
We now discuss functions. By the definition of point model, we have [P(my(a))] =

my([P(a)]). Similarly, f(my(a)) = 7y (f(a)). Further, my(x [ y) = my(x) | 7y(y), and

mu(z®y) = my(x) @ my(y). The result clearly holds for Boolean functions. Finally, the

map is clearly onto.

We now show that the morphisms 7, when collected, constitute an embedding.
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Lemma 4.32 Let 2 be a clean model of 0B*. Let B be the model Wy ey, (Ar)BA2. Then
the map (Ty)veuy embeds A into B. Additionally, this map makes A a subdirect product

mn *B.

Proof. As (my) is a product of of morphisms, it itself is a morphism. To see it
is injective, let a,b € A with A = a # b. The result is obvious if a € ST(A) and
b€ BA(A), or b € ST(A) and a € BA(A). First, suppose a,b € ST(A). Let p be such
that 2 = p = (—[a = b]). Note that p # 0. Now, either [E(a)]Mp # 0 or [E(b)]Mp # 0.
Without loss of generality, let [E(a)]Mp # 0. Let U € [[E(a)]Mp]. Now, if pM[E(b)] = 0,
then my(a) # w, while 1y (b) = w. Thus, (7my)(a) # (my)(b). If p < [E(a)] 1 [ED)],
then ay # by, so again, (my)(a) # (my)(b). Now, suppose a,b € BA(A). As a # b, at
least one of —aMb and a M —b is nonzero. Without loss of generality, suppose —aMb is
nonzero. Let V € [—aMb]. Then my(a) =0 and my(b) = 1. Thus (my)(a) # (7y)(b).

Finally, we show that (my) is an embedding. First, B = E((my)(a)). Then clearly
2 = E(a). Now, suppose 20 = BA({my)(p)). Then, for each U € Uy, Ay = BA(my(a)).
Then Ay | BA(a). As E,BA, and = are the only predicates in £B* we get that

(Tu)veuy 1s an embedding. The last claim is obvious.

4.2 Local versus pointwise truth

In this section we connect local truth of universal formulas with their pointwise truth.
We begin by showing that a universal £-formula ¢ has a straightforward translation

1 < [¢]. Recall that for a tuple x, [E(x)] is shorthand for [],_, [E(z;)]:
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Lemma 4.33 Let ¢ be an L-formula of the form Vxi(x). Then 0B F; 1 < [o] <
Vx(Nicp ST (1) — [E)] < [¢]).
Proof. First, we describe the inductive translation of 1 <° [Vzy...Vz,_19(x)]. Ap-

plying the inductive schema, we get Vo ([E(z)] <1 — [E(zo)] < [Vay ... Vo, 19 (x)]).

Applying the inductive schema again, we get

Vao([E(zo)] 21 — Vau ([E(z)] < [E(zo)] — [E(z)] < [V ... Vo, 19 (x)])).

This is equivalent to

Yoz ([E(z1)] < [E(zo)] A [E(zo)] 1) — [E(z)] < [Vao ... Vn 19 (X)]).

Continuing in this manner, we get that 1 < [Vxt] is equivalent to

VX([E(zn-1)] <. S [E(zo)] 1 = [E(zn)] 4 [ ()])

We now have that 1 < [¢] is equivalent to

Vx([E(zn)] < ... < [Exo)] 91— [B(e.1)] < [bx)]).

To see that Vx(A,_, ST(z;) — [E(x)] < [¢(x)]) implies 1 < [i(x)], let x be such

that [E(z,-1)] < ... < [E(zo)] < 1. Then [E(x)] = [E(zn_1)], so that by supposition,
[E(zn-1)] < [¥(x)].

For the other direction, we suppose that Vx([E(z,—1)] < ... < [B(zo)] < 1 —
[E(z,_1)] < [¥(x)]). Now, let x be such that ST(z;) holds for each i. We need to
show that [E(x)] < [¢(x)]. Now, by Corollary 4.3, this holds if and only if [E(x)] <
[¥(x[E(x)])]. Thus, it suffices to show the result holds for x | [E(x)]. But then,
for each i, [E(z; | [EX)])] = [EX)], so that [E(z,_; [[EX)])] = [E(x)]. Then by

supposition, [E(z,-1 [[E(x)])] = [Ex)] < [¢(x)].
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Thus, we have a simpler translation for 1 < [¢] for universal sentences. This will be

useful in demonstrating when 1 < [¢] holds in various models.

Theorem 4.34 Let 2 be a model of 0B*, and let ¢ be a 119 sentence over L. Then

A =1 <[p] if and only if Ay = ¢ for every U € Uy.

Proof. Let ¢ be Vx3y(x,y), where ¢ is quantifier-free, and suppose 2 =1 < [¢].
This translates to ¥Yx3y(A,., ST(z;) — [E(y)] = [Ex)] A [E(x)] < [¢(x,y)]). Let
U € Uy. We need to show that Ay | VxIyy(x,y). To this end, let ay € Ay with
a € ST(A)y. Let u = [E(a)]. By our supposition, there exists b € (ST(A)y) such that
A =u < [¢(a,b)] and [E(b)] = u. Thus by € Ay. Since v € U, u < [¢(a,b)], and
is quantifier-free, Ay = ¥ (ay, by) by Lemma 4.29.

Conversely, suppose that for each U € U, Ay | Vx3Iy(x,y), and let a € ST(A).
We need to find b such that [E(b)] = [E(a)] and [E(a)] < [#(a,b)]. Let ¢ = [E(a)].
If ¢ =0, then let b be the tuple where b; = w for each i. Then 0 < [¢)(a,b)]. If ¢ # 0,
let U be an ultrafilter with ¢ € U. By our supposition, there exist b € ST(A)y such
that Ay E ¢(ay, by). Thus, [¢(a,b)] € U by Corollary 4.29. Let u = [¢(a,b)], and
note that by Corollary 4.3 we can replace b by b [ u. Thus, we have shown that for
every ultrafilter U such that ¢ € U, there exists a pair (b,u) such that [E(b)] = wu,
u < [¢(a,b)] and U € [u]. Thus, the set {[u] : (b,u) is such that [E(b)] = u and
u < [¢(a,b)]} is a cover of [¢]. But since [q] is closed, it is compact by Lemma 4.21.
Thus, there exist finitely many elements uy, . .., u,_1 such that [ug] U ... U [u,—1] = [q].
But then wo U ... U u,_1 = q; otherwise, ¢ M —ug M ... M —u,_; would be nonempty,
so there would exist an ultrafilter V' with ¢ € V', but u; ¢ V for all i, a contradiction.

Thus, (bg,ug), .-, (bp_1,un_1) are such that ug U ... Ju, ;1 = ¢q. Now, we have that
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u; 4 [Ixyp(a, x)] for all i. By Lemma 4.6, | |,_, v; = ¢ < [3x¢(a, x)]. Let b’ be witness

this. Then [E(b')] = ¢ and ¢ < [¢(a,b)].

We now show that if I' and A are classically equivalent I19-sentences, then I'BA and

APBA are classically equivalent.

Theorem 4.35 Let vy and § be 113 L-formulas in prenex normal form. Then the follow-

g are equivalent:
1. Doy — 4.

9. (IBA | ABA _, §BA

Proof. For 1 implies 2, let B = @BA. Suppose B = 1 < [y]. By Theorem 4.34, we
have that By |= v for each U € Ugy. By supposition, we have that By = ¢ for each U.
By Theorem 4.34, we have that B =1 < [J].

For the other direction, let 2 = ~. Then ABA? |= 4BA2 by Lemma 2.12. By Proposi-
tion 3.19, ABAZ |= 4BA 5o that ABA? |= 6BA. Again, by Proposition 3.19, ABA2 = §BA2,

so 2 = ¢ by Lemma 2.12. A

I'BA is independent of the choice

Thus, given an theory with a set T' of IT3-axioms,
of I'. Theorem 4.35 is an extension of [15, Lemma 3.1]. With this, we get an immediate

corollary.

Corollary 4.36 Let I' U~y be prenex 119 sentences. Then T . v if and only if TBA -,

,.)/BA ]

Proof. The result follows from Theorem 4.35 and compactness.
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Before we prove the main result of this chapter, we prove that if ¢ is universal, then

1 <[] is universal Horn.

Lemma 4.37 Let v be a universal L-formula. Then OB proves that vB2 is equivalent

to a universal Horn formula.

Proof. By Theorem 4.35, we may assume that v is a sentence of the form

Vx(\ (N 005 = \/ €r))

o<p j<m k<l
where each 0, and ¢ is atomic. By Lemma 4.33, 1 <[] is equivalent to
vx((/\ ST(x:)) = [EC] < TA N 60 =\ ean)])
<n o<p j<m k<l

Now, as each d,; and €, is atomic, A (/\j<m 00j = V i<y €ok) 1s discrete. Further,

o<p

by Corollary 4.17, [A,.,(/\jcm doj = Viey €or)] is equal to [, [N, < 00j = Ve €okl-
Applying Corollary 4.17 again, this is equal to [, (Ll;-,, —[0o;] U Lp;[€or]). Thus,

we have that

vx((/\ ST(2:)) — [E] L TACA o5 = V ean)])

<n o<p j<m k<l

is equivalent to

wx((/\ ST(x:)) — [EC] < [ (L ~ 180T U | ]Tear]))

<n o<p j<m k<l

As this is universal Horn, we are done. -

We now show the main theorem for this chapter: for a set of universal £-sentences,

I'BA is the universal Horn fragment of I'B42.

Theorem 4.38 Let I' be a set of universal L-sentences. Then (I'BA%)yy = I'BA,
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Proof. All axioms in ()P4 are universal Horn. By Lemma 4.37, we have that for

each axiom v € T, 1 < [v] is universal Horn over (B4, Thus, I'BA C (I'BA2)yy. Hence,

FBA FBA2 )

we need only show that every model of embeds into a product of models of
Thus, let A = I'BA. By Proposition 3.8, we may suppose that 2 is clean. By Theorem
4.34, Ay [= v for each v € T, so that (Ay)BA2 = +BA2. By Proposition 3.19, (Ay)BA? =
1 < [y]. Thus, (Ay)BA2 = T'BA2Z. Define B to be the model ey, (Ary)BA2. Then B is

a product of models of I'®42 and A embeds into B by Lemma 4.32

When T is just the empty set of axioms, we get the following corollary:

Corollary 4.39 The universal Horn fragment of OBA2 is (BA,

The last two results are variations on results of Weispfenning. For Corollary 4.39 see
[15, page 257].
We conclude by showing that, for a set of universal sentences, I'BA is the same

(Tun)BA.

Theorem 4.40 Let T be a set of universal L-sentences. Then TBA and (Typ)B* aziom-

atize the same theory.

Proof. Clearly (I'yy)B* C TBA. Let & = (Tug)BA. As TBA is universal, it suffices to
show that 21 embeds into a model I'BA. By Lemma 4.32, 2 embeds into ey (Ar)BA2,
where each 2y = T'yg by Theorem 4.34. Thus, each 2y is a submodel of a product
of models of I, that is, for each U, there is a set I(U) such that Ay C IicrnB; and
B; = I'. By Corollary 2.13 and Proposition 3.19, each (98;)BA2 |= I'BA. As T'BA is
universal Horn, we get that ey i) (B:)®4? = B4 Thus 2 embeds into a model

of BA, A
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Chapter 5

Model Complete Boolean Indexed

Models

In the previous chapter, we showed that, for a set of universal L-sentences I', the universal
Horn fragment of T'BA2 is I'BA. As I'BA2 is just a trivial translation of the theory I', the
theory I'BA is similar to the universal Horn fragment of I'. Thus, if we can find a model
companion for T4, this would be not unlike finding a model companion for I'yg. In
this chapter, we list the axiom set )*B4 which extends (JB. For a set of L-sentences T,
we extend I'PA to an £BA-theory I'*B4 simply by including the new axioms from @44,

We then show that if a set of II-sentences I axiomatizes a model complete theory over

L, then T'ABA axiomatizes a model complete theory over £B4.

5.1 Atomless Boolean indexed models

Recall that a Boolean algebra is atomless if, for every non-zero Boolean element, there
exists a strictly smaller non-zero Boolean element. This motivates the following defini-

tion.

Definition 5.1 We say a model 2 |= 0B2 is atomless if BA(A) is atomless.

@BA

Equivalently, a model 2 of is atomless if it satisfies the following axiom.
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Bal9 BA(z) Az 40— Jy(ly <ax Ay #x ANy #0)
The following axiom states that there exists an element of full extent.
Ex5 Jz([E(z)] = 1)

Definition 5.2 For a model 2 of 0®*, if a € ST(A) is such that 2 = [E(a)] = 1, then
we say a is a global element. In other words, the set Ay defined in Definition 2.4 is

nonempty.

Thus, a model 2 has a global element if and only if it satisfies Ex5.
As shorthand, recall that CH(z) is =(BA(z) vV ST(z)). We also use as shorthand
n < | CH| to be the obvious axiomatization that there are at least n + 1 chaff elements.

The following is an infinite axiom schema that states that the chaff of a model is infinite.

So3 n < |CH| foralneN

We are now able to define the axiom set PABA,

Definition 5.3 1. We define (*B2 to be the set )B4 U {Bal9, Ex5, So3}.
2. We call a model of 0ABA an atomless Boolean indexed model.

3. For a set of L-sentences T', we define the set TABA to be the set (ABA U {7BA
vyeTl}.

Equivalently, TABA is the set I'®A U {Bal9, Ex5, So3}.

As mentioned in the introduction, we show below that if a set I' of II9-sentences
axiomatizes a model complete £-theory, then I'*BA axiomatizes a model complete theory.
Recall that for a model 21 = @BA, A° is the largest clean submodel of 2. We now show

that in showing a model is existentially closed, it suffices to look at this clean submodel.
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Lemma 5.4 Let A C A be models of 0ABA. Then A is existentially closed in B if and

only if A° is existentially closed in B°.

Proof. This immediately follows from the fact that if 2 = ()B4 then A is the disjoint
union of ST(A), BA(A), and CH(A), plus the fact that the theory of the infinite set is

model complete. -

Note that £BA-formulas can become very complicated with iterated functions. With

this in mind, we recall a definition to simplify our formulas.

Definition 5.5 Recall that an L-formula ¢ s called term-reduced if the only atomic
subformulas that appear in ¢ are P(x) and f(x) =y, where P is any predicate symbol

and f is any function symbol.

Note that, in particular, this includes ¢ = y where c is a constant. It is well-known
that every formula is equivalent to a term-reduced formula, for example, see [3, chapter
8, section 1]. We now show that to prove a model is existentially closed, it suffices to

show that the model is existentially closed with respect to term-reduced sentences.

Lemma 5.6 Let I' be a theory, and suppose that for all models A C B of I' and
quantifier-free formulas ¢(x,y) which are term-reduced, if B = ¢(a,b), where a € A

and b € B, then there exists a' € A with A |= ¢(a,a’). Then I' is model complete.

Proof. Let ¢(x,y) be a quantifier-free formula, and suppose B = p(a,b). As
in [3, chapter 8, section 1], ¢ is equivalent over ()*P4 to a term-reduced existential
formula, 3z (x,y,z). Hence, for some elements ¢ € B, we have that B | v¢(a,b,c).
By our supposition, there are tuples a’,a” € A< such that A = i (a,a’,;a”). Thus,

A = Jzi)(a,a’,z), so that A = p(a,a’). -
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The results we present below require that our formulas be term-reduced. The proofs
can be generalized to allow formulas of any complexity. However, we find that making

use of term-reduced formulas makes the proofs simpler and easier to read.

5.2 Decomposition and Model Completeness

For the rest of the chapter we suppose that I' is a model complete theory over £. In this
section we prove that I'ABA is model complete. By Lemma 5.4, we restrict ourselves to
the clean submodels of T'ABA,

We prove that I'*B4 is model complete by taking a quantifier-free £BA-formula ¢,
models A C B of T*BA and elements a € ST(A), p € BA(A), b € ST(B), q €
BA(B). If ¢(a,p,b,q) holds in B, we need to find elements b’,q" in A such that
A = p(a,p,b’,q). As is usual in proving a theory is model complete, we show that it
suffices to consider formulas ¢ of a particular form. In our context, we can also replace
the elements a,p,b,q with elements of a particular form. The special forms of the
formula and elements is such that it allows us to consider B as a product of models that
are sufficiently similar to models of I'®A% when it comes to properties of ¢. As I is model

FBA2

complete, is model complete. We then find elements in these approximations of

simple Boolean indexed models from which we can piece together the required elements
b, q.

We first introduce new notation in order to make proofs more accessible.

Definition 5.7 Let L be a first-order language.

1. We define At(x) to be the set of term-reduced atoms from L. We also define

AtE(x) to be the set of term-reduced atoms and negations of term-reduced atoms.
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2. For a finite set t C At*(x), we define m, to be the formula which is the conjunction
of all term-reduced atoms and negated term-reduced atoms that occur int. We also

call t a type.

3. Given a set t of formulas, we write A‘c;—L for the collection t plus the negations of

formulas in t. So if t = At(x), then Aty = At*(x).

The reader may recognize that these definitions are slight variants on definitions
given in [4].

Our first lemma shows the special form of the elements. We provide a brief description
of what this special form is. We begin with models 2 C 9B and elements a € ST(A),
p € BA(A), b € ST(B), and q € BA(B). From this we construct elements ¢ € ST(A),
r € BA(A), d € ST(B), e € ST(B), and s € BA(B). The elements r, and s are
partitions of the Boolean algebra BA(8). Since r is a set of elements from BA(A), the
partition s is a finer partition than r. The elements c are restrictions of elements a to
the elements r. In some sense, the elements c are as fine a partition of a as the model 2
can see. The set d is the finest partition of a that the model B can see; since c is a set
of elements from ST(A), the partition d is a finer partition than c. The set of elements
e is a partition of b in 8. Finally, these partitions are as fine as the set ¢ can tell, that
is, for any atom in ¢ with elements from c¢,d and e plugged in and for any element n
from r or s, the extent of the atom is either n or 0. The models over the elements r and
s are the approximations of the simple Boolean indexed models mentioned above. We

now proceed with the lemma.

Lemma 5.8 Suppose we have 2 C B, both models of TABA, and elements a,p,b,q,

where a € ST(A),p € BA(A),b € ST(B),q € ST(B). Lett C At(x) be a finite type
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over L. Then there exist elements c € ST(A); r € BA(A);d,e € ST(B); and s € BA(B)

that satisfy the following properties:

1. r forms a partition of BA(2L) and s forms a partition of BA(*B);

2. For every r € r there exists s, C's such that B =r =| |

SESy S;

3. For every c € c there exists r € r such that A |=r = [E(c¢)];
4. For every e € e there exists s € s such that B |= s = [E(e)];
5. For every d € d there exists s € s such that B = s = [E(d)];

6. For every c € c, there exists d. C d such that B |= ¢ = @yeq d. We write t.(xq)

for the LP*-term @ cq . 50 B = ¢ =t (d.);

7. For every a € a, there exists ¢, C ¢ such that A =a = P, .. c. We write t,(xc)

CECqy

for the LB%-term @ .. ., s0 A= a = tu(c,);

CcECy

8. For every b € b, there exists e, C e such that B =b= @, ., e. We write t,(xe)

ecey

for the LBA-term @, .. T., s0 B = b= ty(ey);

ecey

9. For every p € p, there exists r, C r such that A =p = | We write t,(x;)

TErp .

for the LP*-term |, @, s0 A= p = t,(ry);

10. For every q € q, there exists s, C's such that B = q = |],., s. We write t,(xs)

5€8q

for the LB term Lses, @s: 80 B = q = t4(s,);

11. For allr € v and f' C ¢, we have that A = (r < [m(f)]) v (r 1 [m(£)] = 0),

where we can replace < with = if m, has positive arity;
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12. Forall s € s and f' C (dUe), we have that A = (s < [m(f)]) V (s [m ()] = 0),

where we can replace < with = if m; has positive arity;
13. Each of a,p,b,q can be expressed as a term with elements from c,r,d,e;s.

14. Fach of c,r,d, e, s can be expressed as a term with elements from a,p, b, q.

Proof. Let 2 C B be models of I'*BA and suppose a € ST(4), p € BA(A),
b € ST(B), and q € BA(B). Note that we may assume that each of these tuples is
nonempty, as we can add w to either of a, b and 0 to either of p, q.

As both t is finite, there are only finitely many L-predicates P such that P appears
in a formula in ¢. Similarly, there are only finitely many £-function symbols which occur
in t. With this, we consider the collection of £B*-terms 0,1, z, My, z Uy, —x, x [ v,
[E(x)], [z = y], [P(x)] for every predicate P which occurs in ¢, f(x) for every function
symbol that occurs in t, and x @ y. As a result, the term-reduced atomic formulas these
terms generate are of the form z [y = z, [E(x)] =y, [P(x)] = 2 for each P that occurs
int, [t =y]l=z,z=y,zNy==z Uy =2z —x—y, f(x) =y for every function
symbol f which occursin t, t @y = z, BA(z), E(z), x =0,z =1, and 2 = w.

We take all the reduced terms listed above, and we replace all the free variables in
those terms with each possible combination of elements from a, b, ¢, d so that the terms
have no free variables. The result is a finite number of terms with elements from B. We
call this set 7. Let S ={w € T : B = BA(w)}, that is, S is the set of terms of 7" such
that the term defines a Boolean element in 8. Now, as S is finite, recall that (S) is the
finite Boolean algebra generated by elements from S. Note then that (S) is contained
in BA(®B). Let s = {s; : i < n} list the atoms of (S). Now, for each s € s, there is a

term t¢;(x,y,z,w) such that B = s; = t;(a,p,b,q). Note that the terms ¢; in general
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will not be in reduced form. In the same way, let R = {w € T : A = BA(w)}, that is,
R is the set of elements from 7" such that the term defines a Boolean element in BA(21).
Again, R is finite, so that (R) is a finite Boolean algebra contained in BA(2(). Let r list
the atoms of (R). It is clear that the elements r,s satisfy 1, 2, 9, and 10.

Now, for r € r, recall that a[r is the tuple {a; [}. We set a, to be (a[r)\ {w},
that is, a, is the set of all a; [ such that A = r < [E(q;)]. Let C' = J,, a,. Since a is

finite and r is finite, we have that C' is finite. Let c list the elements of C. We similarly

define a, for s € s. Let D = ., as. As a is finite, and s is finite, we again have that D

ses
is finite. Let d list the elements of D. Finally, we define b, as before, and set E equal
t0 (Jyes bs- Again, E is finite, so we let e enumerate the elements of £. It is clear that
the elements c,r,d, e, s satisfy 3, 4, 5, 6, 7, and 8.

We now show that 11 and 12 hold. It suffices to prove the result for a single atom
P(x) and a function f(x) = y. We show it holds for a predicate. If P is nullary, the
result is obvious. Let f* C ¢ be of the proper arity, and let r € r. If for some f’ € f'; we
have that r # [E(f’)], then, since 7 is an atom in (R), we have that 2 = rO[E(f’)] = 0,
and so by strictness, % = r M [P(f")] = 0. Thus, we may suppose that for all ' € f’,
2A = r = [E(f)]. Now suppose 2 = r 1 [P(f)] # 0. Since [P(f')] is in (R), we
have that » < [P(f')] < [E(f')] = r. The argument for a function f(x) = y is a slight
modification of this argument, so that 11 holds. A similar proof shows that 12 holds.

Finally, for part 13, each of a,p,b,q can be written as terms over c,r,d,e,s by
parts 7, 8, 9, and 10. For part 14, it is obvious by the construction of r,s given above
that each of r,s can be written as a term with elements from a, p, b, q. For an element
r € r, we write t,(x,y,z, w) for a term such that B = r = t.(a, p,b,q). Similarly, for

s € s, we define t4(x,y,z, w) to be a term such that B = s = t,(a,p,b,q). Note that
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each ¢, there are elements a;, 7, such that B = ¢ = a; [ r, so that c is clearly defined
by the term as z; [t,, with a, p, b, q substituted in. Further, for each d, there are a;, s
such that B |= d = a; [ s. Thus, we define t4(x,y,z, w) to be z; [ts(x,y,z, W), so that
B = d = ty(a,p,b,q). Finally, for each e, there are b;, s such that B e = b; [ s.
Thus, we define t.(x,y,z, w) to be z; [ts(X,y,z, W), so that B | e = t.(a,p,b,q). This

proves part 14. -

Thus, given two models % C B of I'*BA and elements a, p, b, q, we can form a finite
partition of BA(®8) which generates p,q. Further, there are structural elements over
each element of that partition such that the structural elements can be glued together
to form a, b. Finally, each atomic L-formula, with these structural elements substituted
in, has an extent of either 0 or one of the elements of the partition. We formalize this

in a definition.

Definition 5.9 Let 2 C B be models of TABA with elements a,p,b,q, where a €
ST(A),p € BA(A),b € ST(B),q € BA(B), and let p(x,y,z,w) be a term-reduced

quantifier-free LB -formula.

1. Let t be a finite set of atomic L-formulas. We call the elements c, r, d, e, s from
Lemma 5.8 a t-decomposition of elements a, p, b, q; that is, the elements c,
r, d, e, s are a decomposition of a, p, b, q if they are formed in the manner of

Lemma 5.8.

2. We define the L-part of ¢ to be the set of L-predicates P(x) such that [P(x)] =y
occurs in @ together with the set of atomic formulas f(x) =y which occurs in @,

where f(x) is an L-function.
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3. Ift is the L-part of a reduced-term LPA-formula ¢, we also call the t-decomposition

a y-decomposition.

4. For the tuple c, we set x. to be the tuple X, ..., X.,_,. We similarly define %y,
Xd, Xe, and Xg). Let to(Xe), tp(Xr), th(Xe), and t,(xs) be the LB -terms defined in
Lemma 5.8. For the tuple a, we define ta(Xc) to be the tuple {t,,(Xxc)} for each a; €
a, and similarly define ty(x,), th(Xe), and tq(xs). Now, let 1(Xc, Xy, Xd, Xe, Xs) be
the LB -formula ¢(ta(Xc), tp(Xr), tb(Xe), tq(Xs)). Then @ is the decomposition

of p. We also say ¥(c,r,d,e,s) is a decomposed sentence.

Let the elements c,r,d, e, s be a p-decomposition. We define the decomposition
description of c,r,d,e,s to be the quantifier-free formula a(x¢, Xy, Xd, Xe, Xs) Which
says these variables are a p-decomposition. This is a conjunction which includes the

following;:

e Both x, and x4 are a partition of the Boolean algebra.
o If r = [E(c)], then « contains x, = [E(z.)].
o If s = [E(d)], then « contains xs = [E(x4)].
e If s = [E(e)], then « contains z; = [E(z.)].

o If c=@&p,., d;, then a contains z. = @, ;(x4);, that is, the i-th entry in the tuple

Xd-

o If r < [P(c)], then a contains z, < [P(x.)]. If rM[P(c)] = 0, then a contains

x. M [P(xc)] = 0.



o If r < [f(c) = (], then « contains z, < [f(xe) = z«]. HrN[f(c) = ] =0,

then a contains z, M [f(xc) = z¢] = 0.

This notation makes it easier to describe when we have a decomposition.
We now show that decomposed sentences are sufficient to show a model is existentially

closed.

Lemma 5.10 Suppose A C B are models of T*BA, and suppose that U is existen-
tially closed in B for all decomposed sentences; that is, for every decomposed sentence
¥(c,r,d,e,s), where c € ST(A), r € BA(A), d,e € ST(B), and s € BA(B), with B =
¥(c,r,d,e,s), then there exist d’, e € ST(A) and s’ € BA(A) with A = ¢(c,r,d’, €', s).

Then A s existentially closed in *B.

Proof. Let 20 C B be models of I'*BA | and suppose B = o(a,p,b,q), where ¢ is
a quantifier-free formula, and a € ST(A), p € BA(A), b € ST(B), and q € BA(B).
We need to find elements b’ € ST(A) and ' € BA(A) such that 2 = ¢(a,p,b’,q).
Let ¢ be the decomposition of . Then B | ¢(c,r,d,e,s), and ¢¥(c,r,d,e,s) is a
quantifier-free sentence. By our assumption, we have that there exists d’,e’,s’ € A so
that A = ¢(c,r,d’,e’,s’). Let b’ = tp(€'), and let ' = t4(s'). Then A = p(a, p,b’,q'),

so that 2 is existentially closed.

Thus, it suffices to prove that models of T'ABA are existentially closed with respect

['ABA is model complete. In some sense,

to decomposed sentences in order to prove that
decomposed sentences are the most basic of sentences, as they break down the structural
elements and Boolean elements into their most basic components. In order to show that
['ABA i model complete, we need to find the form that decomposed sentences take. To

this end, we prove the following Lemma:
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Lemma 5.11 Suppose A C B are models of T*BA, and let t be a finite subset of
At(x,y,2z) over L. Let c,r,d,e,s be the t-decomposition of a,p,b,q. If p(X,y,z) is a
quantifier-free L-formula built from elements of t, then, for any elementsc’ Cc, d’ C d,

e’ C e of the proper arity, there exists a set I C's such that B = [p(c/,d’,e)] =|]I.

Proof. We prove this by induction on the complexity of ¢, and recall that if I is the
empty set, then | | I = 0. The case where ¢ is atomic or a negated atomic is by Lemma
5.8 part 12. We now suppose this holds for ¢ and 7. Now, as ¢,  and v are quantifier-
free, they are discrete. Thus, each of [o(c/,d’,€')], [0(c’,d’,€')] and [y(c',d’,€’)] have
Boolean values. We let s, s5, and s, be these values, respectively.

Let ¢ is § A y. By induction, we have that B |= | | = ss and B = | | J = s,. Let
K be I'NJ. Then by the translation schema, B = | | K = s,.

Suppose ¢ is 0 V 7. By induction, we have that B = | |/ =ss and B = | |J = s,.
Let K := I U J. Then by the translation schema, B = | | K = s,.

Finally, suppose ¢ is 6 — 7. Now s, = —s5 U s,. By induction, we have that
B =]l =s5and B =|]J =s,. Now, as s is a partition of BA(*B), let I’ list s\ I.
Then B = —ss = ]I’ Let K =1"UJ. Then B =5, = | | K.

As quantifier-free formulas are formed from atoms, negated atoms, conjunction, dis-

junction, and implication, we are done. -

Thus, we get that the partition s is fine enough so that for any term-reduced
quantifier-free sentence ¢ over the proper sublanguage of £, we get that [¢] is a fi-

nite join of elements of s. We now show a similar result for the smaller model :

Corollary 5.12 Suppose A C B are models of TABA, and let t be a finite subset of
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At(x,y,z) over L. Let c,r,d,e,s be the decomposition of a,p,b,q. If ¢(x) is a term-
reduced quantifier-free formula, then, for any elements r € v and ¢’ C ¢, there ewists a

finite set I Cr such that A = | |1 = [e(c)].
Proof. The proof is similar to that of Lemma 5.11.

Now, in trying to prove that I'*BA is model complete, we need to find a general form
for quantifier-free formulas over £84. This includes formulas of the form s <[], where
@ is a quantifier-free formula over £. We now show that we can replace these formulas

© with a conjunction.

Lemma 5.13 Suppose A C B are models of TAPA, let ¢ be a term-reduced quantifier-
free L-formula, let t be all the atoms which occur in ¢, and let c,r,d,e,s be the t-
decomposition of a,p,b,q. Suppose that for some s € s, B = s < [¢(c,d,e)]. Then
there exists a largest finite term-reduced type u C .AtfE over L such that ; m, — ¢ and

B = s < [m,(c,d, e)].

Proof. Suppose B = s <9 [¢(c,d,e)]. By Corollary 4.3, we have that B =
s < [e(cls,dls,els)]. Note that ¢ [s C d, so we may suppose that the elements
c appear in d, that is, ¢(c,d,e) is of the form ¢(d,e). By Lemma 5.8, we have that
for each term reduced atom ¢ in ¢, either B |= s < [6(d,e)] or B | sM[i(d,e)] = 0.
We let u be the collection of all § in ¢ such that the former holds, together with the set
of all =4 such that the latter holds. Obviously B = s < [m,(d,e)], and u is largest.
To show F; m, — ¢, we may suppose ¢ in disjunctive normal form \/,_, ;. Now,
both ¢ and \/,_,, ¢; are discrete sentences, so they have the same Boolean extent. Thus,
s 1 [V, pi(d,e)], so by Lemma 5.11 there exist {s;};<,, C s such that B = | |

<n 8 =S
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and s; < [¢;(d, e)] for each i. But as s is a decomposed Boolean element itself, we have
that s = s; for some i. Thus, every predicate and negated predicate which occurs in ¢;

must occur in w. Thus F; 7, — ¢;, so F; 7, — . 4

We now show that these decomposed sentences may be taken to have a particular

form.

Lemma 5.14 Suppose A C B are models of T*BA, and let ¢(c,r,d,e,s) be a de-
composed sentence, and let o be the decomposition description. Then there exists a

quantifier-free formula 0(x,y,z,v,w) such that:
1. 0BA H alx,y,z, v, w) — (V(X,y,2,v,W) < 0(X,y,2,V,W))

2. 0 is a disjunction of conjunctions of formulas and negations of formulas of the
form zi Tw; = 2, v = D2 1 j € J}, vi = [H{w; 1 j € J}, yi D [mu(x)] and
w; < [m,(z, V)], where u € AtF is a finite term-reduced type over L, and v € At

is finite term-reduced type over L.

Proof. As v is decomposed, it is quantifier-free. We may assume that 1) is in
disjunctive normal form. Thus, we may suppose that v is a conjunction. Now, the
formulas z; [w; = z, v, = @{z; : j € J}, and y; = | {s; : 7 € J} all simply reflect
the fact that 1 is decomposed. For all ¢ € ¢,r € r, we get that ¢c[r =cor c|[r = w.
Thus, any instance of z; [ y; can be replaced with either x; or @ over . The same holds
for any instance of z; [ w; or v; [ w;. Further, since for each ¢;, s;, there exists dj, such
that ¢; [ s; = dj, so that we can replace z; [ w; with z; over a. Thus, in %), the variables
X, 7, W can only occur in functions of the form [vy(x',2’,v')], where x’ C x, 2’ C z, and

v/ C v. If; the variables z’ and v’ are empty for a given function [y(x’,z’,v’')], then we
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simply call the function [y(x)]. Further, by Corollary 5.12, over a we can replace any
instance of w; < [y(x')] with y; < [y(x')] for some j. Now, if B = s < [y(c',d’,€')],
then B = s < [v(c'[s,d’,€)] by Corollary 4.3. But for each i, there exists a j such
that ¢ [ s is equal to d;. Thus, any function [y(x’,2z’, v')] can be replaced by a function
of the form [y(z’,v’)] over a.

With this, our problem reduces to classifying all functions with forms like
[P(ta(xc), th(xe))] = tp(xy) or f(ta(Xc),th(Xe)) = tn(Xe). Repeatedly apply Lemma
3.9, parts 11, 12, and 13 and that the sets r and s are atoms of the finite Boolean
algebras (R) and (S), respectively. That is, we break the extents of the predicates and
the functions into its smallest components. After these applications, we are left with a
conjunction of formulas of the form y < [P(x)], w; < [7,(z, V)], f(x) =2/, f(z,v) = 2,
and f(z,v) = v’. Obviously formulas of the form y < [P(x)] are of the required form.
We can also replace the functions f(x) = 2’ with formulas of the form y < [f(x) = 2'].
To see this, if, for example, f(c) = ¢, then by the strictness of the functions f and as r
are atoms of (R), this is equivalent to » < [f(c) = ¢]. Note that y < [f(x), = 2] is
of the required form. Let 6 be the result of applying the replacements described to .

The result then follows. -

Recall that for a model 2 = (B4 an L£(ST(A))-sentence ¢ is discrete if there is an
element p € BA(A) such that 2 = p = [¢]. Our next lemma shows that, for a model
complete £-theory I' and a model 2 of the translated theory I'“PA| the set of discrete

sentences contains not only quantifier-free sentences but existential sentences as well.

Lemma 5.15 Let T be a 113 aziomatization of a model complete L-theory, and let A =

[ABA - Then the set of discrete sentences over I'ABA includes existential sentences.



81

Proof. Let Ixp(x,a) be an existential £(ST(A))-sentence, where ¢ is quantifier-
free. It suffices to show the result holds for the £(ST(A))-sentence E(a) A Ixp(x, a).
As T' is model complete, ' k. Vy(Ixp(x,y) « Vx(—1(x,y))) for some quantifier-free
. Thus I' k. Vy(Ixp(x,y) V Ix(x,y)) and T' . Vyx;xo—(p(X1,¥) A ¥(Xa,y)). By
Corollary 4.36, we have that TAPA . 1 < [Vy(Ixp(x,y) V Ix(x,y))] and TABA .1 <
[Vyxixa—(p(x1,y) A (x2,y))]. The first sentence translates to Yy (ST(y) — [E(y)] <
[Fxe(x,y) V Ixp(x,y)]). Then A = [E(a)] < [Fxp(x,a) V Ixi(x,a)], so there are p,
q € BA(A) such that A =pU g = [E(a)] and p < [Fxp(x,a)] and ¢ < [Fx(x,a)].

We claim that p = [E(a) A 3x¢(x,a)]. To see this, let r be such that r < [E(a)]
and 7 < [3x¢(x,a)]. Then there exist elements b such that 2 = [E(b)] = r A[E(b)] <
[e(b,a)]. Now, rMg < r, so by Lemma 4.5, 7 ¢ < [¢(b,a)]. Further, as rMq < ¢
and ¢ < [3x(x,a)], there exist elements ¢ such that A = [E(c)] = (rM¢) A [E(c)] <
[¥(c, a)].

As TABA |- 1 G [Vyx1x-(9(x1,y) A (X2, ¥))], we get that

A = [E@)] < [Vxixa=(p(x1,a) Ath(xz,a))].

An exercise on the translation schema shows that this is equivalent to Vxyxo(([E(x1)] <
[E@] ATEG)] < [E@)] A TEG)] < [e(x,a)] A [E)] < [9(x2;a)]) = [E(x)] 7
[E(x2)] = 0). We replace x; with b and x, with c. The conclusion then is [E(b)]
[E(c))]=rMNgnr=gqnr=0. Since r < (pUgq) and r Mg = 0, we have that r < p.

Thus p = [E(a) A 3xp(x,a)]. Since ¢ was arbitrary, we are done.

We get an immediate corollary from this result.

Corollary 5.16 Let T be a 113 axiomatization of a model complete L-theory, and let 2 |=
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[ABA Then if ¢ is an existential L(ST(A))-sentence, then there exists an existential

L(ST(A))-sentence ¢ such that (-] = (¢], and both are principal ideals.
Proof. Immediate from the proof of Lemma 5.15.

In the proof that I'*B4 is model complete, this result proves very useful. The impor-
tant fact is that for model complete theories, every existential sentence is equivalent to
a universal sentence. Knowing that existential formulas are discrete is vital for finding
the proper elements in 2 to replace those from 8.

FABA

With this, we now prove that is model complete.

Theorem 5.17 Let T be a 119 aziomatization of a model complete L-theory. Then TABA

18 model complete.

Proof. Let 20 C B be models of I'*BA | and suppose B = o(a,p,b,q), where ¢ is
quantifier-free, a € ST(A), p € BA(A), b € ST(B), q € BA(B). Now, by Lemma 5.10,
we may replace p(a, p, b, q) with ¥(c,r,d, e, s), the decomposition of ¢ . Thus, we must
find elements d’, €’,s" € A such that A = ¥(c,r,d’, €';s’). Note that the L-part of ¢ is
the same as the L-part of ¢». We let ¢ be this L-part.

For s € s, we let dy be the tuple {ded : B | s=[E(d)]}, and similarly for
e,. For clements d,e,s, we let u(d, e, s) C At be the largest type such that B =
s 9 [Tude,s)(ds,e)] from Lemma 5.13. We choose an element r from r. Without
loss of generality, we may assume that r is such that B | so U s U... U s, 1 = 7.
Now, for each i < n, we have that B |= 5; < [Ty@e,s,)(ds;;€s,)]. Thus, for each 4,
B = s; [Fymue,s)(ds;, ¥)]. Let ¢, be tuple such that, for each j, (cs,); s = (ds,);,

that is, (cs,); is the element of c¢ that, when restricted to s;, is the element (ds,);. By
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Corollary 4.4, for each i, B |= s; < [FyTu(d,e,s,)(Cs;5 ¥)]- Now, I' is model complete, so
that by Lemma 5.15, JymTy(d,e,s,)(Cs,» y) is discrete for each 1.

Now, by the previous paragraph, we get that B = Elz(/\i<j<n 2 Mz; = 0N Nje %i 7
OA ez = 7 ANy 2 D [FYTudes)(Csny)]). Note that [Tymydes)(cs,y)] is a
Boolean element in 2. Now, as BA(2() and BA(®8) are atomless Boolean algebras, we

have that BA(2l) is existentially closed in BA(%). Thus, A | Jz(A 2 Mz =

i<j<n
OANNjcn 2 0N Uiy, 2 =7 ANy 2 < [BYTudes (S, ¥)])- Let sq, ..., s, witness
this in BA(A). We repeat this process for all other elements in r, and set s’ to be the
collection of elements derived in this manner. Note that (BA(28),r,s) = (BA(2),r,s’),
so that in particular, s’ forms a partition of BA(A) and the elements s’ generate the
elements r in the same way that the elements s generate r. We have thus replaced the
elements s.

Next, for each ¢ € ¢, there exists d. C d such that B = c= @P{d: d € d.}. That is,
for each ¢ € c and s; € s with B |=s; < [E(c)], there is a d; such that B = c[s; = d;.
We replace d; with d); := c[sj. As a result, for each i, we have that B = s; = [E(d;)] if
and only if & |= s} = [E(d})] and B = s;,M[E(d;)] = 0if and only if 2 |= s;M[E(d})] = 0.
Let §(x) be an element of At¥. Now, as s; is an atom of (S), for any tuple d C d,,,
we have that B |= (s; < [0(d)]) V (s; 1 [6(d)] = 0). Now, for a set d C d,,, we have
a corresponding set d’ C d,.. Suppose we have that B = 5; < [6(d)]. We claim that
A= si < [6(d)].

Note that for our given s;, there is a unique r € r such that B | s; < r. Further,
each ch is equal to some c [ s;. Thus, let ¢ be the tuple such that ¢; [ s; = d; for
each j. By Corollary 4.4, B = s; < [0(d,,)] implies that B = s; < [6(¢)]. However,

A= (r <[é(¢e)]) v (rn[é(c)] =0). Since s; < r and s; is nonzero, we must have that
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A = r < [6(¢)]. Now, A = s/ < r, and note that ¢ | s, = d’. By Lemma 4.5 and
Corollary 4.3, we have that 2 = s, < [6(d)].

Now, for each s € s, there is a largest reduced-term type u(d,s) C .AtfE such that
B | 5 < [Tuas)(ds)]. Thus, for every type u C At over £, B = s < [m,(d,)] if and
only if A = ¢ < [m,(d})]. We have thus replaced the elements d with d’.

Finally, we have to find elements in ST(A) that correspond to the set of elements e.
By Lemma 5.14, we may suppose that the elements e appear only in functions of the form
s < [my(ds, es)]. Thus, suppose that, for a given s € s, B = s < [7,(ds, e5)]. Note that
we have already replaced the elements dg with elements d, from ST(A). For d,, e, recall
the definition of u(d, e, s) C AtF. Asu C u(d, e, s), we may suppose that u = u(d, e, s).
Now, since B = s < [m,(ds, €5)], we have that B = s < [Jyn,(ds,y)]. By Lemma 4.2,
B = s < [Fymu(cs,y)]. By the above discussion, 2 = ' < [3ymy(cs,y)], so again by
Lemma 4.2, 2 = ¢’ < [3ym,(d,,y)]. Let €, witness this, so that 2 |= s' < [m,(d,, €e.)].
We have thus replaced e, with e,. We continue this process for all s € s, and we get a

set € € ST(A). Then A = ¢(c,r,d’,€,s'), so that A is existentially-closed. As 2 and

B are arbitrary, we get that I'*PA is model complete.

We now provide a brief description of the proof that I'*BPA is model complete. We
need to replace the elements d, e, and s with elements in A. Over each s € s there is an
existential formula which describes how the elements e, interact with the elements d,.
As T" is model complete, every existential sentence over L is discrete. We then use the
model completeness of atomless Boolean algebras to find a set of elements s’ in BA(A)
that partitions BA(8). Once we have s, we construct the elements d’. Above s’ € s

there is an existential sentence with elements d/, that matches the existential sentence
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above the element s. We then find elements € which satisfy the existential sentences

over each element of s'.
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Chapter 6

An Alternative to Wheeler’s

Conjecture

In chapter 4 we show that the universal Horn fragment of I'®42% is I'®A. In chapter 5
we show that if T is a set of I axiomatization of a model complete £-theory, then the
extension T'ABA of I'BA is model complete. In this chapter we show that if a set I' of
universal L-sentences has a model companion axiomatized by a set I” of IIy sentences,
then (I")ABA axiomatizes the model companion of I'®4. We begin by describing models
of )B4 which are obtained by taking a model of §B* and a nonzero Boolean element and
restricting all elements to that Boolean element. We apply category theory results to
these restricted models in order to embed a model of )B* into a model of )*BA. We then
proceed to show that models of I'BA can be embedded into models of I'*BA. We conclude

by drawing some deeper connections between our results and Wheeler’s conjecture.

6.1 Restricted models

Definition 6.1 For a model 2 of 0B* with p € BA(A) and p # 0, we define the re-

stricted model A [p to be the model described as follows:

e The domain A [p consists of the structure ST(A[p) which is{a : A = [E(a)] < p}
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and the Boolean algebra BA(A [ p) whichis{q : A = q < p}. Further, any element

which is chaff is included in A p.

o We label the interpretation of functions f of LB in A p as fP. Now, 0P = 0%,
1P =p% 1P =1 and LP = U, while —Px = ((—x) Np)*. For elements a €

ST(A[p) and q € BA(Ap), define (a]Pq) = (alq)?.

e Foran L-predicate P, p € BA(A[p), and elements a € ST(A[p), we set [P(a)]P =
[P(a)]*.

e For an L-function and elements a € ST(A[p), fP(a) = f(a)®.

Note that we could have also defined the structure as {a [p : a € ST(A)}, and the
Boolean algebra to be {¢Mp : ¢ € BA(A)}. We further note that for any model 2 = B4,

A1 =2 We now show that these restricted models preserve the extent of £-sentences.

Lemma 6.2 Let 2 = 0B4, let A = p < q with ¢ # 0, and let v be an L-sentence. Then

A= p <[y if and only if Alq = p < [4].
Proof. This follows from a straightforward induction on the complexity of v.
We now show a slight generalization of the previous lemma.

Lemma 6.3 Let A = 0B A = p Qr, A= q < —r with r # 0,1, and let v be an

L-sentence. Then the following are equivalent:

1L AEpUga ]

2. Alr Ep Sy and AT (—r) = ¢ 2 ]
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Proof. This follows from Lemma 6.2. -
We now define a map from a model to a restricted model.

Definition 6.4 For a model A = (0B*, and p € BA(A) with p # 0, we define the map
A — Alp by ni(a) = alp for a € ST(A), nl(a) = aMp for a € BA(A), and

my(a) = a for a € CH(A).
We now show this map is a morphism.

Lemma 6.5 Let A = (B2 and p € BA(A) with p # 0. Then 7T§[ is an onto morphism.
Further, for any function f € LBA, 7T§‘ maps the domain of f in A onto the domain of

finAlp.

Proof. 7r§‘ is obviously onto with respect to Boolean elements, structural elements,
and chaff. Thus, we need only show this is a morphism. For predicates, if E(z), then
E(r(x)), and if z = y, then n2(z) = m3(y). For functions, if f is an L-function, then
fP(m(x)) = m2(f(x)) by axiom Rs6. For functions of the form [P(x)], [P(x2(x))]” =
m2([P(x)]) by axiom Rs5. For z |y, we have that 72 (x) [ Px2(y) = (x [ p) | (y M p).

By axiom Rs4, (z [p) [ (yMp) =x[(pNyMp) = y M p). Again, by axiom Rs4,

[ (
[ (yNp) = (zly)lp=mp(z]y). For N, m}(x) P rl(y) =xNpNyNp=xNyfp=
m(x Ny). For U, mi(z) P mi(y) = (xNp)U(yMNp) = (zUy) Np = )}z Ny),
where the second equality holds by axiom Bal5. For —, note that since ng(x) is an
element of A [ p, we have that —P72(x) = (—n2(2)) Mp. Thus, we get that 73 (—xz) =
(—2)Mp = ((—2)Np)U((=p)Mp) = ((=2)U(=p)) Np = —(zNp) Np = —Pm}}(x). Next,

m2(0) = 0 = 07 while 72(1) = p = 17. Finally, it is obvious that if 2 |= [P(a)], then
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Alp = E([alp]), and if A = E(f(a)), then A [p = E(f(alp)). The same holds for the

predicates BA and =, so the last claim follows.

We call these maps 7r§l restriction morphisms. These morphisms have the extra
property that for any function in £B%, its domain in 2 maps onto its domain in 2 | p.

We give this property the following definition:

Definition 6.6 For models 2 and B of 0B* and a map 7™ : A — B, we say that 7

£ABA

maps domains onto domains if, for every function g in and a € A, m maps

the domain of g in A onto the domain of g in *B.
We note a simple corollary of Lemma 6.5:

Corollary 6.7 Suppose U |= 0B2, and p is a nonzero element of BA(A). Then A|p =

OBA. Further, if A = 0ABA and p # 0, then A p = PABA,

Proof. This result holds because 72

» maps domains onto domains, because A [p C A,

and because these domains are disjoint by Proposition 3.2. We show that 2 [p = Ba2
as an example. Suppose A [ p = BA(q) A BA(r). Then 2 = BA(g) A BA(r), so that

2 = BA(¢Mr). Since 7' is a morphism, A [p = BA(¢Mr).
We immediately get the following corollary:

Corollary 6.8 Let A = 0B and p,q € BA(A) with p M q nonzero. Then ™0 s a

g

morphism which maps domains onto domains.

Proof. First, A [p = 04 by Corollary 6.7. As A [ (pMq) = (A[p) [ ¢ by Definition

6.1, the result holds by Lemma 6.5. —

We now show that restriction morphisms can be used to decompose models of PB4,
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Lemma 6.9 Suppose A |= 0BA, and let p,q,v € BA(A) such that ¢ # 0, r # 0, and
p = qUr. Then the map ( Tprigs Wgﬁw ATp — ATgxA[r is an embedding. Additionally,

if qMr =0 and A is clean, then ( i‘m@q,ﬂgg)ﬁ is an isomorphism.

Proof. As each of wgmt”q, ng)?q are morphisms by Lemma 6.5, we need only show that,

for every atom &(x) of LABA if A g x A r = 0((m T pw)( a)) then A [ p | d(a).

LABA are B, =, and BA. We show the case for equality,

Now, the only predicates of
with the cases of E and BA being similar. Suppose 2 [g x A [r | (ng’q, ﬂ?,z'r)(a) =
(W?,z?q, W]?Lﬂb?rﬂb) Now, since Wilmboq and W?,ET map domains to domains, then either a and b
are both structural, both Boolean, or both chaff. First, suppose a, b are both structural
elements. Then Ag Ealg=blqand A[r Ealr=>b]r. ThenA[p | (a]q =
blqg)A(alr=>b[r). By Lemma 3.9.10, we get A[p = a(¢qUr) =b](qUr). Since
[E(a)] < p and [E(b)] < p, we have A =a=a[p=0bp=>, sothat A[p = a = 0.

Thus, (ﬂﬁq, gnpr) preserves equality, so that the function is injective. Next, suppose s, t

are Boolean elements. Then 2 [g x A[r = (7?517%, ﬂ?mborﬂs) = <7T§[|z)q, Wiﬁﬁﬂt) means that

AlgEsNg=tNgand A[r EsMr=tMNr. Since s < p and t < p, we have that
AlpEs=sN(qUr)=(sMNg)U(sMNr)=(tMNqg)U(tMNr)=tMN(¢qUr) =t Finally,
suppose a, b are chaff. Then A g x A[r = (7?22’(1, Wiﬁw(a) = <7T§1|—|mq, ng;)(b) means that
AlgEa=>band A[r = a=>. Since CH(A) = CH(A[s) for any s € BA(A), we have
that 2 [p = a = b. Finally, if 2 is clean and ¢ M r = 0, the embedding is clearly onto,

so it is an isomorphism. -
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6.2 Extending Boolean indexed models to atomless
Boolean indexed models

In this section we show how to embed models of (B4 into models of PABA. Recall that a
model 2 of PB4 is a model of PABA if 2 has infinitely much chaff, has a global element,
and is atomless. One easily embeds 2l into a model with an infinite amount of chaff
by simply adding an infinite set to the domain A. Embedding 2 into a model with
an atomless Boolean algebra requires more work. We show that this last embedding

preserves the existence of a global element.

We first show how to create a model of (B4 U {Bal9} from a model of §BA. Let
2 = PB4 and let p € BA(A) with p # 0. Recall the structure 2| —p and the morphism
W_Q;) from Lemma 6.5. Further, we let m; : A x B8 — 2A be the projection onto the first
coordinate, and we similarly define 5. We form the pullback depicted in Figure 1.
A Xogpp A2

[

2,
A Al —p

p

Figure 1: Pullback over —p

Recall that the model 2 x gy, 2 is defined as the submodel of 2 x 2 where the domain
is the set {(z,y) : m(x) = m,(y)}. Note that if we replace A Xgp, A with 2 in the
above diagram and m; with idg, the diagram obviously commutes. Because of this, by a
well-known category theory result, see [7, page 71|, there is a unique embedding from 2
to A x g, /A which makes Figure 2 commute.

We now discuss the form of this embedding. Let A" be the pullback A x g, A, and
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\ idgy

A Xogpp A =92
|

2A
Figure 2: Factoring 2 through the pullback

idy

s
A —p

2
p

define F': A — A’ by z +— (x,z). We now get the following result:
Lemma 6.10 F' is the unique embedding from A to A" that makes Figure 2 commute.

Proof. It suffices to show that m o I/ = idg and 7 o F' = idg. That both hold is

obvious. -

Thus, 2 embeds into 2U', so we may assume that 2 C 2. We also get the following;:

Lemma 6.11 Suppose A |= 0BA, let p € BA(A) be nonzero, and set A’ as the pullback

model A x o, A. Then A |= PBA.

Proof. As (B is universal Horn, and 2 is a submodel of a product of models of

PBA we have that ' |= (0B,

We now suppose that p is an atom, so we have that for all Boolean ¢ either pfg =0
or pMgq = p. Then, for each ¢ € BA(A), we set ¢qo = (—p) M¢q. Further, if ¢Mp = 0,
then set ¢g; = 0, and if ¢ M p = p, then set ¢; = 1. Thus, ¢ = go U (¢1 M p). We now prove

that the elements ¢y and ¢; are unique.

Lemma 6.12 Suppose A = B2, and p € BA(A) is an atom. Recall that 2 is the
nondegenerate Boolean algebra consisting of two elements, 0 and 1. Then for each q €

BA(A), there is a unique (qo,q1) € (BA(A[(—p))) X 2 such that ¢ = qo U (g1 M p).
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Proof. Suppose ¢ = qo U (¢1 Mp) = ro U (r1 M p). As mentioned above, since p is an
atom, we have either ¢Mp = 0 or ¢Mp = p. Further, note that ¢y Mp =0 = ryMp, since
go < (=p) and ro < (—=p). Thus, go = (q0 U (q1 Mp)) N (=p) = (re U (r1Mp)) 1 (=p) = ro.

Further, g Mp = ¢, Mp=ryMp. Since q;,r; € 2, we have that ¢ = ry.
With this, we get the following:
Lemma 6.13 BA(A) = (BA(A[(—p))) x 2, by the map G(q) = (qo, q1)-

Proof. By Lemma 6.12, this function is surjective. Thus, we need only show it is a
morphism. For LI, note that gLIr = goU(q1 Mp)UreU(r1Mp) = goUroU (g Mp) L (r Mp) =
QoUroU((q1Ury)Mp), so that G(qUr) = G(q¢)UG(r). Further, ¢Mr = (qoU(q1Mp)) M (roL
(r1Mp)) = (qoMro)U(qoMr1Mp) L (g MpMre) U (g MriMp). Now, since goMp = 0 = rolp,
this reduces to (goMro) U (g1 MriMp), so we have that G(¢Mr) = G(q) M G(r). Further,

G(0) = (0,0) = 0BAAIEPDIX2 while G(1) = ((—p), 1) = 1BAACP)*2

For an element a € ST(A), we have that 2 |= [E(a)] maps to ([E(a[|(—p))],0) if
p # [E(a)], and it maps to ([E(a[(—p))],1) if p < [E(a)].

We now discuss the Boolean algebra of 2" derived from a model 2 and an atom
p € BA(A). By the pullback construction, BA(A’) is the set (z,y) € BA(A) x BA(A)
such that (zoU (21 Mp) M (—=p)) = (yo U (y1 Mp) M (—p)), that is, xy = yo. As above, each
element in BA(A’) can be uniquely written as an element in (BA(A [ (—p))) x 2 x 2.
We map the element (x,y) to the element (z¢,x1,y:). Note that this is the same as
(Yo, ¥1,1). By this map, we have that BA(A") = (BA(A | (—p))) x 2 x 2. For an
lement (z,y) € ST(A'), we let 7o = 2 | (~p), 71 = 2 | p, yo = y [ (—p) and y; = y [ p.

Note that xg = yo. Thus [E((z,y))] = ([E(xo)], [E(z1)], [E(y1)])-
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Now, as 2 C 2, we have that BA(A) C BA(A’), with z € BA(A) identified with
(x,z). Since BA(A") =2 (BA(A[(—p))) x 2 x 2, the element (z,z) maps to (zg,x1, z1).
Further, for an element a € ST(A), [E(a)]* = ([E(al(=p))],0,0) if p # [E(a)] and
[E(a)] = ([E(al(=p))],1,1) if p < [E(a)]. We note that the image of p in (BA(A |
(—p))) X 2 x 2 is the element (0,1,1). Let p; = (0,1,0) and ps = (0,0,1). Thus, in
(BA(A T (—p))) x 2 x 2, the element p is no longer an atom, as p; and p, are nonzero
elements that are below p. Further, each element ¢ € BA(A’) can be uniquely written
as qo U (q1 Mp1) U (g2 M p2), where g € BA(A[(—p)), and q1, ¢z € 2.

We now discuss the structural elements in the pullback.

Lemma 6.14 Suppose 2 |= B4, and suppose p € BA(A) is an atom. Let A' = A g,

A, and let g € BA(A"). We write q as (qo, q1,q2)-
1. If ¢ = (q0,0,0), then A, = A,.
2. If ¢ = (qo,1,0), then A, = Ay
3. If ¢ = (qo,0,1), then A, = Ay

4. If ¢ = (qo, 1, 1), then U is the submodel of Ugup X Ay with domain {(x,y) €
(Agoup)? = 2 [ (=p) = y 1 (=p)}. Equivalently, A, is the submodel of Agyp X AgoLp
with domain {(x,y) € (Apup)® @ 10 =1ylq}

Proof. For part 1, clearly A, C Aj. For the other direction, let (a,b) € A}. Then

AE(a=al(=p) AN =>b[(—p)). Further, since W(Q‘_p)(a) = 7T(Q[_p)(1)>, we have that
al(—p) =bl(—p). Thus a = b, so that A, C A,.

For part 2, we have that

A, ={(z,y) + [ (=p) =y [(=p), [E(x)] = o Up, and [E(y)] = q}-
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In other words, for an element to be in the domain of A, it must be of the form
(z,7 [ p), where [E(z)] = qo Up. Let F: Ay, — 2, be defined as F(x) = (v,z [ p).
By the previous comments, this function is well defined. Further, it is clearly onto and,
by the previous comments, it is one-to-one. Now, 2., = P(a) holds if and only if
2 = [P(a)] = g Up. This holds if and only if A" = [P((a,a))] = (g, 1,1), which
is equivalent to &' = [P(a,a[(-p))] = (q0,1,0) = ¢q. Thus, A, = P(F(a)) if and
only if 2, = P(a). Further, suppose Ay, = f(a) = b. Then A = f(a) = b.
Thus, A" = f((a,a)) = (b,b), so that A" = f((a,a | (—p))) = (b,b ] (—p)). Thus,
F(f(a) = f(F(a).

The proof of part 3 is nearly identical to the proof of part 2.

The proof of part 4, suppose (z,y) € A;. Then 2 = [E((z,y))] = (qo,1,1). Thus,

x[(=p) =y [(—p). The last statement follows from the fact that ¢o = ¢ [(—p). -

For a model & = (B4 recall that A° is the largest clean submodel of 2[. We now

describe the largest clean submodel of the pullback 2U'.
Lemma 6.15 Let U be the pullback described above. Then (A')° = 2A° x (A° [ p).

Proof. Note that Figure 3 obviously commutes.

XA [p 5 —=A[-—pxA[p

A

7T—p deg[
T T

20° = A°—p

Figure 3: Commutative square

It suffices to show that 2A° x ° [ p is also a pullback. Thus, suppose we have a model

B and that Figure 4 commutes.
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Figure 4: Factoring B through 2A° x 2°[p

Then a straightforward diagram chase shows that (f,g2) : B — 2A° x 2° [ p is the
unique factorization. So 2A° x 2A° | p is a pullback, and as pullbacks are unique up to

isomorphism, the result holds. -

We now show that this pullback 2 preserves additional axioms from (@4B4.

Lemma 6.16 Suppose 2 = 0®* and p € BA(A) is an atom. Let A be the pullback

formed as above.

1. If A is clean, then A is clean;
2. If A has a global element, then A" has a global element.

3. Suppose A =1 < [v] for an L-sentence y. Then A" =1 < [v].

Proof. Parts 1 and 2 follow immediately from Lemma 6.15. For 3, combine Lemma

6.15 with Lemma 6.3. -

The next step in the procedure is to take the union of a chain of models derived
through this pullback procedure so as to remove all atoms to get an atomless Boolean
indexed model. It is well-known that I1-sentences are preserved under unions of chains.

Therefore, we show that translations of II-sentences are also II9.
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Lemma 6.17 Let ¢ be a 119 L-formula. Then, over 084, 1 <[] is equivalent to a TI9

Horn formula.

Proof. By Theorem 4.35, we may suppose that ¢ has the form
VXY (A, <o(Aj<m 0rj = Viey k), Where each 6, and €,y is atomic. By Lemma 4.33,
1 < [¢] translates to

/\ST:E, ]]<l[[§|y/\ /\5m—>\/er;.C

i<n r<s j<m k<l

This translates to

vx(/\ ST(x:) — 3y (A [E(,)] = [ECOT A [ECOT L TACA 65— V en)D)

<n p<q r<s j<m k<l

This is equivalent to

vx3y(\ ST(z;) = (N\[Ew)] = [E@]AE] S TACA 65—V eD))

<n p<q r<s j<m k<l

As in Lemma 4.37, we have that [A,_,(A;.,, 0rj = Vo €)] is the same as

[1s(j<m — 101 U L oil€x])- Thus, our formula is equivalent to

w3y ( A\ ST(xs) — (A [E@w,)] = [EGI A (BT < [ ] =161 0| lenD))))

<n p<q r<s j<m k<l

This is 113 Horn, so we are done.

We now proceed with our construction. For a model 2 = ()B4 we enumerate the
set of atoms as {p; : i < k} for some cardinal k. Note that as they are atoms, we
have that p; Mp; = 0 for ¢ # j. We let 2" be the pullback formed by 2 Xgp,, 2.
Further, p; € BA(A’) is the element (p;,0,0), so that p; is an atom in A'. In this
manner, we create a chain of models: let A = 2, for a successor cardinal A = o+ 1, set
AN = A X gpopp, A%, and for a limit ordinals A, set A* = (J,_, A", We set AN = |J,_, A’

1<K

With this, we get the following:
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Lemma 6.18 Let A" be the model described above. Then AWM |= OBA . Additionally, if

2 = IBA for some set T of 119-sentences, then ANV = T'BA,

Proof. By Lemma 6.11, each pullback 2’ = @BA. Since @B is IIJ, it is preserved
under unions of chains of models. Thus 2" = §BA. The last claim follows from Lemma

6.17. 4

All atoms in 2 are no longer atoms in A" . However, A" may contain new atoms.
So we repeat this procedure for the model A, and construct a model A . In this way,
we create a chain of models A1) C A® C ... Set AW = J, . AM™. Further, as per
the discussion at the beginning of this section, we may suppose that 2“) has infinitely

much chaff. We are now ready to prove our main result:

Theorem 6.19 Suppose 2 = 0B and 2 has a global element. Let A« be constructed
as above. Then AW |= OABA Further, if A = I'BA for some set T of 11 L-sentences,
then AW = TBA,

Proof. Each 2™ = (B4 so that A« |= ()BA. To see it is atomless, let p € BA(A®)).
Then p € BA(A™) for some n € w. If p is not an atom in A™ | we are done. Otherwise,

p is not an atom in A"V, The final claim follow from Lemma 6.17.

6.3 A modified Wheeler’s conjecture

We are now ready to give a positive alternative to Wheeler’s conjecture.

Theorem 6.20 Let I' be a set of L-sentences that has a nonempty model. If I' has a
model companion aziomatized by a set of 113 L-sentences I", then the universal Horn

fragment of TBA% has as its model companion (I")ABA,
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Proof. We may suppose that I' is a set of universal sentences. By Theorem 4.38,
(TBA2)yy = I'BA is universal Horn. Every model of (I")ABA is a model of I'B4 by
Corollary 4.36. By Theorem 5.17, (I")2B% is model complete. Thus, it suffices to show
that every model of I'®4 embeds into a model of (I")AB4,

Let 21 = TBA. By Theorem 4.34, 2y =T for all U € Uy. By Corollary 2.13 and
Proposition 3.19, (2y)B42 |= TBA. As TBA is universal Horn, ey, (Ap)B42 | TBA. As
2l embeds into Hyeyy (Ar)B42 by Lemma 4.32, it suffices to prove that pey, (Ay)BA2
embeds into a model of (I")A*BA. Now, each 2y |= I so by supposition 2l;; embeds into a
model 2}, = I” which must be nonempty. Then (2},)B42 |= (I")BA by Corollary 2.13 and
Proposition 3.19. Further, ITjeyy, (Ap)BA% embeds into My (A)B42. By Lemma 6.17,
(T")BA is a set of Horn sentences. Thus, yey, (A5)B42 | (IV)BA. As each (2],)BA2 has
a global element, [irey, (2A7;)B42 has a global element. By Theorem 6.19, Tlieyy, (2f,)BA2

embeds in a model of (I")ABA, A

In the presence of the existence operator E(x), consistent theories may contain the
empty model. This is not true for the usual predicate logics without E(z). For a proof,
see Proposition A.1. Thus, we include the seemingly trivial condition that I' has a
nonempty model in the statement of Theorem 6.20.

Our modified version of Wheeler’s conjecture can be described as follows: We start
with a universal theory I' that has a model companion I'. Then I'®42 is essentially
the same theory as I'; in particular, '®A% has as its model companion (I')BAZ. We
take the universal Horn fragment I'BA of I'B42. Out of I" we are able to construct a
model companion for I'®*. By encoding a Boolean algebra into the language, we have

sufficiently enriched its expressive power to be able to axiomatize the theory of the
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existentially closed models.
The following draws an even closer connection between Theorem 6.20 and Wheeler’s

conjecture.

Theorem 6.21 Let I' be a set of 119 L-sentences. Then TABA s axiomatizable by a
set of I3 Horn sentences. In particular, if T has a model companion, then the model

companion of IB* has a 113 Horn aziomatization.

Proof. The set (B4 is Horn. By Lemma 6.17, I'B4 is 119 Horn. Thus, it suffices to
show that Bal9 and So3 are equivalent to IT9 Horn sentences. The former is equivalent to
Vedy((zMy =0 — x = 0)A(zMy = x — x = 0)), while the latter schema is equivalent to
the set of sentences Ix((\,.,, BA(z;) — L)A(A,-,, ST(x;) — L)A(A r, =x; — 1))

i<n 1<j<n

for n € N. These are both conjunctions of TI3 Horn sentences, so we are done. -
We end with two corollaries to Theorem 6.20.

Corollary 6.22 Let I' be a set of universal L-sentences. If I' has a model companion,

then (Dyn)BA has a model companion.
Proof. This follows from Theorem 4.40 and Theorem 6.20. -

We note that the connection between Theorem 6.20 and Wheeler’s conjecture is
drawn even closer by Corollary 6.22.

Recall that the empty theory has a model companion, see [2]. Let 0* be a II9
axiomatization of that model companion. Then the following is a simple corollary of

Theorem 6.20.

Corollary 6.23 The model companion of OB is (0*)ABA,



102

Chapter 7

Intuitionistic Derivability and

Non-Discrete Models

In this chapter we discuss the logical strength of y < []. We demonstrate that its de-
ductive power includes intuitionistic derivability plus the discreteness schema for atomic
formulas. We also discuss the logical strength of y < [p]. Due to its connection
with forcing on Kripke models, we easily show its deductive power includes intuitionistic
derivability. We then show that if I' and A are intuitionistically equivalent theories,
then I'BA and ABA are equivalent. We also show that neither y <[] nor y <g [¢]
contain full classical derivability. We demonstrate this by creating models of #B4 and
sentences ¢ such that the ideal associated with ¢ is not principal. We first show that
the Boolean translation is weaker than classical derivability. Our particular ¢ does not

contain any disjunctions, so that the result then follows from Proposition 3.21.

7.1 Kiripke forcing
We show that p <k [¢] obeys the rules of intuitionistic logic.

Theorem 7.1 Let T'U {p} be a set of L-sentences. If T' b, o, then there exists a finite

subset Ty C T such that 0P* F y <k [[/\76F0 7] — v <k [¢]-
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Proof. By compactness, we have that I' ; ¢ if and only if I'y F; ¢ for some
finite subset I'y. By Kripke soundness, I'g I; ¢ implies that for all models A and
Boolean elements p, if (K (), p) |- then (K (), p) |¢. The result then follows from

Proposition 3.23.

7.2 Boolean forcing

We now discuss the power of y < [¢]. As there is no clear connection between the
Boolean translation and Kripke forcing, we show that each step of the intuitionistic
sequent calculus is preserved. In this case, it is important to keep track of the set of free

variables which occur in the £-formulas.

Lemma 7.2 Suppose p(x) is an L-formula, with x the set of all free variables in .

Then the free variables in the LP*-formula y <° [o(x)] are x Uy.

Proof. We proceed by induction on the complexity of ¢(x). If ¢ is atomic of
the form P(to(x),...,t,_1(x)), then y <° [P(to(x),...,t,_1(x))] is translated as y I
[P(to(x),...,tn_1(x))] =y, so that the free variables are y and x.

Suppose p(x) is ¥(x) A 0(x). Then y <° [p(x)] is translated as y <° [¢(x)] A
y <° [A(x)]. By induction, the free variables in this latter formula are y and x.

Suppose p(x) is ¥(x) V 8(x). Then y <° [p(x)] is translated as Jy;, yo(y; <°
[(x)] Aya <° [6(x)] Ay Uys = y). By induction, the free variables in this latter
formula are y and x.

Suppose p(x) is ¥(x) — 0(x). Then y <° [p(x)] is translated as Vz((z <° y A

z <0 [¢(x)]) — 2 <° [#(x)]). By induction, the free variables in this latter formula
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are y and X.
Suppose ¢(x) is Va(z,x). Then y <° [p(x)] translates to Vz([E(z)] <° y —
[E(x)] <° [¥(z,x)]). By induction, the free variables in this latter formula are y and x.
Finally, suppose ¢(x) is Jz¢(x,x). Then y <% [p(x)] translates to Jz([E(z)] =
y Ay <Y [4(z,x)]). By induction, the free variables in this latter formula are y and x.

_|

Before we prove our main result, we need one last result.

Lemma 7.3 Let ¢ be an L-formula, and t an L-term where no free variables of t occur

as bound variables in o or iny < [¢]. Then (y 9 [p(z)])(x/t) is the same string as
y 2 () (z/t)]-

Proof. We proceed by induction on the complexity of ¢. If ¢ is an atomic formula
of the form P(to(z),...,ta_1(x)), then y < [P(to(),. .., ta_1(2))](z/t) means (y M
[P(to(z), ... ta_1(x))] = y)(x/t). This becomes y M [P(to(), ... ta1(t))] = y. But
this is the same string as y M [P(to(x), ..., ta_1(z))(z/t)] = y, which is the same as
y 2[P(to(@), - .. taa(@))(z/D)].

Suppose ¢ is YAf. Then (y < [p(x)])(x/t) means ((y 2 [¢(z)])A(y < [6(x)]))(z/1).
By induction, this is the same as y < [1)(z)(x/t)] and y < [6(x)(x/t)]. This is the same
as y 9 [(Y(x) A O(x))(z/1)].

Suppose ¢ is ¥ V 0. Then (y < [o(x)])(z/t) is
Gy, v2((y1 L [D(@)]) A (g2 L[O@)]) Aya Uya = ) (/1)
By induction, this is the same as

1, y2(yr L [W(2) (z/O) Ay L [0(x) (/)] Ay Uyz = ).
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This is the same as y < [(¢(z) V 0(x))(z/t)].

Suppose ¢ is 1 — 0. Then (y < [p(x)])(x/¢) is the same as
Va((z dy Az D [W()]) — (2 2 [0(2)]))(2/1).
By induction, this is the same as
Va(z Dy Az Do) (z/t)] — 2 2 [0(z)(z/1)]).

This is the same as y < [(¢(x) — 0(z))(x/t)].

Suppose ¢ is Va'(¢(z, 2')). Then (y < [e(x)])(x/t) is
(V2'([E(z)] Ly — [E@)] 2 [e(z, 2)])(/1),
which, by induction, is the same as
va'([E(2)] Sy — [E@)] D [z, 2')(/0)]).

This is the same as y < [(V2/'(¢(z,2")))(z/1)].

Finally, suppose ¢ is 32/ (¢ (x, 2')). Then (y < [p(2)])(x/t) is

(3" ([E()] =y Ay = [z, 2 )D)) (/1)

By induction, this is the same as 32/ ([E(2')] = y Ay = [p(z,2")(x/t)]). This is the

same as y < [(3z'( (¢, 27))) (x/1)].
We now prove the main result for this section.

Lemma 7.4 Suppose b; 7(x) = ¢(x), where x is the set of all free variables that occur

in vy and ¢. Then PBA F; 1 < [vx(y — ¢)].
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Proof. We proceed by induction on the length of the proof of v = ¢. Thus, we
suppose that the result holds for shorter lengths, and show the result holds for each step
in the intuitionistic sequent calculus presented in Appendix A. Recall that z < [E(x)]

means that z <[ ]._ [E(z;)], so that the extent of every element of x is at least as big

<n
as 2.

We start by showing that 1 < [Vx(L — ¢)]. This translates to
vx(\ ST(z;) — Vz((z S [EE)] Az D [L]) — = D [¢]).

But if z < [ L], then z = 0, so that z < [¢] by Proposition 4.8.

We now show that 1 < [Vx(¢ — T)]. This translates to
vx(\ ST(z;) = Vz((z S [EE)] Az D [e]) — =z S [T])).

But [T] =1, so that if z < [¢], then clearly z < 1.

Next, we show that 1 < [Vx(¢ — ¢)]. This case translates to

x(/\ ST(z;) — Vz((z S [E] Az D [¢]) — = < [¢])).

This is obviously true.

Next, we show that 1 < [Vx(T — x = x)]]. This translates to
‘v’x(/\ ST(z;) = Vz((z S [EX)]AzD[T]) — 2 < [z = z])).

But if z < [E(z)], then z < [z = z].

Next, we show 1 < [Vx((z =y A ¢(x)) — ©(y))]. This translates to

¥x(\ST(2:) — V(= S [EG)] Az D = y] Az < [p(2)] = = < [e(y)]))-

But if z < [z = y] and z < [p(x)], then by Corollary 4.4, we have that z < [o(y)].
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We now show that
1A [vx((¢ = ) A (¥ —0))] — 1 D [vx(p — 0)].

Then, for any z < [E(x)], z < [¢] implies that z < [¢], and for any w < [E(x)],
w < [¢] implies that w < [@]. Thus, if some z < [E(x)] is such that z < [¢], then
z < [+]. But then z < [0] so that z < [ — 6].

Next, we show that

1D [vx((p = ) A0 = ¢))] — 1 2 [vx((e V) — )]

Then we have that if A,_, ST (z;), then [E(x)] < [¢ — ] and [E(x)] < [0 — ¢]. Now
suppose w < [E(x)] with w < [V @]. Then there exist wy,ws < w with w; < [¢]
and wy < [0] and w; U wy = w. By our suppositions, wy < [¢] and wy < [¢]. Then
wy Uwy =w < [¢] by Lemma 4.6. Thus z < [(¢ V 0) — ¥].

Conversely, we show that

1< [¥x((p v 0) = $)] — 19 [vx((e — &) A (0 = 0)].

Suppose we have that A,_, ST(z;) and w < [E(x)]. We need to show that w < [ — ]
and w < [0 — ¢]. Let v < w and suppose v < []. Then by our supposition, v < [¢].
The case for w < [§ — 9] is similar.

Next, we show that

19 [¥((p = ) Alp = 0)] = 1 D [vx(p — (¥ AO))].

Then we have that if A,_, ST(x;), then [E(x)] < [¢ — ¢] and [E(x)] < [¢ — 0].
Suppose A, ST(z;) and z < [E(x)]. We need to show that z J [y — 1 A ¢]. Thus,

suppose w < z and w < [p]. By our supposition, w < [¢] and w < [0], so w < 1 A 0].
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Conversely, we show that

19 [¥x(p — (4 AO)] — 19 [vx(( — &) A (o — O)].

Suppose A,_,, ST(x;) and z < [E(x)]. We need to show that z < [(¢ — ¢) A (¢ — 6)].
Thus, suppose w < z and w < [¢]. Then by our supposition, w < [[1 A 6], so certainly
w < [[¢]. Thus, z 9 [¢ — 9]. The case for z < [ — 0] is similar.

Next we show that

19 [vx(p(z) = ¢(@)] = 1 D[V (p(t) — ()]

where ¢ is a term where no variable in ¢t becomes bound, and x’ is the tuple obtained from
x by removing x and adding the free variables of t. Then, the antecedent is equivalent
to: if A\,_, ST(x;), then [E(x)] < [¢(x) — 9 (x)], or, equivalently, if w < [E(x)] A w <
[o(2)], then w < [4(z)]. We wish to show that 1 < [Vx'(¢(t) — ©(t))]. Let x’ be any
set of structural elements, and suppose w < [E(x')] and w < [¢(t)]. Then w < [p(t)]
if and only if w < [¢(¢t[w)] by Corollary 4.3. Then, by Lemma 7.3 and applying the
antecedent to the elements x” and ¢ [w, we have that w < [¢(¢)].

Next, we show that
19 [Vx((E(@) Ap) = ¢)] = 1 D [vx'Gre — Y],
where z is a variable which is not free in ¢). Then our supposition is

Vx(/\ ST(x:) = Vz((z S [EX)] Az < [E(@) A p(@)]) — = < [¥]))-

<n

We need to show that 1 < [Vx'(dz¢ — )]. This translates to

vx'( ]\ ST(2') = Vu((w 9 [Ex)] A 3([E@)] = wAw < [p(@)]) = w < [¢]))-

z'ex’!
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Thus, suppose we have a set of structural elements x’ and an element x such that
[E(z)] = w and w < [p(z)]. Then we have w < [E(x)] A w < [p(z)], so by our
supposition, w < [¢].

Conversely, we show that

1 < [vxX'(3zp — ¥)] — 1 4 [vx((E(z) A @) — )],

again with = not free in 1. As above, the antecedent translates to

X ( \ ST(a') = Vx((= < [EG] A Fe([E@)] = 2 A = < [])) — = 2 [41)).

r’'ex’

We wish to show that

VX(/\ ST(z:) = Vu((w 4 [EF)] A w D[E(@) A p()]) = w 2 [4])).
Thus, suppose x are structural elements, w < [E(x)] and w < [E(x) A ¢(z)]. Then,
by replacing z with x [ w, we have that [E(x)] < z,w < [E(x)], [E(x)] = w, and
w < [e(x)]. Thus w < [¢].

Next we show that
1 9 [vx(p — (E(z) = )] — 1 < [Vx/ (¢ — Vap)],

where z is not free in ¢. Then we have that if x are structural and for all z, if
z < [E(x)]Az < [¢], then z < [E(xz) — ¢]. We need to show that 1 <J[Vx'(p — V)],
or equivalently,

x'(J\ ST(a') = Vz(z Q[E)] Az D[] = Va([E(@)] < 2 — [E@2)] < [¥]))).

' ex’

Let x’ be structural and suppose z < [¢], z < [E(x')], and z is such that [E(x)] < z. Let

w = [E(x)]. Then w < [E(X')], w < [¢], and w < [E(z)], so that w = [E(z)] < [¢].
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Conversely, we show that
19X (¢ — Vay)] — 1 D [vx(p — (E(z) — ¥))],

where again z is not free in ¢. Then our supposition is that

vx'( \ ST(2') — Vz(z < [EX)] A 2 < [¢] — Va([E(z)] < 2z — [E(z)] < [¢]))).

x'ex’

We need to show that 1 < [Vx(¢ — (E(z) — v))]. Suppose we have structural elements
x and a Boolean element z where z < [E(x)] and z < [¢]. Then we have that x" are
structural elements, z < [E(x')], and z < [¢]. By replacing x with x [ z, we have that
[E(x)] < z, so we can apply our supposition to get z = [E(z)] < [¢].

Next, we show that

12 [¥((p A) = )] = 1 D [vx(p — (¢ = 0))].

Then we have that if x are structural, z < [E(x)], and z < [ A 9], then z < [0]. We
wish to show that if x are structural, w < [E(x)], and w < [¢], then w < ¢ — 0]. To
this end, suppose that v < w and v < [p]. We need to show that v < o — 6]. So let
u Qv and u < [¢]. Then u Q J¢], so u < o A1]. By our supposition, u < [6].

Finally, we show that
1D [vx(p = (¥ = 0))] = 1 2 [Vx((p Ay) — 0)].

Suppose x are structural. We need to show that [E(x)] < [(¢ Av) — 6]. Suppose
z < [E(x)] and z <9 [ A ¢]. Then z < [¢], so by our supposition, z < [¢p — 6]. But

since z < [¢], then z < [0].

We get the following theorem as an immediate result.
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Theorem 7.5 Let ' be a set of L-formulas, let A = {Vx(d V =) : § a quantifier-free

L-formula}. If TUA &, @, then TBA =, 1 <[]

Proof. This follows from Lemma 7.4 and the fact that quantifier-free formulas are

discrete. -

Thus, by Lemma 7.4, intuitionistically equivalent axiomatizations of a theory I' have
the same translated theory TBA: if we include 1 < o] and T' F; ¢ — 1), then TBA =
1 < [¢]. Theorem 7.5 shows that the deductive strength of y < [] is strictly stronger
than intuitionistic logic.

We end with an obvious corollary to Lemma 7.4.

Corollary 7.6 LetT and A be intuitionistically equivalent theories. Then I'BA and ABA

axiomatize the same theory.

7.3 Non-discrete models

In this section, we present models of )B4 with L£(A)-sentences ¢ such that there is no
p € BA(A) where 2 = [¢] = p. This shows that the Boolean translation is not as
powerful as full classical derivability. As our example of ¢ contains no disjunction, by
Proposition 3.21 the result also holds for the Kripke translation.

Recall that an £(ST(A))-sentence is discrete if its ideal is principal.

Definition 7.7 Let 2 |= 0B, We say that 2 is discrete if every L(ST(A))-sentence

15 discrete. We say 2 is non-discrete otherwise.

In other words, 2 is non-discrete if there is an £(ST(A))-sentence ¢ such that (] is

not principal.
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We present some simple examples of non-discrete models. For the examples we
present, it is easy to describe the structure of the model so that it does not satisfy the
axiom Pt5. By a pullback construction like we made in Chapter 6, we can embed this

into a model of Pt5. We present this construction in Appendix B

7.3.1 A two element non-discrete model

We begin by discussing the Boolean algebra for our model 2A. Let C be Cantor space
2¢. It is well known to be a compact metric O-dimensional space. It has a countable
clopen basis, which we describe as follows: let a € 2<“ be of length n. We define
a={feC:Vi<n(f(i) =a(i))}. Thus each & is a clopen subset of C, and all clopen
subsets of C are constructed by taking finite unions of elements &. We let € represent
the collection of clopen subsets of C. The Boolean algebra BA(A) for our model is €.

The only functions symbols in our language £B* are x [y, [E(z)], and [z = y]. We
have one global element, which we call a. Now, the rest of our structure is generated as
follows: let pg be the clopen subset of C which corresponds to the cone of elements above
0. Let p; be the clopen subset which corresponds to the cone of elements above 10. Let
p2 be the clopen subset which corresponds to the cone of elements above 110. Let p3 be
the clopen subset which corresponds to the cone of elements above 1110. Continue in
this fashion to get a sequence of Boolean elements p;. Over each p;, we introduce a new
structural element which we call a;. Thus for each p;, |A,,| = 2. By Lemma B.8, this
embeds into a model of PB4, which we call 2.

We now investigate the extent of the sentence Jzy(—(x = y)):

Lemma 7.8 Let 1 represent the function in 2% which is the constant 1. Then
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p 2 [Bry(=(x =y))] if and only if 1 ¢ p.

Proof. For ¢ € €, ¢ < [Fzy(—(z = y))] if and only if

([E(x)] =pAp < [By(=(z=y)]).

This holds if and only if

Az(([E(2)] = p) A ([E@)] =pAp 2 (=(z =1y)))),

which holds if and only if Jzy([E(z)] = [E(y)] = pAVe(¢ <pAqg <[z =y] — q=0)).

Suppose 1 ¢ p. Then p is covered by some finite set of p;. Call this finite set
I. Now, each p; < [Fzy(—(x =y))], as witnessed by a [ p and @;. Thus, by Lemma
4.6, we have that | |,.,p; < [Fry(=(z =y))]. Since p < | ,;pi, then by Lemma 4.5,
p 2 [Bry(=(z = y))].

Conversely, suppose 1 € p, and assume p < [Fzxy(—(z = y))]. Let z and y witness
that p < [Jzy(—(z =y))]. Since 1 € p, and each of x and y is constructed by piecing
together finitely many pieces of a and elements a;, then there exists a nonzero element
g € BA(A’) with 1 € ¢ such that ¢ < [ = o] and ¢ < [y = a], so that ¢ < [z = y].
Then gMp #0sincel €pand 1 € ¢q. But ¢Mp <0 and ¢Mp < [z =y], but ¢Mp #0,

a contradiction. Thus we must have that p 4 [zy(=(z = y))].
From this we get an immediate corollary:
Corollary 7.9 ' is non-discrete.

Proof. Since there is no element of € which consists of all of C except 1, the extent

of Jzy(—=(x =y)) is not in €.
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Note that (-3zy—(z = y)] = 0. To see this, let p € (=JzIy—(z = y)]. Then for all
q, if ¢ < p and ¢ < [FxJy—(x = y)], then ¢ = 0. Assume p # 0. As C is atomless, there
exists ¢ < p such that ¢ # 0 and 1 ¢ ¢. Then ¢ < p and ¢ < [FzIy—(z = y))], so that

q = 0, a contradiction. Thus p = 0. So we get the following.
Theorem 7.10 Let ¢ be JxIy—(x =y). Then [ V —¢] # 1.

As . ¢V —p, we see that the Boolean translation does not contain the full power of
classical predicate logic. Since ¢ does not have any disjunctions, with Proposition 3.21

the Kripke translation is also weaker than classical predicate logic.

7.3.2 An infinite non-discrete model

We again start with a model 2 with Boolean algebra €. The language £ consists of
only one binary predicate, <. We take a properly descending sequence of elements of
¢, {p, : n € w}, with py = 1%, whose intersection is a single point, which we name c.
Over each element p,, we introduce an element n with extent p,, i.e. [E(n)] = p,. If
m,n € N with m <n, then [m < n] = p,. The structure of this model consists of finite
piecing together of these elements n. Again, by Lemma B.8, this embeds into a model
A |= PBA,

We look at the extent of JxVy(y < z), i.e. there is a largest element.
Theorem 7.11 Let g € €. Then q < [FxVy(y < x)] holds if and only if ¢ ¢ q.

Proof. We start by noting that ¢ < [JzVy(y < x)] holds if and only if Jz([E(x)] =
g N q < [Vy(y <z)]). This holds if and only if Jz([E(x)] = ¢ A Vy([E(y)] < ¢ —

[E(y)] < [y <=z])). Further, for every n € N, the Boolean element p, M (—p,+1) <
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[BxVy(y < z)]. In fact, we have that p, M (—pns1) < [Vy(y < n)]. Also, —p; = ((—p;) M
pic1) U ((—=pi—1) Mpi—e) U ... U ((—=p1) Mpo). Since each p, M (—ppy1) < [FxVy(y < x)],
by Lemma 4.6, we have —p; < [FzVy(y < z)] for each i.

Suppose ¢ ¢ c¢. Since ¢ ¢ ¢, q is covered by some finite set of —p;. As each
—pi < [FaVy(y < )], we have that ¢ < [32Vy(y < z)] by Lemma 4.5.

Conversely, suppose ¢ € c and assume there exists an element a € A, such that
Vy[E(y)] < ¢ — [y < a] = [E(y)]. Since ¢ € ¢, there exists an n € N such that p, < c.
Further, since a is made by piecing together a finite number of elements, then there is a
largest m € N such that m is used in constructing a. Now p,,,.1 < py, so that p,, 1 < ec.
Further, [E(m + 1)] = pjy1 and [m + 1 < a]] = 0, a contradiction. Thus, we must have

that ¢ 4 [FaVy(y < 2)]. -
We get an immediate corollary:
Corollary 7.12 The sentence JxVy(y < x) is not discrete.

Proof. By the previous theorem, (F2Vy(y < z)] = {c: ¢ ¢ ¢}. However, there is no
element in € that consists of all subsets that do not contain c. Thus, (JzVy(y < x)] is

not a principal ideal.

Note that (=3zVy(y < x)] = 0. To see this, let p € (—=3zVy(y < z)]. Then for all
q, if ¢ A pand ¢ < [FzVy(y < x)], then ¢ = 0. Assume p # 0. As C is atomless, there
exists ¢ < p such that ¢ # 0 and ¢ ¢ ¢. Then ¢ < p and ¢ < [FaVy(y < )], so that

q = 0, a contradiction. Thus p = 0. So we get the following.

Theorem 7.13 Let ¢ be xVy(y < x). Then [p V —¢] # 1.
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Again we see that the Boolean translation does not contain the full power of classical

predicate logic.

7.3.3 A non-discrete model with a complete Boolean algebra

Recall that a Boolean algebra is complete if it is closed under arbitrary joins and meets.
We show that there exists a model of )B4 with a complete Boolean algebra. Note in a
complete Boolean algebra, an ideal is principal exactly when it is closed under arbitrary
joins of elements in the ideal. We construct a model and a sentence ¢ such that the
ideal generated by ¢ is not closed under arbitrary joins of elements, so that the ideal is
not principal, and thus ¢ is not discrete.

The language £ contains no function symbols and no predicates besides the usual
E(z) and # = y. We construct a model 2l over £LBA as follows: We let BA(A) be the
power set Boolean algebra on N. For each singleton {n} € P(N), we place above it the
one element structure. We call its element a,. We set ST(A) = |J,,cy{an}. For each n,
we set [E(a,)] = {n}, and we set [a, = a,,] =0 for all n # m. Further, for N C N, we
set a, | N equal to a, if n € N and @ otherwise. One easily shows that 2 |= )B4\ {Pt5}.
By Lemma B.8, this embeds into a model 2l'. We note that 2" does not have a global

element, as we are only permitted to piece together finitely many elements.

Proposition 7.14 Let A’ be as above, and let ¢ be the L-sentence Jx(x = x). Then

(] is the set of all finite subsets of P(N). Additionally ¢ is non-discrete.

Proof. The first claim follows from the fact that we are able to glue together finitely
many a;. Note that N is not in (¢]. Thus, the ideal (¢] is contains every finite subset of

N, but does not contain the join of these elements. -
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Note that it was vital to the proof that there is no global element. This example
shows that having a complete Boolean algebra is not sufficient to showing the model is

discrete.

7.4 Sufficient conditions for discrete models

We now present two sufficient conditions for a model to be discrete.

7.4.1 Internally finite models

Many of our models have structures with infinitely many elements. For example, if a
model has an atomless Boolean algebra and a structural element not equal to w, then
the structure of the model must be infinite. However, some models will have a finitely
many structural elements such that every structural element can be partitioned into

those places where it equals those finite structural elements.

Definition 7.15 A model A of 0BA is internally finite if there exist finitely many

elements a € ST(A) such that [E(a;)] =1 for all i and for every a’ € ST(A), [E(a)] =
|_|i<n[[&i = a]]‘

In some sense, this is an approximation of a finite model. More precisely, 2 is
internally finite if and only if A =1 < [3xVy(V/,_,, ¥ = 2;)] for some n. We now show

that being internally finite is a sufficient condition for being a discrete model.

Proposition 7.16 Suppose A = OB, If 2 is internally finite, then 2 is a discrete

model.
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Proof. Let 2 = 0B and let a € ST(A) witness that 2 is internally finite. Let ¢ be
a L(ST(A))-sentence. We show by induction that [¢] is Boolean. By Corollary 4.17 and
Corollary 4.18, we only need to show the inductive case for the universal and existential
cases.

Suppose ¢ is Vo (z). Now, for each element a of a, [i(a)] is discrete. Let g =
[ic,[¥(a;)]. We show that ¢ = [Vay(z)]. First, ¢ < [Vz)(x)]: let a be such that
[E(@)] < . Now, U,_,la: = a] = [E(@)]. Now, by Corollary 4.4, [a; = a] < [¢(a)].
By Lemma 4.6, [E(a)] = ||,_,[o: = a] < [¢(a)].

We now show [Vzi(z)] < g. Suppose p < [Vaio(x)]. Now, [E(a;[p)] = p, since
[E(a;)] = 1 for all i. Thus, p < [¢(a;[p)], so by Corollary 4.3, p < [¢(a;)] for all 7.
Thus, p [, [¢(a)] = ¢

Suppose ¢ is Jxy)(z). Let ¢ = | ], [¥(a;)]. We show that ¢ = [Jay)(x)]. First,
q Q [Fz(x)]: let a) = a; [ [¢(a;)], so that [¢(a;)] = [¢(a})]. By Corollary 4.3, we
have that [B(a})] < [¢(a))]. Thus, [¢(})] < [Brd(z)]. By Lemma 46, .., [¢(a;)] =
q < [Fay(2)].

Conversely, suppose p < [3zip(z)]. Let a be such that [E(a)] = p and p < [¢(a)].
Now, | |,.,[ai = a] = p. By Lemma 4.5, [a; = a] < [¢(a)], and by Corollary 4.4,

la; = a] < [¥(a;)]. Thus p=| ;. [a; = a] < |, [¢(a:)] = q

7.4.2 Model completeness

We show that if 2 is a model of a translated model complete theory, then 2l is discrete.

This encompasses Lemma 5.15.

Proposition 7.17 Let T' be a 113 aziomatization of a model complete L-theory, and let
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2 = TABA Then 2 is discrete.

Proof. By Lemma 5.15, it suffices to show that all £(ST(A))-sentences have the
same extent as an existential L(ST(A))-sentence. We proceed by induction on the com-
plexity of ¢. The result obviously holds for atoms, and is preserved under conjunction,
disjunction, and existential closure.

Suppose ¢ is 1y — . By induction, ¥ has the same extent as Ixi’ and = has the
same extent as Jy~y'. As ¢ and ~y are discrete, [¢] is the same as [-3xy’] U [Fy+/]. By
Corollary 5.16, there is a sentence 3z1)” such that [-3x¢'] = [Jz1"]. Then ¢ has the
same extent as Jzy” V Vy~/'.

Suppose @ is Va1). By induction, ¢ has the same extent as Ixv)’. By Corollary 5.16,
there is a sentence Jy~y such that [¢] = [-3y~]. So (¢] = (Vx—Iy~y]. By Theorem 7.5,
(Ve—=3yvy] = (=3z3y~y]. Apply Corollary 5.16 to get 3z such that (—-3z3y~] = (Iz6)].
4
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Appendix A

Intuitionistic Sequent Calculus

We include as a reference a version of the intuitionistic sequent calculus. Here, o = ¢
means that ¢ is derivable from ¢. Our particular choice of predicate logic allows us
to have empty models. We discuss this at the end of the appendix. Here ¢ and 1 are
formulas, a single line means that the suppositions on top imply the bottom, and a
double line means that the implication goes both ways.

L=
=T
Y=¢
T=x==z

r =y A p(r) = p(y) where x and y are not bound after substitution

=1 =0
=0

o= 0=

Vo=

o= w=10

p=1UYAN0
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olz) = ¥(x) where t is any term, and no free variable in ¢ becomes bound.

(E(x) A p) = ¢ where x is not free in ).

drp =

¢ = (E(z) — 1) where z is not free in ¢.

w = Vi)

N =0

=1 —0

This is a well-known version of the intuitionistic sequent calculus. We refer the reader
to [12], [11], and [1] for reference.

This system is known to contain the empty model. We show that the usual predicate

calculus does not permit this.

Proposition A.1 In the usual predicate calculus with E(x) replaced by T, the system

proves x(r = x).

Proof. We have that T = z = z. We also have that Jz(z = z) = Jz(z = x).
Further, from Jz(z = x) = Jz(x = x) we derive © = x = Jz(x = z). From this we get

T = Jz(r =2).
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Appendix B

Piecing Together

We now show how embed a clean, nondegenerate model of (B4 \ {Pt5} into a model
of OB, Often when constructing models of BB, it is easier to introduce the structure
of the model without piecing together. We show that this is sufficient, that is, such a
model embeds into a model with piecing together. Further, our construction will preserve
axioms Ex5, Bal9 and So2. Throughout this appendix, we fix a clean, nondegenerate
model A = PBA.

Let p, q be elements of BA(A) such that p U g = 1. We form the following pullback:

(Q’l fp) X A(prig) (Ql TQ)TZ 2 fq

lﬂl lnmﬁ
Alp—————= A (pMq)

Tprg

Figure 5: Pullback over p and ¢

Recall that the model A [ p Xgypng) & [ ¢ is the submodel of the product model

A p x A g with domain {(z,y) € (Alpx Alq) : & () = m4% (y)}. We label this

phg phlg

pullback model 2'. We wish to show that 2 embeds into 2'. By [7, page 71], if Figure

6 commutes, then there is a unique embedding from 2 to 2.

Lemma B.1 7%

g © 7T§l =7 o7 so that U factors through .

pllg q’

; 2Ap A _ A _ _Ug A
Proof. This holds because 7y, o 7 = 7, = Tpfg 0 7y
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A——>Alg
-
Alp— Al (pq)

Tpriq

Figure 6: Commutative square over p and ¢

Thus, the diagram commutes, and we get a unique embedding from 2 to . We

now discuss the form of this embedding.

(@lp,xlq) i A= E([E(z)])
Let FF: A —Afp xAlqg by F(z) =
(xMp,xMq) if A = BA(x)

Thus, we get the following diagram:

A Alq

Alp—75 Al (pTq)

Tpriq

mooF

Figure 7: Mapping through F

We now show the following:

Lemma B.2 F is the unique embedding from R to A" which makes Figure 7 commute.

Proof. It suffices to show that the above diagram commutes. Now, 70 F' = 7r§‘, and

Mo F = 7T§l. The result then follows by Lemma B.1.

With this Lemma, we get the following result:

Lemma B.3 Letp,q € BA(A) be such that A |= plig = 1 and A" = (A [ p) Xaypng) (A Tq).

Then BA(A) = BA(A").

Proof. For the Boolean algebra, all that needs to be shown is that the function F'

from Lemma B.2 is onto. Let (r,s) € BA(A’). Then rMq = sMp. Let t € BA(A) be
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such that t = rUs. Then F(t) = (tMp,tMq). But tMp = (rUs)Mp= (rMNp)U(sMp) =
(rMp)U(rMgq) = r. Similarly, tMg = s. Thus F is onto BA(A’), so that BA(A) = BA(A’).

_|

By Lemma B.2, we have that 2 embeds into 21’. Thus, we may assume that A C ',
and by Lemma B.3, we have that BA(A) = BA(A’). Similarly, we identify the elements

a € A with the image (a[p,a[q) € A’. We now discuss the theory of .

Lemma B.4 Letp,q € BA(A) be such that plig =1, and let A" be (AT p) Xoypng) (A Tq).

Then A’ is a clean model of 0B* \ {Pt5}. Further,

1. A is atomless if and only if A’ is atomless;
2. If A has a global element, then A" has a global element.
3. IfAE=Pth and pfig=0, then A=A,

Proof. Since ()B4 is universal Horn, and 2’ is a submodel of a product of models of
PBA \ {Pt5}, we have that ' = @BA\ {Pt5}. Further, the domain of 2l is the set of
elements of A [p x A [ q such that {(z,y) € (Alpx Alq): ’/T%q(.ilj) = quq(y)}. Since

2

o () = m2¥(y) implies that both x and y are Boolean or both z and y are structural,

we do not create any chaff. Thus, 2 is clean.

Claim 1 also follows from the fact that BA(A) = BA(A’). For part 2, let a € A such
that 2 = [E(a)] = 1. Then (a[p,alq) € A, and A’ = [E((alp,alq))] = (p,q) = 1*.
For part 3, we show that F' from Lemma B.2 is onto. Let (a,b) € A’. Then A
[E(a)] M [E()] = 0. Since 2 satisfies the piecing together axiom, there is an element
a ® b with [E(a ® b)] = [E(a)] U [E()], (a ®b) [[E(a)] = a, and (a @ b) [ [E(b)] = b.
Then F(a & b) = (a,b).
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We now prove the following Lemma:

Lemma B.5 Let p,q,r,s € BA(A) be such that pMqg=0, pUg=1,r<p, and s < g,

and let A" = (A[p) Xoypng) (ATq). Then if a € A, and b € A, thena® b € A

rls-

Proof. We have that (a,b) € A’. Then [E((a,b))] = (r,s), which is the image of rUs
in A'. Further, (a,b)[[E((a,0))] = (a,0), the image of a in A, and (a, b) [ [E((0,0))] =

(0,b), the image of b in . Thus, (a,b) =a & b.

Lemma B.6 Let p,q € BA(A) be such that pMq =0 and pliqg=1. Set A" equal to the

pullback model ATp Xoypng) ATq. Let r Ip and s < q. Then A, = AL x A,

rlls

Proof. We need only show that the function in Lemma 3.13 is onto. To see it is
surjective, let (a,b) € AL xA,. Thena € Alpandb € Alq, and ﬂg%”q(a) = W;F—?q(b). Thus,
(a,b) € A'. We show that [E((a,b))] = rUs. Let t = [E((a,b))]. Then tMp = [E(a)] =r
and tMq = [E()] =s. Thus, t =tM(pUq) =rUs. Thus, (a,b) € A ., and maps to

(a,b).

We now show that a clean model 2 of (B4 \ {Pt5} embeds into a clean model of B4
with the same underlying Boolean algebra. We enumerate all elements p € BA(A) as
p; with i < k for a cardinal k. We set 20g = 2, and set 2, equal to the pullback model
o [P0 X 2(por—po) Lo [ —po-

By Lemma B.3, we have that BA(A) = BA(A;). We create a chain of models in
the following fashion: if A is a successor ordinal, with A = o+ 1, we set A, = A, |

Pa Xnlpan—pa) Ao | —Pa, and if A is a limit ordinals, we set Ay = [J,_, ;. Thus, we get

1<

a chain of models ; for i < k. We call A the union of this chain of models.
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Lemma B.7 AW is a clean model of 0B \ {Pt5} with BA(AW) = BA(A). Further,

1. A is atomless if and only if AV is atomless;
2. If A has a global element, then AN has a global element.

3. If A |= Pt5, then AWM = 2.

Finally, if r,s are such that r s = 0, then for all a € A,, b € A,, there exists

cE Ql,(ﬂlu)s such that c[r =a, c[s=0b, that is, c = a @ b.

@BA

Proof. As the axioms of are all 19, they are preserved under chains of models.

Further, since A™M is a union of clean models, it itself is clean. Finally, since each
pullback has the same Boolean algebra, BA(A) = BA(A).

Part 1 follows from the fact that BA(A®") = BA(A). For part 2, note that Ex5 is a
I1Y sentence. Now, by Lemma B.4, if 2 satisfies Ex5 then each pullback satisfies Ex5.
Since II) sentences are preserved under unions of chains, we get that AW satisfies Ex5
as well. Part 3 follows from Lemma B.4.

For the last claim, let a € A, and b € A, and let py, be such that r < p, and s < —p,.

Then, a @ b is in the pullback model 2, | by Lemma B.5. Thus, a ® b is in AL A

A+1

By construction, we have that 2 C A, We repeat this process with the same
enumeration of Boolean elements to get a model A?) with A1) C AP We continue in
this manner to get a chain of models A" C AR C AG) C . ... Thus, for every n € N
and any r,s € BA(A) with r M's = 0, we have the picture in Figure 8. In Figure 8, &
is the map taking (a,b) to a @ b, h is the isomorphism from Lemma B.6, and ¢ is the

inclusion map.
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ngn) y ngn) J>%£n+1) % ngn+1)
Figure 8: Comparing A"+ to 2A™)

We set ) equal to the union of the chain of models |J, . 2A™. We are now ready

new

to prove our major result:

Theorem B.8 A« is a clean model of 0B with BA(A®) = BA(A). Further,
1. A is atomless if and only if A is atomless;
2. If A has a global element, then A“) has a global element.
3. If A |= Pt5, then AW = 2.

Proof. As each AM™ = (BA\ {Pt5}, and A« is a union of a chain of models,
then A« = B2 Now, let a,b € ST(A®) such that A« = [E(a)] 11 [E(®)] = 0. If
[E(a)] = 0, then b satisfies the piecing together axiom. Thus, we may suppose [E(a)] # 0
and [E(b)] # 0. Let p and ¢ be any elements such that [E(a)] < p, [E(b)] < ¢, pfg =0,
and pU ¢ = 1. Now, let N € N such that a,b € AN). Now, by Lemma B.7, the model
Ql,(nN) X ngN) maps into ng: b, Thus, there is an element in AN+ corresponding to
(a,b). Call this element a @ b. Then [E(a ®b)] = [E(a)]U[E(D)], a®b][E(a)] = a and
a®b[[ED)] = 0.

Again, part 1 follows from the fact that BA(A“) = BA(A). For part 2, if 2 satisfies
Ex5, then each model 4™ does as well. As Ex5 is a I19 sentence, so that A« = Ex5.

Finally, part 3 follows from Lemma B.7. H

We now show a simple corollary of this theorem.
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Corollary B.9 Suppose 2 |= 0B2\ {Pt5}. Then 2 embeds into a model B of OB* with
BA(B) = BA(A).

Proof. Let 2’ be largest clean submodel of 2 given by Proposition 3.4, and let A«
be the model of §B* U {Pt5} given by Theorem B.8. We set B = A« U CH(A), with
predicates and functions interpreted as in A“). Then 9B clearly models #B* U {Pt5},

with BA(B) = BA(A“W). A
We combine the results form Chapter 6 and this appendix into one result.
Theorem B.10 Suppose A = 0BA\ {Pt5}. Then 2 embeds into a model B of PABA,

Proof. By Theorem B.8, 2 embeds into a model of §B4. By Theorem 6.19, this

model embeds into a model of (ABA,
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