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Abstract

This thesis focuses on compatibility theory, mainly looking at

enumeration reducibility and related topics. In Chapter [2| we

n-representable sets. We delevope the notion of a connected
approximation and use it to give a characterization of the strongly
n-s-representable sets and new characterizations other classes of n

representable sets. The main result involves characterizing the

many-one degrees of strongly n-representable sets.

In Chapter [3| we study the enumeration degrees. In particular we
present work towards understanding the V3 theory of the
enumeration degree. We study what types of minimal pairs are
possible in the enumeration degrees. These are important questions
if we want to find a decision procedure for the V3 theory of the
enumeration degrees, and if it turns out that no such procedure
exists, then these questions become more significant. We prove that
there are strong minimal pairs in the enumeration degrees and that
there a no strong super minimal pairs in the enumeration degrees.
In Chapter 4] we explore topological aspects of enumeration
reducibility. This chapter builds on work from Kihara, Ng and
Pauly [26] and answers several open questions that they asked.

A point in a represented second-countable T space can be identified
with the set of basic open sets containing that point. By
representing a point by an enumeration of the indices of the basic
open sets containing that point we can consider the enumeration
degrees of the points in a second-countable T space. For example,
the w-product of the Sierpinski space is universal for
second-countable Tj spaces and gives us all enumeration degrees and
the Hilbert cube gives us all continuous degrees.

Kihara, Ng, and Pauly [26] have studied various classes that arise
from different spaces. They show that any enumeration degree is
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contained in a class arising from some decidable, submetrizable
space, and that no Tj-space contains all enumeration degrees. We
call a class of degrees a T class if it comes from a T space. So
Kihara, Ng, and Pauly show that D, is not 7. Similarly they
separate T classes from 17 classes and 15 5 classes from 75 classes by
showing that no 75 class contains all the cylinder-cototal degrees and
no Ty 5 class contains all degrees arising from (N,p)“.
We extended these results to show that the cylinder-cototal degrees
are Th-quasi-minimal and the (N,,)¥ degrees are Th 5 quasi-minimal.
We then give separations of the T5 5 classes from the submetrizable
classes using the Arens co-d-CEA degrees and the Roy halfgraph
degrees.
In Chapter [5| we present joint work with Goh, Miller and Soskova on
e-pointed trees and their enumeration degrees. E-pointed trees arise
in compatible model theory and have had several applications to the
study of enumeration and hyperenumeration reducibility. In
Chapter [6] we show how e-pointed trees can be use to show that the
analogue of Selman’s theorem is false for hyperenumeration
reducibility. We also add to the structural knowledge of the
hyperenumeration degrees by proving that they are a downwards
dense degree structure.



il

Acknowledgements

First I must thank my advisor, Mariya for her great patience, encouragement, advice,
support and much more including hiring me as a research assistant several times through
her NSF Grant No. DMS-2053848. I know I have not always been the easiest of students
and I would not have made it to this point without your help and mentorship. I really
appreciate all that you have done for me during my time in Madison.

I would like to thank Steffen for suggesting and advising me for the project that lead
Chapter[2] Also for driving us logic student to Chicago for seminars on many occasions. I
know you will be missed by the logic students when you retire and become less involved.

I would also like to thank the other logic faculty and postdocs for their support and
education during my time here. I have learned a lot from y’all.

I would like to thank the grad students of Madison for making me feel like part of
the community. I will miss you. I would also like to thank the computability theory
community at large for being encouraging to young students like me. I am glad to be a
part of this community and wish to remain connected with it, so I can pay back to future
generations of students.

I would like to thank Joe, Jun Le and Mariya again for inviting me to work on e-pointed
trees with them.

I would like to thank Mathew for inviting me to visit him at the University of Michigan
and work on introenumerable sets.

The question of Selman’s theorem for hyperenumeration reducibility, the main result
of Chapter [6] was raised by Mariya at the Dagstuhl Seminar on Descriptive Set Theory
and Computable Topology in 2021. I would like to thank the attendees of this semi-
nar who worked on this problem there and realized the connection with e-pointed trees.
On a related topic I would like to thank Noam, who asked about Selman’s theorem for
continuously higher enumeration reducibility.

I would like to thank my committee and readers for listing to my defense and for
reading this thesis.

Finally I would like to thank my family and loved ones for their love, support and for
reading this for typo’s even if the math was incomprehensible. You mean a lot to me and
I love you all.



v

Contents

[Abstractl i
|Acknowledgements| iii
1__Introduction| 1
II.1 m-representations| . . . . . . . . . ... L 2
[1.2  Enumeration reducibility|. . . . . . . ... o 0000 4
[1.3  The theory of the enumeration degrees| . . . . . . . . .. ... ... ..... 5
1.4 Topological classes of enumeration degrees| . . . . . . . . . ... ... .... 7
[1.5 E-pointed trees| . . . . . . . . .. 11
1.6 Hyperenumeration reducibility] . . . . . ... ... .. ... ... ... ... 13

|2 A Characterization of the Strongly n-Representable Many-One Degrees| 15
[2.1 Introduction and History| . . . . ... .. ... ... ... .. ........ 15
2.2 m-s-Representations|. . . . . . . . . ... 19
2.3 Connected Approximations| . . . . . . . . .. ... ... .. 22
2.4 The Many-One Degrees of n-Representable Sets| . . . . . . .. ... ... .. 27
2.5 Open Questions|. . . . . . . . . . . . L e 31

|3 Strong minimal pairs in the enumeration degrees| 32
3.1 Introduction|. . . . . . . . . ... 32
3.2 No strong super minimal pairs| . . . . . . . . ... ... ... 33
[3.3 A strong minimal pair| . . . . .. ... 36
|3.4  Forcing construction of a strong minimal pair| . . . . . . ... ... ... .. 37
[3.5  The complexity of a strong minimal pairf . . . . . . . ... ... ... .... 43

|4 Topological classification of classes of enumeration degrees| 52
4.1 Introduction|. . . . . . . . . . ... 52
4.2  Preliminaries] . . . . . . . . . .. 56
[4.2.1 Represented spaces| . . . . . . . .. ... Lo 56

4.2.2  Computability of spaces and functions| . . . . . . ... ... ... .. 58

|4.3  The cylinder-cototal degrees are 15-quasi-minimal| . . . . ... .. ... .. 58
4.4 A 15 5-quasi-minimal class| . . . . .. ... 62
4.5 'The doubled co-d-CEA degrees| . . . . . . . .. ... ... ... . ...... 65
4.6 Separating T 5 classes from submetrizable classes|. . . . . . . ... ... .. 70




[4.6.2  Arens co-d-CEA degrees| . . . . . . . ... . ... L. 72

4.6.3 Roy haltgraph degrees| . . . . . . . ... ... ... .. 78

4.7 Arens co-d-CEA degrees and Roy halfgraph degrees abovel . . . . . . . . .. 83
4.8 Metrizable classes and degrees|. . . . . . . . ..o 0oL 95
[4.8.1 The doubled co-d-c.e. degrees| . . . . . . . . ... ... .. 95

[4.8.2  Decidable, metrizable degrees| . . . . . . . .. ... ... ... 98

[> E-pointed trees| 101
.1 Introductionl. . . . . . . . . .. 101
5.2 Hyperenumeration reducibility|] . . . . .. ... ... ... ... .. ..., 102
5.3 Baire e-pointed trees with dead ends| . . . . . . . . . .. ... ... ..... 103
[.4  Baire e-pointed trees without dead ends . . . . .. .. .. ... ... .... 105
0.5 Introenumerable setsl . . . . . . ..o Lo 107
5.6  Topological classification|. . . . . . . .. ... ... ... .. L. 114

|6 The hyperenumeration degrees| 117
6.1  Preliminaries] . . . . . . . . . . e 118
[6.1.1  Admissible sets and higher computability theory] . . . . . .. .. .. 118

[6.1.2  Some facts about treed . . . . . .. ... .o oo oo 119

6.2 A unitormly e-pointed tree in w* without dead ends that is not of hyper |

| total degreel . . . . . . . 120
[6.2.1  The forcing partial order|. . . . . . . .. ... ... ... .. 120

[6.2.2  The forcing relation| . . . .. ... ... ... ... 0. 123

6.2.3  Relationship to introenumerable sets| . . . . . . . . ... ... .. .. 127

6.3 Downwards density| . . . . . . . . ... 128
6.3.1 The hyper Gutteridge operator| . . . . . . . ... ... ... .. ... 128

6.3.2 Downwards density below O . . . . . ... ... ... ... .. ... 131

6.4  Other reducibilities| . . . . . . . . . . . . 137



Chapter 1

Introduction

Coding one type of mathematical object into another is a common theme throughout
mathematics. For instance, every Boolean algebra can be coded as a ring, and Fourier
series are a way of coding periodic functions as vectors in £5. In computability, the basic
objects studied are subsets of w. Subsets of w can be coded as graphs using daisy graphs:
we create an isolated vertex with n many loops for each n € A. Points in a second order
topological space can be coded at subsets of w via a countable basis.

Computability theory gives us a way of analyzing the effectiveness of such encodings
and how easy it is to go from an encoding of a structure or set back to the original.
For example, in the case of daisy graphs we can characterize the sets with computable
daisy graph as the c.e. sets. In chapter [2| we consider a particular way of encoding sets
into a linear order known as an n-representation. We characterize the sets that have a
computable strong n-representation up to many-one degree.

In the case of topological spaces, we have a collection of points, so it is natural to
consider the classes of sets that can be encoded in a particular space with fixed basis.
In chapter (4] we look at the interaction between computability theoretic properties of the
class of sets that arise in this way and the topological properties of the underlining space.

Turing reducibility is concerned with total functions in either w® or 2¢, but the Turing

operators that give these reductions can sometimes produce partial functions. Thus it



is natural to ask if Turing reducibility can be extended to partial functions. One way of
doing this, independently introduced several times [12}, [41], [36], is enumeration reducibility.

Enumeration reducibility has been used to capture the complexity of problems that
are not easily represented by a Turing degree. For instance, the degree of difficulty of
computing a copy of a structure can sometimes be an enumeration degree, but not a Turing
degree [37]. Another example is the degree of difficulty of computing a presentation of a
continuous function. Miller [34] characterized these degrees as the continuous degrees and
showed they are a proper subclass of the enumeration degrees.

This thesis is concerned with the study of enumeration reducibility, its hyperarithmetic

analogue, and how enumeration reducibility interacts with effective topology.

1.1 n-representations

In chapter 2]we look at computable 7 representations of sets. The idea of an 7-representation

was introduced by Fellner [11].

Definition 2.1.1. For a set A a linear order L is said to be an n-representation of A if

there is a surjective function F': w — A such that L has order type

> n+F(n)

where 7 is the order type of Q. We say L is a strong n-representation if the function F' is
strictly increasing and an increasing n-representation if F' is non-decreasing. If a set A has
a computable (strong, increasing) n-representation then we say A is (strongly, increasingly)
n-representable. A degree is (strongly, increasingly) n-representable if it contains a set that

is (strongly, increasingly) n-representable.

Characterizations of general n-representable sets [10] and of increasingly n-representable
sets [21] are known, but there is no known characterization of the strongly 7-representable
sets. This has been an open question since they were first introduced. Notably, strong n-

representations are the only type of n-representation that has a unique order type for any



representation of a set A and their study predates the study of general n-representations.

We look at a simpler version of this question, and study n-s-representable sets. A
set is n-s-representable if it has a computable 7-representation with computable successor
relation. The hope is that we can find a characterization for the strongly n-s-representable
sets and relativise this to a characterization of the n-s-representable sets. There is reason to
believe that this is a good approach, the previous characterizations of n-representable sets
and increasingly 7n-representable sets can be viewed as relativizations of characterizations
of n-s-representable sets. As we show in Theorem [2.2.2] this is because the constructions
involved in these characterization create the blocks of the n-representation in isolation,
and thus the block relation is 0’-computable.

We characterize the sets with computable strong n-representation and computable
block relations as precisely those in SSILM(Q)OI, a class introduced by Kach and Turetsky
when characterizing the increasingly n-representable sets [21]. It is known that the stongly
n-representable sets are a stricly larger class than the sets in SSILMY [9]. This means
than a characterization of the strongly 7-s-representable sets may not relativise, and that
the any characterization must allow for blocks merging.

With this idea of blocks merging in mind, we come up with the notion of a connected
approximation. We use connected approximations to come up with new characterizations
of the increasingly n-representable and n-representable sets, and to give a characterization
of the strongly-n-s-representable sets. We do not know if this characterization relativises
or not.

Towards characterizing the degrees of strongly-n-representable sets we prove that
any dense enough set, if it has a computable increasing n-representation then it is in
SSILM(Q)OI. This allows us to characterize the many-one degrees with computable strong

n-representations as precisely the degrees with sets in SSILM(Q)O/.



1.2 Enumeration reducibility

Most of this thesis is focused on enumeration reducibility and classes of enumeration
degrees. Enumeration reducibility (<.) is a reducibility that captures the notion of how
difficult it is to enumerate a given set of numbers. There are several definitions, but the

one we find most useful is the one given by Friedberg and Rogers [12].

Definition 1.2.1. For sets A, B C w we say that A <. B if there is a c.e. set of axioms
W such that:

neA < Ju[(n,u) e WAD, C B]

Here (D), is the collection of all finite sets given by strong indexes.

One useful property of this definition is that it gives us a collection of enumeration
operators (¥.).. We define A = ¥ (B) if A <. B via the eth c.e. set W.. Enumeration
reducibility is a reducibility on the positive information about a set. This can be seen by
the fact that if A C B then ¥ .(A) C ¥.(B).

Enumeration reducibility is a pre-order and the equivalence classes form an upper
semi-lattice D, with least element O, consisting of all c.e. sets and joins given by the usual
operation. There is also an enumeration jump given by A +— K, ® K4 = D, Ve(A) @
@, ¥.(A). Like with Turing jump, we have that A <, A’.

One aspect of enumeration reducibility that has been well studied is its relationship
with Turing reducibility. The Turing degrees embed into the enumeration degrees via the
map induced by A — A®A. This follows from the fact that A A <, B&B += A <r B.
This embedding is known to be a proper embedding [33], and the Turing and enumeration

jump coincide on these degrees. The image of the Turing degrees is known as the total

degrees:

Definition 1.2.2. We say that a set A is total if A <. A. We say that A is cototal if

A <. A. A degree is total (cototal) if it contains a total (cototal) set.

It is known that the total degrees are a proper subclass of the cototal degrees and that

the cototal degrees are a proper subclass of all enumeration degrees [1].



While there are many similarities between these classes of degrees they are structurally
different. One notable difference is the fact that, while there are minimal Turing degrees,
Gutteridge [16] proved that the enumeration degrees are downwards dense. Gutteridge’s
proof does not relativize though, and later Cooper [8] showed that there are empty intervals
in the enumeration degrees.

We have seen that Turing reducibility can be defined in terms of enumeration reducibil-
ity. An important early result of Selman [41] shows how to define enumeration reducibility

in terms of Turing reducibility.

Theorem 1.2.3 (Selman’s Theorem). A <. B if and only if, for all X if B <. X & X
then A<, X & X.

This theorem states that an enumeration degree is uniquely determined by the class
total degrees above it. This means that the total degrees form an automorphism base for

the enumeration degrees.

1.3 The theory of the enumeration degrees

Slaman and Woodin [42] have proven that the full theory of the enumeration degrees is
one-equivalent to the theory of second order arithmetic, so we know that is as complicated
as possible.

When looking at the theory of the enumeration degrees with bounded quantifier com-
plexity, there are two main results. First, Lagemann [28] showed that every finite lattice
embeds into the enumeration degrees, thus the 3-theory of the e-degrees is decidable.
Later Kent [24] proved that the 3V3-theory is undecidable. It is an open question if the
JV-theory of the enumeration degrees is decidable. For a partial order, it is known that

the JV-theory is equivalent to the following question:

Question 1.3.1 (Generalized extension of embeddings). Given finite partial orders P and
Qo, ..., Qr_1 is it true that every embedding of P into D can be extended to Q; for some

i< k?



The case when k£ = 1 is known as the extension of embedding problem. Lempp, Slaman
and Soskova [29] proved that the extension of embeddings problem is decidable for the
e-degrees. If there one wants to show that there is an algorithm to solve the generalized
extension of embeddings problem then a first step might be to show what extensions can
be forbidden by an embedding of the diamond that preserve 0.

We make some steps in this direction in Chapter |3] In Chapter [3| we look at different

types of minimal pairs.
Definition 3.1.1. In an upper semilattice with least element 0 a pair a,b > 0 is a:
e minimal pair if aAb = 0.

e strong minimal pair if it is a minimal pair, and for all x such that 0 < x < a we

have x Vb =aVb.
o super minimal pair if both a,b and b, a are strong minimal pairs.

e strong super minimal pair if it is a minimal pair, and for all x,y such that 0 < x < a

and 0 <y < b we have xVy =aVb.

It is clear that if a and b are distinct minimal degrees then a and b form a strong
super minimal pair, so the question of the existence of these types of minimal pairs is only
of interest in upper semilattices with downward density, like the enumeration degrees, the
enumeration degrees below 0’ (D.(< 0')) and the c.e. Turing degrees. In the case of the
c.e. degrees, recent work by Cai, Liu, Liu, Peng and Yang [6] proves that there are no
strong minimal pairs.

In the case of the enumeration degrees, the motivation for studying strong super mini-
mal pairs came from an idea towards an algorithm to decide the 3V theory of the e-degrees
that Lempp, Slaman and Soskova had that required these to exist. We put an end to this
idea by proving that the e-degrees do not have any strong super minimal pairs in Chapter
B

Following on from this we asked if it was possible to find a strong or super minimal

pairs in the enumeration-degrees. It still remains an open question if there are any super



minimal pairs in the enumeration degrees, but we give a construction of a strong minimal
pair in Chapter

It was known earlier, though unpublished, that K-pairs could be used to show that
there are strong minimal pairs in the enumeration degrees. KC-pairs are a useful tool in
the study of the enumeration degrees and were first introduce by Kalimullin [23] when
he proved that the jump is definable. They have since been used to prove that the total
degrees are definable [I3], and we make use of C-pairs in our proof that there are no strong
super minimal pairs. We include this use of K-pairs to construct a strong minimal pair in
Chapter

The new construction of a strong minimal pair that we give is more direct than the
one using K-pairs. We modify our construction to build a strong minimal pair A, B where
Ais ¥9 and B is TI9. The K-pair construction of a strong minimal pair gives a pair A, B
where A is II3 and B = (/. This means that both sides of a strong minimal pair can be

Y9, however, it is open whether or not there is a strong minimal pair in D, (< 0').

1.4 Topological classes of enumeration degrees

A subclass of the cototal degrees that has been studied is the continuous degrees. These
were introduced by Miller [34] as a way of characterizing the degree of difficulty of pro-
ducing a representation of a point in a computably represented metric.

The question of whether there are points whose degree spectra have no least element
was asked by Pour-El and Lempp (Specifically for the space of continuous functions on
R). It was known that for spaces like w*,2% and R every point has a least Turing degree,
but not for spaces like Hilbert’s cube [0, 1]* or C[0,1]. Miller [34] answered this question
in the affirmative, showing that the Turing degrees are not sufficient to capture points in
[0,1]“, but that the enumeration degrees are. Later, Andrews, Ganchev, Kuyper, Lempp,
Miller, Soskova and Soskova [I] proved that every continuous degree is cototal.

The continuous degrees turn out to arise in other natural ways, for instance Andrews,

Igusa, Miller and Soskova [2] characterize the continuous degrees in purely degree theoretic



terms as the almost total degrees.
Kihara and Pauly [27] extended this idea and study the degrees of points in arbitrary
represented topological spaces. Of particular interest to us are the degrees that arise when

using the notion of a countably based space:

Definition 4.1.1. A cbg space X is a second countable T space given with a listing of a
basis (¢)e. Given a cbg space X = (X, (5e)e) and a point € X the coded neighborhood
filter of x is NBasey(z) = {e € w : x € B.}. We define the degrees of a space X to be

Dy ={a € D, : 3z € X[NBase(z) € a]}.

Kihara and Pauly [27] showed that D, is the class of degrees of the w-product of
Sierpinski space S¥, where S = ({0,1},{0,{1},{0,1}}). This a universal second countable
Ty space, so we can relate the study of classes of enumeration degrees to the study of
second countable Tg spaces.

Kihara, Ng and Pauly [26] looked at many cbg spaces from classical topology to expand
the zoo of enumeration degrees. They discovered some new classes, as well as spaces that
give rise to some previously studied classes. Some new classes that are of particular interest
in this thesis are the cocylinder degrees, the doubled co-CEA degrees, the Arens co-d-CEA
degrees and the Roy halfgraph above degrees. We also look at the degrees of the relatively
prime integer topology, Nyp.

Kihara, Ng and Pauly [26] also looked at topological separation axioms and how they
interact with classes of enumeration degrees. The separation axioms that we explore are

as follows.
Definition 4.1.2. A topological space is considered

e Ty (Kolmogorov) if for any = # y there is an open set U such that either x € U,y ¢ U

or x ¢ U,y € U. In other words, points can be distinguished by the topology.

o Ty (Fréchet) if for any = # y there are open U,V such that z € U,y ¢ U and

x ¢ V,y € V. Equivalently if {z} is closed for any x.

e T, (Hausdorff) if for any x # y there are disjoint open U,V such that x € U,y € V.



e Ty 5 (Urysohn) if for any = # y there are open sets U, V such that x € U, y € V and
unv =09.

o Submetrizable if there is a coarser topology on the space that is metrizable. In other
words, if X = (X, (Be)e) is submetrizable then there is a collection of X-open sets

(cte)e such that (X, (ae)e) is metrizable.

Kihara, Ng and Pauly [26] showed that for any enumeration degree a there is a de-
cidable, effectively submetrizable cby space X such that a € Dy. Similarly there is a
(non-decidable) metric space ) such that a € Dy. So even if we require the topology to
be decidable, the non-metrizable separation axioms do not give rise to any new classes of
degrees like the continuous degrees.

These non-metrizable separation axioms may not give us new classes of degrees, but

we can use the separation axioms to classify classes of degrees.

Definition 4.1.3. Given a collection of cby spaces 7 we say that a class C of enumeration

degrees is T if there is some X € T such that Dy = C.

We have the same implications of the separation axioms, but because multiple different
cbg spaces may give rise to the same class of degrees, it is not clear that these implications
are strict. In fact, Kihara, Ng and Pauly [26] considered another separation axiom, the
notion of a Tp space. For second countable spaces Tp lies strictly between Ty and T7.
However they show that for any Tp cbg space X" there is a T space Y such that Dy = Dy,
so this is a case of two topological separation axioms that are distinct for second countable
spaces, but not for classes of enumeration degrees.

Kihara, Ng and Pauly [26] gave some separations for this classification of classes of
degrees. They showed that D, is Ty but not 71, that cylinder-cototal degrees are T1 but
not 75, and that DN;UP is T but not T55. They did not show 755 and submetrizable are
different notions for classes of degrees and asked as a question if there is a 15 5 class that is
not submetrizable. They also showed that the degrees of the Gandy-Harrington topology
do not arise from any metrizable space, giving a separation between submetrizable and

metrizable for classes of degrees.
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Kihara, Ng and Pauly [26] suggested some candidates for classes that could be T5 5 but
not submetrizable. They introduced the Arens co-d-CEA degrees and the Roy halfgraph
above degrees. Both classes arise from spaces that are 75 5 but not submetrizable.

In chapter 4| we answer several questions from Kihara, Ng and Pauly’s paper [20]:

e We prove that the Arens co-d-CEA degrees and the Roy halfgraph degrees are both
not submetrizable, separating classifications for classes of degrees. In the proof of
these results we introduce a general method that could be used to get similar results.
As part of the general method we introduce the notion of a space being effectively

submetrizable.

e We show that the doubled co-CEA degrees are not Ts 5, giving a quasi-polish sepa-
ration of Ty and 75 5 for classes of degrees. We prove the Arens co-d-CEA degrees
and the Roy halfgraph degrees are distinct classes of degrees, neither contained in

the other.

e We improve on two of the separations given by Kihara, Ng and Pauly, showing
that the cylinder-cototal degrees are Tp-quasi-minimal and that Dy, is T2 5-quasi-

minimal.

In Chapter (4] we also consider the degrees that can arise from decidable, metrizable
cbo-spaces. Kihara and Pauly [27] observed that if one takes as a basis the balls of rational
radius centered at points in the chosen countable dense set, then the degree of a point
with the cbg representation will coincide the degree of that point as Miller [34] defined it.
It is notable that a basis taken in this way will always be decidable, but we prove that a
decidable basis need not arise in this way. We give an example of a decidable, metrizable
cbg-space that has a point with a degree that in not continuous. We do not know if all

enumeration degrees are degrees of some decidable, metrizable cbg-space.
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1.5 E-pointed trees

E-pointed trees were studied by McCarthy [32] and were used to characterize the cototal

enumeration degrees.

Definition 5.1.1. A tree T is e-pointed if for every path P € [T] we have that T' <, P.
We say T is uniformly e-pointed if there is a single enumeration operator ¥, such that for

all paths P € [T] we have T' = W.(P).

McCarthy [32] was interested in e-pointed trees on Cantor space. He proved that
every e-pointed tree on 2<%, possibly with dead ends, is a cototal set, and characterized
the cototal degrees as the degrees of uniformly e-pointed trees on 2<“ without dead ends.
E-pointed trees have been used in computable model theory, notably Montalban [35] used
them to prove that the degree spectrum of a structure is never the upward closure of an F,
set unless it is an enumeration cone. In Chapter [ we give another application of e-pointed
trees, this time on Baire space, in the study of the hyperenumeration degrees.

In Chapter [5] we look at e-pointed trees that are subsets of w*. To distinguish them
from the e-pointed trees on Cantor space we will refer to them as Baire e-pointed trees.
The results in this chapter were obtained in collaboration with Jun Le Goh, Joseph Miller
and Mariya Soskova [14].

The degrees containing Baire e-pointed trees turn out to characterize a strictly larger
set of degrees that comes from the notion of hyperenumeration reducibility. We prove that
every Baire e-pointed tree is a hypercototal set, and that every hypercototal enumeration
degree contains a uniformly e-pointed tree. We define hyperenumeration enumeration
reducibility and hypercototal sets in Section [1.6] as well as the new results about hyper-
enumeration reducibility that we prove in Chapter [6]

Unlike in the case of e-pointed trees on 2*, we prove in Chapter [5| that there is a
hypercototal enumeration degree that is not the degree of any Baire e-pointed tree without
dead ends. Requiring the e-pointed tree to have no dead ends may reduce the class of

degrees, but we prove that there is a uniformly Baire e-pointed tree without dead ends
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that is not of cototal degree, so it is a strictly larger class than the degrees of e-pointed

trees on 2¢. It is an open question whether every Baire e-pointed tree without dead ends

must be enumeration equivalent to a uniformly Baire e-pointed tree without dead ends.
Also of interest to us in Chapter [5| are introenumerable sets. These are a variation on

introreducible sets.

Definition 5.1.2. A set A is introenumerable if for all infinite S C A, A <, 5. A set Ais
uniformly introenumerable if there is an enumeration operator, ¥., such that A = W,(.5)

for all infinite S C A.

These were first introduced by Jockusch [20], although with a slightly different defini-
tion. Introenumerable sets have been studied by Greenberg, Harrison-Trainor, Patey and
Turetsky [I5] who showed, among other results, that both Jockusch’s and our definitions
are equivalent in the uniform case. From recent conversations with Turetsky we have
established that the two definitions are also equivalent in the non-uniform case.

We show that the introenumerable degrees lie between the cototal and hypercototal
degrees. We prove that a uniformly e-pointed tree on 2“ without dead ends is an in-
troenumerable set and construct a uniformly introenumerable set that is not of cototal
enumeration degree. Every set S is enumeration equivalent to the set of finite increas-
ing enumerations of subsets of S. These form an w-branching tree whose paths are all
enumerations of infinite subsets of S. If S is (uniformly) introenumerable then this tree
will be (uniformly) e-pointed. To complete the separation we give a construction of a
uniformly e-pointed tree without dead ends that is not enumerations equivalent to any
introenumerable set. It is an open question whether there is a degree that contains an
introenumerable set, but does not contain any uniformly introenumerable set.

We link these results back to those in Chapter [ by proving that all these classes are

all T1 classes of degrees.



13

1.6 Hyperenumeration reducibility

Sanchis [39] introduced the notion of hyperenumeration reducibility <., an analogue
of enumeration reducibility relating to hyperarithmetic reducibility rather than Turing

reducibility.

Definition 1.6.1. [Sanchis 1978 [39]] We say that A <j. B if there is a c.e. set W such
that

neA << Vfewducw,z < fl(n,z,u) € WAD, C B]

Sanchis proved that <j. is a pre-order, giving rise to the hyperenumeration degrees
Dhe. These have a similar relationship with the hyperarithmetic degrees to the relationship
the enumeration degrees have with the Turing degrees. We can define notions of hypertotal

and hypercototal.

Definition 5.2.3. We say that a set A is hypertotal if A <. A. We say that A is
hypercototal if A <. A. A degree is hypertotal (hypercototal) if it contains a hypertotal

(hypercototal) set.

Sanchis [39] proved that the map A + A @ A induces an embedding of the hyperarith-
metic degrees into the hyperenumeration degrees as the hypertotal degrees. The main
result of Sanchis’ paper was proving that there is a hyperenumeration degree that is not
a hypertotal degree.

In Chapter [6] we look at a couple of aspects of the relationships between Turing re-
ducibility and enumeration reducibility and see if they also hold for the relationship be-
tween hyperarithmetic reducibility and hyperenumeration reducibility.

First we consider Selman’s theorem. If Selman’s theorem held, it would allow us
distinguish hyperenumeration degrees by the set of hypertotal degrees above them, and
allow us to define hyperenumeration reducibility in terms of the degree of difficulty of
producing a H% presentation of a set. However, it turns out that Selman’s theorem fails

for hyperenumeration reducibility.
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Corollary 6.2.8. There are sets A, B such that B £p. A and for any X, if A <pe X eX
then B <p. X ® X.

The proof of this works by constructing a uniformly e-pointed tree without dead ends
that is not of hypertotal degree.

The second aspect of enumeration reducibility that we explore for hyperenumeration
reducibility is downwards density. In this case we are successful in adapting Gutteridge’s
original proof [16] to this context. In the process, we describe a problem that arises when
trying to do priority constructions for hyperenumeration reducibility and give a method
that can be used to solve this problem in cases like downwards density.

Because Selman’s theorem fails for the he-degrees, it makes sense to question if this
is the right notion of hyperenumeration reducibility even if it has some applications, like
characterizing the degrees of e-pointed trees. We look at some other natural reducibilities
that could be considered hyperarithmetic analogues of enumeration reducibility, and we

consider their relationship to hyperarithmetic and enumeration reducibility.
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Chapter 2

A Characterization of the Strongly
n-Representable Many-One

Degrees

2.1 Introduction and History

In this chapter we study 7n-representations. The definition of an n-representation was first

introduced by Fellner [I1].

Definition 2.1.1. For a set A a linear order L is said to be an n-representation of A if

there is a surjective function F': w — A such that L has order type

> n+F(n)

where 7 is the order type of Q. We say L is a strong n-representation if the function F' is
strictly increasing and an increasing n-representation if F' is non-decreasing. If a set A has
a computable (strong, increasing) n-representation then we say A is (strongly, increasingly)
n-representable. A degree is (strongly, increasingly) n-representable if it contains a set that

is (strongly, increasingly) n-representable.
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Note that an n-representation of A cannot tell us if 0 or 1 is in A so we will assume
that 0,1 ¢ A when we are talking about representations of A.

In his thesis, Fellner [I1] introduced the notion of a strong n-representation (pre-
dating the introduction of general n-representations) and proved that every set with a
computable strong n-representation is Ag and that every X9 and every IIJ set is strongly
n-representable.

For the case of general n-representations we first look at the following definitions.

Definition 2.1.2. For any linear order L the successor relation S; on L is defined
by Sr(z,y) <= |[z,y]| = 2. The block relation By is given by Br(z,y) <
[z,y] and [y, x] are finite. A block of size n in L is a collection oy <p, -+ <p x,—1 such

that Br(zo,y) = Vicpn v = 2.

For any linear order L, one can see that S, is II{ in L and By, is X9 in L. Feiner [10]

proved the following:
Theorem 2.1.3. For a linear order L, the set {n : L has a block of size n} is X3 in L.

For an n-representation L of a set A, we have A = {n : L has a block of size n}. This

gives us the following.
Corollary 2.1.4. If a set A has a computable n-representation then A is Eg.

Coles, Downey and Khoussainov [7] show the reverse of theorem is true for general

linear orders.

Theorem 2.1.5. For any Zg set A there is a computable linear order L, such that A =

{n: L has a block of size n}.

Fellner [11] showed that every strongly n-representable set is AJ and went on to conjec-
ture that every Ag set has a strong 7-representation. However, Lerman [30] later showed

that this is not the case.

Theorem 2.1.6 (Lerman [30]). There is a A} set with no computable n-representation.
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Lerman also characterized the m-degrees with computable 7-representations showing

that they are the Eg degrees:
Theorem 2.1.7 (Lerman [30]). If A is 39 then A®w has a computable n-representation.

This left open the questions of what are the (strongly) n-representable sets and what
are the strongly n-representable degrees. In the case of n-representations, Harris [17] came
up with a characterization involving limitwise monotonic functions. Limitwise monotonic

functions were first introduced by Khoussainov, Nies and Shore [25].

Definition 2.1.8. A function F': w — w is limitwise monotonic if there is a computable

function f : w? — w such that F(n) = limg f(n, s) and for all n, s, f(n,s) < f(n,s+ 1).

By the limit lemma, if F' is limitwise monotonic then F' is Ag, and hence if A =
range(F') then A is 9.

Limitwise monotonic functions have been used to solve questions computable model
theory ([18], [23], [25]). In particular Coles, Downey and Khoussainov [7] proved that for
any computable n-like linear order (a class that includes computable 7-representations)
that the set {n : L has a block of size n} is the range of a 0’-limitwise monotonic function.

Harris [17] showed the reverse direction holds for computable n-representations.

Theorem 2.1.9. A set A is n-representable if and only if A is the range of a 0'-limitwise

monotonic function.

The construction of the n-representation L is performed uniformly, constructing linear
orders L, = n+ F(n) and taking L = > L,. From this, it can be seen that if A
is the range of a strictly increasing 0’-limitwise monotonic function, then A is strongly
n-representable. However, Harris [I7] showed that this is not a characterization of the
strongly n-representable sets.

Harris also showed that the degrees with computable strong n-representations are not

trivial.

Theorem 2.1.10 (Harris [17]). There is a A degree that does not contain a set with a

computable strong n-representation.
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Kach and Turetsky [2I] modified the notion of limitwise monotonic to give the follow-

ing:

Definition 2.1.11. A function F' : Q — w is support (strictly) increasing limitwise mono-

tonic function on Q if there is computable f : Q X w — w such that
o F(q) = lim; f(q, ).
e For all q,s f(q,s) < f(q,s+1).
e The set S :={q € Q: F(q) # 0} has order type w.
o F' | S is (strictly) increasing.

One can relativize this to a degree d by allowing f to be d-computable. They define
SILMd(Q) to be the set of A such that A is the range of a d-support increasing limitwise
monotonic function on Q and SSILMY(Q) to be the set of A such that A is the range of

a d-support strictly increasing limitwise monotonic function on Q.

Kach and Turetsky were able to get the following result about increasing n-representations.

Theorem 2.1.12. A set A has a computable increasing n-representation if and only if

A e SILMY (Q).

Similarly to the case of n-representable degrees, Kach and Turetsky proved that every
A degree has a computable increasing 7-representation.

Like in the case of theorem [2.1.9] the proof of Theorem gives us that if A €
SSILM® (Q) then A is strongly n-representable. The converse, however, is not true in

general.

Theorem 2.1.13 (Turetsky [9]). There is a set A ¢ SSILM® (Q) with a computable

strong n-representation.

This is close to a characterization of strongly n-representable sets. In section [2.4] we

are able to prove that for dense enough sets this is a characterization.
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Corollary 2.4.2. Suppose g : w — w is a 0'-computable increasing function. If a set A

has a strong n-representation and satisfies |[ANg(n)| > n for all n then A € SSILM (Q).

Using this we are then able to characterize the sets with computable strong n-representations

up to many-one degree.

Corollary 2.4.5. The following coincide.
o The m-degrees of sets with computable strong n-representations.
o The m-degrees of sets in SSILMOI(@).
o The m-degrees of sets with Ag strong mn-s-representations.

We make some progress towards characterizing the n-representable sets as well in this
chapter. To simplify the problem, in Section we look at n-s-representations, which
are computable n-representations with computable successor relation. We observe that
all existing characterizations are relativizations of characterizations of 7-s-representable
sets, and explore why this is the case. We also give a characterization of the sets in
SSILMY (Q) in terms of n-representation and explain why this means the existing tools
will not be able to give a characterization of the strongly n-representable sets.

This leads onto Section [2.3|where we introduce the notion of a connected approximation
and use this to characterize the strongly n-s-representable sets, as well as giving new
characterizations for most of the other classes of sets discussed here. It is an open question
if our characterization of the strongly n-s-representable sets relativizes to a characterization

of the strongly n-representable sets.

2.2 n-s-Representations

The existing characterizations of sets with computable 7n-representations and with com-
putable increasing n-representations both involve relativizing some construction to 0’ and
make use of the fact that 0’ can compute the successor relation on any computable linear

order. For this reason we propose the following definition.
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Definition 2.2.1. A (strong) n-s-representation of a set A is a computable (strong) 7-

representation L where the successor relation Sy, is also computable.

The hope is that we can find a characterization of strongly 7-s-representable sets and
turn it into a characterization of the strongly n-representable sets. Towards this idea we

have the following theorem.

Theorem 2.2.2. If L is a 0'-computable n-representation of some set A and the block
relation By, <t 0 then there is a computable linear order D such that D = L and Bp <r

0.

Proof. Using that L is A we can approximate L in stages. We keep track of the blocks
that (), thinks are in Ly and build corresponding blocks in Dy. When we see two blocks
in Ls change order or merge, we keep the representative of the block with the smallest
member (in the sense of <) and remove the other one by densifying (i.e. adding points
so that the block becomes part of a copy of Q). Then we add a new block in the correct
place if needed.

More formally, let (Ls, <5, Bs)s be a sequence of linear orders with block relation that
has limit (L, <p, B) where each Ly C Lsy1 is a subset of w.

Define Dy = (). We will keep a follower function fs from the blocks of Dy to a
corresponding element in Ly that represents the block. At stage s, for any b;, b; € dom( fs)
if we have fi(b;) <n fs(b;) and fs(b;) <s fs(b;) but fs(bi) >s41 fs(bj) then in Dyyq we
will remove b; from dom(fsy1). Similarly if fo(b;) >s fs(bj) but fs(bi) <s41 f(bj) or
By(fo(bi), fo(b7)) but Beyr (fo(by), fo(by)-

Next, for each block b € dom(fs) that has not been removed we make sure it has the
correct size. Let y = miny{x : Bs(z, fs(b)) A =Bst1(x, fs(b))}. If y exists, remove points
from the end of b so that it has size |[{x <y vy : Bs(x, fs(b))}|. Now we add points to the
end of the block so that the block of fs(b) in Ls41 will have the same size as b does in Dg 1.
Then, in case small numbers have been added we set fsy1(b) = miny{z : Bst1(x, fs())}.

Then for each block ¢ in Lg;; that does not have an element in range(fs) we create a

corresponding block b in Dy of the same size as ¢ and set fs11(b) = miny(c). Finally we
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densify; for all adjacent z,y which are not part of the same block in dom(fs11), we add a
new point between x and y. We now have Dg .

Now the verification. It is clear that D is a computable linear order. We need to make
sure it has the right order type. At each stage we densify around the points that are not

part of a block, so between adjacent blocks we must have order type 7.

Claim 2.2.2.1. For every block ¢ € L there is a unique block b € D that has the same

length as c.

Proof. Let n = maxy(c) + 1. There is a stage ¢ such that for all s > ¢, Bs [ n = B and
<s| n=<p|n. At this stage t there will be a b such that f;(b) = miny(c). By our choice
of t we have f4(b) = miny(c) and |b| > |c| for all s > ¢ as there can be no reason to destroy
b and we will never see any number smaller than n leave c.

Given any s > t and m = miny{z >n n : Ir > s[B,(f-(b),x)]} there is a stage r > s
such that B,(fr(b),z) A =Bry1(fry1(b),z). So at stage r + 1 we will have |b| = |¢| and as

s is arbitrary, we have |b| < |c| in D. O

Claim 2.2.2.2. For every block b € D there is a block ¢ € L and t such that |b| = |c| and
for all s > t, fo(b) = min(c). Furthermore, if b; <p b; then for the corresponding blocks

¢i,cj € L we have ¢; <p, ¢;j.

Proof. Consider a block b. Suppose fs(b) = n and f;(b) = m for s < t. Then it must be
that fs(b) > fi(b). So limg f,(b) exists. If x = limg f5(b) and c¢ is the block of = in L then
by the same argument as above we have that |b| = |c|.

If z = lim, f4(b;) and y = lim, f(b;) and b; <p b; then x <y, y as otherwise we would

have removed one of the blocks. O

So we can see that there is an order preserving bijection F' from the blocks of D to the
blocks of L with |b| = |F'(b)|. Hence the order type of D is the same as that of L.
From the construction, if a point is removed from a block then it is never put back in

a block at a later stage. So 0’ can compute the set of points in D that are not in blocks.
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As D is computable, 0’ can also compute the successor relation on D. From both of these,

0’ can compute the block relation. O

Theorem [2.2.2] is not quite what we would like as it requires the block relation to be
0’-computable. However, this is a property that occurs if the blocks are created in isolation
and never merged. This is precisely what happens in the constructions given in the proofs

of the characterizations of n-representable and increasingly n-representable sets.

Theorem 2.2.3. A set A is in SSILM(Q) if and only if there is a strong n-s-representation

of A with computable block relation.

Proof. For the left to right direction we observe that the usual construction (unrelativizing
the one given in [21]) has computable block relation as the blocks that are created are
never merged.

For the other direction, since we can compute if two blocks are actually the same block

we can make sure we only assign one follower to each block. O

By combining Theorems |2.2.3| and |2.2.2| we get a characterization of SSILM? (Q) in

terms of computable 7n-representations:

Corollary 2.2.4. A set A isin SSILMO/(Q) if and only if there is a strong n-representation

of A with 0'-computable block relation.

Theorem [2.1.13| states that there are strongly n-representable sets which are not in
SSILMY (Q), so as a result any characterization of the sets with strong n-representations

must involve merging blocks as part of the construction.

2.3 Connected Approximations

The limit lemma says that we can approximate any A9 set A with a computable sequence
(Ap)n such that A(z) = lim, A, (z). Limitwise monotonic functions are one way of build-
ing on this idea. From what we have seen, the problem with trying to use these to char-

acterize strongly n-representable sets is that each limit of a sequence F(q) = limg f(q, s)
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is taken in isolation, and there is no natural way of merging sequences. So we propose a
different way of approximating sets that captures the idea of merging sequences.

Definition 2.3.1. A connected approximation to a set A is a sequence of finite functions

(cn)n with associated sequences of finite sets (Aj m)m that satisfy the following:

1. range(c,) C dom(cy41) for all n.
2. A, :=dom(c,), Apm+1 = Cnpm(Anm)-
3. The limit A, , := lim,, A, ,, always exists.

4. A=UpAn,,

We can assume each ¢, is coded by a canonical index for the finite set of its graph
{{z,cn(2)) : x € dom(cy,)}, so we can say a connected approximation (cy,)y is computable
if the corresponding sequence of indices is computable.

We call a connected approximation (c), monotonic if ¢,(xr) > =z for each n and
x € dom(cy,), and order preserving if each ¢, preserves <. We use the acronym MOP to

denote monotonic and order preserving.

We give characterizations of all of the existing classes described so far using connected

approximations.
Theorem 2.3.2. For a set A we have the following characterizations.
1. A has a computable connected approzimation if and only if A is X9.

2. A has a computable monotonic connected approximation if and only if A is the range

of a computable limitwise monotonic function.
3. A has a computable MOP connected approximation if and only if A € SILM(Q).

4. A has a computable MOP connected approzimation where each ¢, is injective if and

only if A € SSILM(Q).
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Proof of and @ We will handle the first two statements together. Given a XY set
A we can assume A = range(F) for F(n) = lims f(n,s) where f is computable. Then
we can define a connected approximation of A = range(F') as follows. Let dom(c,) =
{f(z,n) : © < n} and define ¢,(y) = f(x,n + 1) where z is least such that f(z,n) = v.
Clearly (cp)n is computable and range(c,) C dom(cp41). For each n,m we have that

Apm = f(Bnm,n+m) for some By, ,, C n. We take the B, ,, which minimizes ) T.

2€Bn.m
By construction erBn,m T > ZmeBn,m+u and so the limit By, = lim,, By, exists.
Hence A, ., = F(B,), so we have (¢,), is a connected approximation of a subset of A.
Consider an n € w. Let ¢t > n be a stage after which f(m,s) = F(m) for all s > ¢,m <n.
Then Fn| C A, so Fin| C A;. So (cn)n is a connected approximation of A. Notice
that if f(n,s) is monotonic in s then (¢y), is also monotonic.

Now consider a computable connected approximation (cy), of a set A. We define a
computable function f : w? — w as follows. f(n,0) = 0, tyg = 0. Define f(n,s + 1) as
follows: f(n,s+1) = cs(f(n,s))if n < ts. Let mg,...,mg_1 list range(cs) \range(csocs_1)
in order. Define f(ts+1i,s4+ 1) =m; and ts11 = ts + k. For n > tgyq let f(n,s+1) = 0.
We have that A,,,,, = {f(zx,n+m) : x < t,} and so range(F [ t,) = A, and hence

range(F') = A. Notice that if (¢,), is monotonic then F' is limitwise monotonic. O

A similar idea works for characterizations and , but when going from a connected
approximation we need to choose rationals so that the order is preserved.

Now we give a characterization of strongly n-s-representable sets using connected ap-
proximations. In a construction of a strong 7-s-representation, blocks can do two things:
they can grow and they can merge. Eventually they must stop doing either of these things,
but we cannot put a computable bound of how late these actions take place. However,
if two blocks are, in fact, different then we will see infinitely many points go in between
them. Thus, if blocks merge at a late stage then the size of the resulting block should be
very large. This is the main idea behind the formula in the following characterization and

the proof.

Theorem 2.3.3. A set A has a strong n-s-representation if and only if it has a computable
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MOP connected approximation where each ¢, satisfies

(n) = Va € range(c,)| Z (m+n) <z+nl.
mecy,* ({z})
Proof. Suppose we have a strong n-s-representation L of A. We can assume that L has
domain w and let Ly = L [ s. Let By be the blocks of Ly according to Sy. For blocks
b,c € B; and t > s we use |b|; to denote the size the block has in L;, and we use b <; ¢
and b =; ¢ to denote the order of the, possibly merged, blocks in L;.

We start with ¢g = (), g = 0. At stage s we assume we are given dom(cs), ts and a
block bs € By,. We assume that for any c¢,d € By, with ¢ <;, d <;, b we have |c|¢, < |d|:,
and there are at least s many points between ¢ and d in L;,. We also assume dom(c;) =
{|bt, : b€ By, Nb <y, bs}.

We let bsy1 = maxc, By,. Search for a t > t5 such that for every c,d € By with
¢ <t d <t bsp1 we have |c|; < |d|; and there are at least s+ 1 many points between ¢ and d
in Ly,. The fact that L is a strong n-s-representation guarantees that we will find such a ¢.
We let to11 =t and dom(csq1) = {|b]s : b € By Ab <; bs11}. We define ¢, as follows. For
d <y, bs we set cs(|d|y,) = |d|;. This clearly gives range(cs) € dom(cs41). This completes
the construction.

Now we need to check that ¢s is MOP and meets the condition . If |d|;, < |c|s, for
d,c <, bs then we have that d <;, ¢, so d <; ¢ and |d|; < |c[;. Thus c¢s preserves <.
Since L is a strong n-s-representation, we have that |d|, < |d|,, for n < m, and so cs is
monotonic. If we combine this with the fact that there are s many points between relevant
blocks in By, we have that if d; <, --- <¢, dn <, bs but dy =¢ --- =¢ d;, then we have
|dile + s> >0 (|di]e, + ). So we can conclude that ¢, meets the condition .

All that is left to check is that the limits exist and that they give us A. We have that
Apm = {ldlt,s,, : d € By,,d < by}. Since By, is a finite set and each block in By, only
changes size finitely often, we have that the limit A,, ., exists and A, ., C A. On the other
hand, every d € By, is in some B,,, so the there is a stage s such that t; > n and then we

have |d|;,,, € dom(csy1). Thus |d| € Asy1,. So we have that A = U, A, and (cp)y, is a
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connected approximation of A as desired.

Now for the other direction. Suppose we have a connected approximation (¢, ), of A
satisfying the conditions of the theorem. We construct an n-s-representation as follows.
The main idea is that at stage s we will have a linear order L; with successor relation and
blocks By strictly ordered by size with s many points in between, and the sizes of blocks
of By are the members of dom(cs).

We define a computable function H(L,c,m) that takes a finite linear order L with
successor, a finite function ¢ and a number m, and outputs a finite linear order D with
successor extending L if it can. We assume that the blocks By are ordered by size the
same way they are by <;. We assume that {|b| : b € Br} C dom(c). We build D in steps
as follows. If ¢(|b]) = ¢(|d|) then we merge blocks b and d and all the points in between
into one large block. This gives us a Dy that differs from L only in the successor. We then
go through each block b of Dy, and if d was a block of L and d C b then we possibly add
points to the end of b so that [b| = ¢(|d|). If we have |b| > ¢(|d|) already then H fails. If H
does not fail then this gives us D;. Now, for each n € range(c) \ {|b| : b € Bp, }, we add a
new block of length n to D, keeping the ordering of blocks by size. This gives us a Ds.
Finally, between each pair of adjacent blocks in Dy, we add points in a dense way so that
there are exactly m many points between them. This is D. If one of the assumptions was
wrong then H fails, otherwise it succeeds, and D is a linear order with blocks ordered by
size the sizes of which are range(c), and there are exactly m many points between adjacent
blocks.

We define our strong 7-s-representation to be L = |J, Ls where Ly = () and Ls;q =
H(Ls,cs,8 + 1). From the definition of H and the fact that each ¢, preserves < and
satisfies 1 we can see, using an induction argument, that H will always succeed, so the L
are all well-defined. From the definition of H we can see that if two points are never part
of the same block for some Lg then there is a point in between them. So we have that
the successor relation on L is S, = |J,, St,,- So L is a computable linear order with c.e.

successor relation. As the successor relation of a computable linear order is always co-c.e.
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we have that Sy, is computable.

By construction we have that A, ,;, = {|b|n+m : bis a block in L,41}, and for every
block b in Ly, ¢y (|blm) = [b|m+1. So we have that A, ., = {|b|r : bis a block in L, } and
L is an n-s-representation of A. As the blocks of L,, are ordered by increasing size so too

are the blocks of L, so L is a strong n-s-representation of A. O

Note that if we replace ¥ (n) by the condition Va € dom(cn)[(zm@#({x}) m+ f(n) <
x + f(n)] for any computable non-decreasing f with lim,, f(n) = w then a slight mod-
ification of the arguments above should still work and we get another characterization.
The relativized version of the proof with 0’-computable connected approximation, does
not necessarily build us a computable strong n-representation, so we do not have a char-

acterization of the strongly n-representable sets.

2.4 The Many-One Degrees of 7-Representable Sets

We know from Kach and Turetsky [2I] that if S € SSILM(Q) then S has a strong 7-s-

representation. The following is a condition on S under which the converse holds.

Theorem 2.4.1. Suppose g : w — w is a computable increasing function. If a set A has

a strong n-s-representation and satisfies |A N g(n)| > n for all n then A € SSILM(Q).

Proof. The construction goes as follows. We use an enumeration of L = {x; : i € w}, and
at stage s we look at the maximal blocks of Ls;. We pick rationals to represent the blocks
with the idea that F(r) is the size of the block represented by r, but the block that r
represents may change when blocks change. To keep track of what blocks rationals follow
we will use a sequence of helper functions hs : Q — By, with dom(hs) = {r: f(r,s) > 0}.
Once we see a block b appear in Ly it can only grow, so it will remain a block in L; for
t > s. Like we did in the proof of Theorem we will use |b|¢, b =; ¢ and b <; ¢ to
denote the size and order of the blocks from L according to L;. We let B; be the set of

blocks from L;.
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At stage 0 we start with f(r,0) = 0 for all » € Q and ¢ty = 0. At stage s let b =
max(By,). Let ts41 = t be the least stage t > t5 such that for each ¢ <; d <; bin B; we have
that |c|¢ < |d|; and there are at least g(|c|; + |d|¢) many points between ¢ and d in L;, and
furthermore for all n such that g(n) < |b|+ 1 we have [{c € By : ¢ <t bA|c| < g(n)}| > n.
As L is an n-s-representation of A there must be such a t.

Let rg < -+ < rp—1 be the domain of hy; we begin defining hs1 as follows. Let hgy1(r0)
be the smallest block ¢y € By such that ¢ <; hs(ro) Alcole > f(ro,s). Let hsr1(r;) be the
smallest block ¢; € B, such that hgyi(ri—1) <¢ ¢; <¢ hs(ri) Alcile = f(ri, s).

For each block ¢ <; b that is not in range(hs41) we pick a rational r. and set hs11(r:) =

¢ so that hgyq is order preserving and has image {c € B : ¢ <; b}. We define

|hst1(r)]e 7€ dom(hsy1)
flrys+1) =

0 otherwise

Now for the verification: first we need to show that the recursive definition of hgy1(r;)
actually works. Suppose it does not. Then let i be least such that we cannot find a block
for r;. |hs(ri)|e = |hs(ri)|e. = f(r4,8) so if hg(r;) does not work then there must be some
smaller r; with hgy1(r;) = hs(ri). Soi > 0. We have hgyq(ri—1) <t hs(ri—1) <¢, hs(r3), s0
it must be that hg(r;—1) and hs(r;) have merged. So |hs(r;)|e > g(|hs(riz1)|e, + [hs(i) |z, )-
So by our choice of ts we have at least |hs(ri—1)|t, + |hs(7:)|t, many blocks before hgs(r;)
and at least |hs(r;)|¢, have size at least |hs(ri—1)|s,. But i < |hg(ri)|s,, so we would have
chosen hgy1(r;—1) to be one of these, a contradiction.

From the definition of hg we can see that hsi1(r) < hs(r) for each r and s, so as the
blocks of L are well ordered, limg hs(r) exists. From the definition of f we have that it is
limitwise monotonic and F'(r) = |lim hs(r)|r. So range(F) C S. If b is a block of L then
after some stage t, all of b is in L; as well as all smaller blocks. So at some stage s, ts > t,
so at stage s + 1 we have an r such that hsyi(r) = b and for any n > s we have h,(r) =b
as the blocks in that part of the linear order no longer change.

So S = range(F') as desired. O
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Relativizing we get the following;:

Corollary 2.4.2. Suppose g : w — w is a 0'-computable increasing function. If a set A

has a strong n-representation and satisfies |[ANg(n)| > n for all n then A € SSILM (Q).

This means that for dense enough sets, the notions of AJ strong n-s-representation,
strong n-representation and support strictly increasing limitwise monotonic on Q all coin-
cide.

Note that we cannot use Theorem to give a characterization of SSILM(Q) as
there are sparse sets in SSILM(Q). For instance consider the function F(n) = n +
> ectnn P(€) where h(e) is the least s such that ¢ s(e)l. Then as F' cannot be computably
bounded, S = range(F) would not meet the condition |S N g(n)| > n for all n for any
computable g, but by definition it is clearly limitwise monotonic and increasing, so S €
SSILM(Q).

We can, however, use Theorem[2.4.1]to characterize the degrees of sets with computable

strong n-representations.

Theorem 2.4.3. If a is the m-degree of a set with a strong n-s-representation then there

is S € a such that S € SSILM(Q)
To prove this we use the following lemma.

Lemma 2.4.4. If A is a set with a strong n-s-representation then A@w also has a strong

n-s-representation.

Proof. Suppose that A is a set with a strong n-s-representation. Let (¢y,), be a computable
MOP connected approximation of A satisfying condition 1 of Theorem We build a
connected approximation (dy,), of A ® w satisfying ¢ as follows. The first idea is to use
¢m with m much larger than n to build d,. We want m to be large enough that when we
see ¢ () = ¢n(y) we can merge the corresponding numbers 2x,2y € dom(d,) without
violating 1. The second idea is that when we see ¢y, (z) > = without any merging, we
shift the representative of x in dom(d,) to a lager number so that we can handle the case

where the gaps between numbers shrink, i.e. when ¢, (y) — ¢ (2) <y — x for y > x.
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To start let do = () and mg = 0. We will ensure that m, > 37, cjom(a,) (€ + 1), and if
2z € range(dy,) then x € range(cy, ). Given d,, and my, let N > m,, be the least number
such that if + = max(A,,, N+1) then N > 222z +n + 1). Let my,41 = N. This will
ensure that mni1 >3- cqom(d,.,) (@ +n+1). There must be such an N as (cp)y, is a valid
connected approximation, so eventually z will stabilize. Let c=cyo---0c¢py, 41-

Let z € dom(c) be the least such that there is y > z, ¢(z) = ¢(y). For y > 2z €
range(d,,) we define d,,+1(y) = 2¢(z). By assumption on m,,, this will not violate condition
1. If there is no such z then set z = max(dom(c)) + 1. Now we define d,,+1 on values
smaller than 2z.

Let ag, ..., as—1 list the elements of (dom(c)®w)N2z—1. Let by, ..., bs—1 list the first s
elements of range(c) Bw. Note that bs_1 < 2¢(z) if ¢(2) is defined. We define dp41(a;) = b;.
This is definitely order preserving, and it is monotonic because c is injective and monotonic
on dom(c) N z. This completes the construction of (dy,)y.

Verification: By construction we can see that (d,), is MOP and satisfies 1; all that
is left to check is that it is a connected approximation of A @ w. Let x € dom(d,)
and let 2y be the least even number in dom(d,) \ z. Following the construction we
can see that dp(z) < dn(2y) < 2(¢m, © -+ 0 ¢m, ,+1)(y). So if we repeat this then
we can see that the limit of z,d,(x),dnt1(dp(x)),... if it exists is less than the limit
of 2y,2¢pm,, (v),2¢m,,+1(¢m,, (¥)), ..., so by monotonicity it exists. Thus (d,), is a valid
connected approximation.

Fix x. Let s be a stage at which ¢, | © = ¢¢ [ « for all n > s. Then by the construction
we have that d,, | 2o = ds | 2z for all n > s and dom(d,,) N2z = (dom(c,) Nz) & x. So

(dn)n is a connected approximation of A @ w.

This allows us to characterize the m-degrees of sets with strong n-representations.
Corollary 2.4.5. The following coincide.

o The m-degrees of sets with computable strong n-representations.
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o The m-degrees of sets in SSILMY (Q).

o The m-degrees of sets with Ag strong mn-s-representations.

2.5 Open Questions

We can characterize the m-degrees of sets with strong n-representations, but we leave open

the following.

Question 2.5.1. Is there a characterization of the sets with computable strong n-representations

that is not in terms of linear orders?
A related question is in regards to the sets with AY strong n-s-representations.

Question 2.5.2. Is there a set with a Ag strong n-s-representation, but no computable

strong n-representation?

A negative answer to Question [2.5.2] would give us an answer to Question [2.5.1] us-
ing the connected approximation characterization of sets with computable strong n-s-

representations.
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Chapter 3

Strong minimal pairs in the

enumeration degrees

3.1 Introduction

In this chapter we look at different types of minimal pairs, some of which can occur in the

enumeration degrees and some of which cannot occur.
Definition 3.1.1. In an upper semilattice with least element 0 a pair a,b > 0 is a:
o minimal pair if aAb =0.

e strong minimal pair if it is a minimal pair, and for all x such that 0 < x < a we

have x Vb =aVb.
e super minimal pair if both a,b and b, a are strong minimal pairs.

e strong super minimal pasr if it is a minimal pair, and for all x,y such that 0 < x < a

and 0 <y <b we have xVy =aVb.

Any pair of minimal degrees form a strong super minimal pair, so we know there are
strong super minimal pairs in the Turing degrees. The question of whether these types exist

is more interesting for structures with downwards density, like the enumeration degrees
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and the c.e. degrees. Cai, Liu, Liu, Peng and Yang [0] answer these questions for the c.e.
degrees by proving that there are no strong minimal pairs in that structure. This chapter
answers some of these questions for the enumeration degrees and the enumeration degrees
below 0.

In Section [3.2] we look at strong super minimal pairs. Using the Gutteridge operator
and KC-pairs we give a proof that there are no strong super minimal pairs in the enumer-
ation degrees. The Gutteridge operator was used by Gutteridge [16] to prove that the
enumeration degrees are downwards dense. K-pairs were used by Kalimullin [22] to prove
that the jump on the enumeration degrees is definable. They have been used for other
applications to the theory of the enumeration degrees [13], and in Sectionwe show how
they can be used to give an example of a strong minimal pair. The example in Section
[3-3] was conveyed to us by the anonymous referee for first submitted version of the paper
this chapter is based on.

In Section we give our own, direct construction of a strong minimal pair in the
enumeration degrees. This uses a two stage forcing method to construct our sets. In
Section [3.5] we modify this construction into a finite injury argument and are able to lower
the complexity to construct a strong minimal pair A, B where A is XY and B is I13. The
example from Section has A is TI9 and B = (', so both sides of a strong minimal pair
can be below 0’. It is an open question this can happen at the same time, i.e. if there
are any strong minimal pairs in D.(< 0"). Also an open question is if there are any super

minimal pairs in the enumeration degrees.

3.2 No strong super minimal pairs

We prove that there are no strong super minimal pairs in the enumeration degrees. This
proof is similar to Gutteridge’s proof of downwards density [16], and makes use of the
Gutteridge operator ©. Gutteridge’s proof splits into two cases: one where a is A and
one where a is not AJ. Similarly our proof splits into two cases. For the first case we have

the following lemma proven by Mariya Soskova.



34

Lemma 3.2.1 (M. Soskova). If A is AY then A, B is not a strong minimal pair in D, for

any B.
The proof relies on some results about Kalimullin pairs [22], defined below.

Definition 3.2.2. A and B are a Kalimullin pair (K-pair) if there is a c.e. set W C w?

such that A x BC W and A x B C W. A K-pair is called trivial if one of A, B is c.e.
We use the following two facts about K-pairs.

Theorem 3.2.3 (The minimal pair K-property, Kalimullin [22]). A, B are a K-pair if
and only if for all X C w, A® X and B ® X form a minimal pair relative to X. i.e.
Y <, A XY <., B X — Y <. X.

Theorem 3.2.4 (Kalimullin [22]). Every nonzero AY degree computes a nontrivial K-pair.

Proof of Lemma[3.2.1 Suppose that A is A and A, B form a minimal pair. Then by
Theorem let X,Y <. A be a nontrivial KC-pair. Then consider X & B and Y & B.
fX®B=Y®B=.A® B then by Theorem A <. B a contradiction. But by
assumption X,Y are both non-c.e. and bounded by A, so A, B is not a strong minimal

pair. O

For the second case of his proof Gutteridge constructed an operator ©, now known as

the Gutteridge operator. Gutteridge constructed © so that the following would hold:

If A is not A then () <. ©(A) <. A. (3.1)

Our proof below relies on the particular form of ©, not just the fact that holds,
so we remind the reader of this.

The construction of © uses a c.e. set B with the property that each column B =
{x : (k,z) € B} is finite and an initial segment of w, that is z + 1 € B¥ — z ¢ B,
We also have B/™ = {(k,z) : (k,x + 1) € B} which is also c.e. Let nj, = |B¥| — 1. ©(4)
is defined to be the set B U {(k,n;) : k € A}.

From this we can see the following.
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Lemma 3.2.5. ©(AUC) =0(A)uUB(C).

Proof.

O(AUC) =B U {(k,n) ke AUC}
= B™M™ U {(k,ng) : ke AyUBM™ U {(k,ng) : k€ C}

— 0(4) UB(0)

Using this we can prove the following lemma.

Lemma 3.2.6. If A and C are not AY then there are X,Y such that ) <. X <. A,
<., Y<.C,and XY <. A C.

Proof. Take X = O(A&0),Y =00 & C). Since A D =, A, by we have that
0 <¢ X <. A as desired. Similarly 0 <. Y <. C. By Lemma [3.2.5| we have that
XUY=0A4Aa0).

Next we show that X @Y =, X UY. It is clear that X UY <, X ® Y, so we need to

consider the other direction. We have that

XoY=_2r:2e X}U{20+1:2€Y}
=B g B U {2(k,ny) k€ A Oy U {2(k,np) +1: k€0 CY
=B @ BI" U {2(k,n) : (k,n) € X UY,k is even}U
{2(k,n) +1:(k,n) € XUY,kis odd}

From this we see that X @Y <. X UY, as B™ @ B™ is c.e. So, as A® C is not A, by

(3.1) we have that ) <. XY =.0(AdC) <. Aa C. O
Putting both lemmas together we get the following theorem.

Theorem 3.2.7. There are no strong super minimal pairs in the enumeration degrees.
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3.3 A strong minimal pair

In this section we use K-pairs to show that there is a strong minimal pair in the enumer-
ation degrees. We would like to thank the anonymous referee to an earlier version of this
paper for pointing out this proof.

For this proof we need some more facts about K-pairs.

Theorem 3.3.1 (The ideal K-property, Kalimullin [22]). For sets A, B,C C w we have

the following:
1. If A, B are a K-pair and C <., B then A,C is a K-pair.
2. If both A, B and A,C are K-pairs then A, B ® C is a K-pair.
We will only need [1] for our purposes.

Theorem 3.3.2 (The main K-property, Kalimullin [22]). If A, B are a nontrivial K-pair

then:

1. A<. B and B <. A.
2. A<.,B®W and B<. A .

Now we look at a method of building IC-pairs. For a set X we define Lx = {o €
2<% : 0 <jex X}. We have that Lx <. X since if 0 <jex D C X then o <jox X. We
define Rx = Lx = {0 € 2<% : 0 >1ox X} <. X. Lx, Rx form a K-pair with witness
W = {{(0,7) : 0 <jex T7}. Since p < X <= Jo € Lx,7 € Rx[p = o0,7] we have that
X ®X <. Lx ® Rx. Now we have the tools needed to prove the existence of a strong

minimal pair.

Theorem 3.3.3. There is a strong minimal pair A, B in the enumeration degrees. Fur-

thermore A can be 11 and B can be T19.

Proof. Consider some non-low AJ set Y (For example Y = (). Consider X = Ky =

P, V.(Y). We will prove that A = Rx and B = (I is a strong minimal pair. Since Y is
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AY we have Ly <. Ky <. Y <. (/. Since Y is not low Y’ £, ¢/ and Y’ = Ky & Ky =,
Lx®Rx, we must have Rx £, (. Consider any non-c.e. C' <. A. By the ideal K-property
we have that C, Ly is a K-pair. So we have that A = Lx <. C®{’ by the main K-property
since neither Lx nor C'is c.e. So A, B is a strong minimal pair.

Since Y is A we have that Ky and Ly are %9, so A = Ly is I19. (/ =, Ky which is

119, O

Now we know there are strong minimal pairs, a question we can ask is how many such
pairs are there? If A, B is a strong minimal pair and C' C w is such that B <. C and
A £, C then A, C is a strong minimal pair since A <, X ® B <, X & C for any X such
that ) <. X <. A. If A £, B then there are 2% many C' >, B such that A %, C so the
existence of one strong minimal pair tells us there are 2% many strong minimal pairs in
the enumeration degrees.

If we restrict our attention to the left side A of a strong minimal pair A, B then we
can observe that if C <, A is not c.e. then C, B is also a minimal pair and for any non-c.e.
X <. C we have C <., A < X @ B. So the existence of a strong minimal pair A, B tells us
that there are at least Ny many degrees a such that a is the left side of a strong minimal
pair.

In the proof of Theorem we chose the set X so that Rx would be II and not
below (/. If we take any X such that X £, @ then either Lx £ (/ or Rx % (. Thus, by
the same argument from Theorem either Lx,0’ or Rx,{ is a strong minimal pair.
Since there are 2% many X C w but only countably many of them are below (' there are

2% many left sides of a strong minimal pair.

3.4 Forcing construction of a strong minimal pair

In this section we give a new proof of the existence of a strong minimal pair in the
enumeration degrees. This proof is longer than the one given in Section but it is a

more direct construction and can be modified more easily.
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Theorem 3.4.1. There is a strong minimal pair A, B in the enumeration degrees.

Proof. The first step is to consider the requirements. We have:

Re: AUI(V(A) @ B) = A] VU (A) is c.e.

and

Ne: U (B)#£ A

Satisfying NV, gives us that A €. B and satisfying R, gives us that for all degrees = such
that 0 < x < deg,(A) we have x V deg,(B) = deg,(A) V deg, B, so notably x £ deg,.(B).
If 0 <y < deg.(B) then y £ deg.(A) as otherwise deg.(A) < y V deg.(B) = deg.(B)
contradicting an N, requirement. By downward density there is an x such that 0 < x <
deg,(A) so we will have that B ¢ 0 and hence a strong minimal pair.

The I' that we will use to satisfy R, will have a very specific form and will in fact be

chosen ahead of time. We define

Fe = {<a’p> : HU[Dp = D’U % {<e,a,v>}]}

The intuitive idea is that we will enumerate (e,a,v) € B to code the fact that D, C
U, (A) = a € A. In other words, B¢ will look like an enumeration operator that
computes A from V.(A).

We will do two rounds of forcing to construct A and B. The first round will produce
a pair A(X), B(X) satisfying all R, requirements for each X € 2¥. Then we will force

along 2% to find an X such that A(X), B(X) satisfies all N, requirements.

Definition 3.4.2. The forcing partial P = (P, <) we will use will be defined as follows.
A condition p € P will consist of a disjoint pair of computable sets (A4,,Cy) with 4, UC,

coinfinite. We say that p < ¢ if A, O A, and C), D C,,.

If G is a generic filter on P then we define Ag = UpeG Ap. So we can think of p as

determining a subset of Ag and a subset of Ag. The definition of Bg is more complex,
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and it will look at p ¢ G. We will give this definition later.

Definition 3.4.3. For p € P and e,n € w we say p IF n € ¥ (A) if n € ¥.(4,) and
plen ¢ U (A)if n ¢ U .(C,). We say n is determined for e by p and write p I+ U (A)(n)
if either p Ik n € W (A) or pl-n ¢ U (A). We say p IF ¥ (A) is c.e. if for all n we have

plE W (A)(n).

It is clear from the definition that if p € G and p IF n € ¥.(A) then n € ¥ (Ag);
similarly if p IF n ¢ W.(A) then n ¢ U.(Ag). If p IF U.(A) is c.e. then, as each n is

determined for e by p, we have ¥.(Ag) = V.(Ap,) = ¥.(Cp) which is c.e. for any G > p.

Lemma 3.4.4. For every p € P,e € w we have either
1. There is ¢ < p such that q |- W.(A) is c.e.

2. There is n € w and F' Cg, A, UC), such that (A, U F,Cp) I n € V. (A) and
(Ap,CoUF) IFn ¢ W (A).

Proof. Suppose we are given p € P and case [2| fails. We will show that case [1| holds for

q = (Ay, Cp) where A, is built as follows. We have requirements

Pn: ne V. (Cp) < ne V. (A,)

along with the requirement that A,UC), is coinfinite and A, and C), are disjoint. We build
sequences A, = Ag C A; C ... and mp < my < ... with {my : t € w} disjoint from all As.
A requirement P,, is unmet at stage s if n ¢ U, (A,) and a requirement needs attention
at stage s if it is unmet and there is some pair (n,u) € ¥, s such that D, C C,

We start with mg = max(A4, UC,) + 1 and Ay = A,. At stage s let P, be the
highest priority requirement that needs attention (if there is no such requirement then let
Asi1 = As,msp1 = ms + 1). So there is a pair (n,u) € U, such that D, C C,. Wait
until we see a possibly new pair (n,v) € ¥, such that D, C C,, and min(D, \ As) > ms,

then define As41 = As U D, and mgyq1 = min(Asq UC, \ (ms + 1)). By assumption this
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search will always terminate eventually as otherwise F' = ((ms+ 1)U D,) \ (4, U C)) will
have (A4, U F,Cy) IFn € U (A) and (Ap,CpUF)IFn ¢ V. (A), a contradiction.

So the sequence (m;)s is computable and increasing, and so the set A, = C,\{ms: s €
w} is computable and has that A, U C), is coinfinite, A, and C), are disjoint and A, C A,.
If a requirement P, ever needs attention then it is met no more than n stages later and
n € U.(A,). On the other hand if P, never needs attention then n ¢ W.(C,). So every

requirement is satisfied and ¢ I- U.(A) is c.e. as desired. ]

The key point of Lemma is that if we cannot find a p that forces W.(A) is c.e.
and satisfy R, that way, then we can always find n that is not determined for e. We will
use this to satisfy R, using I'. while maintaining the choice of whether n € ¥.(A) or not.

Next we will use this to build an embedding H : 2<¥ — P and a function S : 2<% —
{f:Cw— w: fis finite}. The idea is that for X € 2* we will have A(X) =, .y An(0)
and if W.(A(X)) is not c.e. then for all 0 < X, |o| > e = [S(0)(e) € V. (A(X)) «
o1 < X].

Construction of H and S. We define H, S as follows. At each stage of the construction
we will start considering a new R. requirement. When we can force that ¥.(A) is c.e.
we will do so immediately. For other requirements, case |2 of Lemma will always
apply. These requirements will be considered active and will need to be handled at each
step. To help us keep track which requirements are active for a given ¢ we use a function
7Z 2<% = {F Cg, w}. We start with H(0) = (0,0), Z(0) = 0.

Given a node o and H (o), Z(0) we ask if there is p < H (o) such that p I- ¥|,/(A) is c.e.
If yes, then we can satisfy R|,| by making sure we choose extensions of p for H (679).
Otherwise we redefine Z (o) := Z(o) U {|o|} so that R/, is now active and set p = H (o).

Let 0 = eq,...,ex—1 list Z(o). For each i < k define n;, F; to be a pair satisfying case
of Lemma for p and e;. By assumption of e; € Z(0o) case [I| has failed so case
applies. Define F' = {J,_;, Fi, S(0)(e:) = ni, Z(07j) = Z(0).

Finally define H(c™1) = (A, U F,C,) and H(c"0) = (A,,Cp U F). Clearly p >
H(c™1),H(c70) and for each i < k, H(c" 1) IF n; € ¥,,(A) and H(c 0) IF n; ¢ U, (A).
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End of Construction.

For X € 2¢ we define A(X) =, x An () and

B(X) ={(e,a,v) : (o >1ex X[|o])

l[a € Aoy Ne € dom(S(0)) A Dy ={S(7)(e) : 7 < 0,|7| > e,a(|7]) = 1}]}

Let us try to understand the definition of B(X). From the definition of I'c we want that if
(e,a,v) € B(X) then D, C U (A(X)) = a € A(X). We also want that if ¥.(A(X)) is not
c.e. then for all @ € A(X) there exists a v such that (e,a,v) € B(X) A D, C ¥ (A(X)).
If o < X then Ap,) € A(X) and {S(7)(e) : 7 < 0,|7| > e,0(|7]) = 1}]} C Y (A(X)) so
that is where the conditions on v and a come from. The reason we need to add axioms for
0 >lex X [|o| instead of just o < X is that the latter is too restrictive and will not allow

us to meet the N, requirements in the next stage.

Lemma 3.4.5. If X € 2% then the pair A(X), B(X) satisfies R, for each e.

Proof. Case 1: e ¢ dom(S(0)) for any 0 < X. Then by construction, for o0 = X |[(e 4+ 1)
we have H(o) |- W.(A) is c.e. So as Ay(y) € A(X) € Chy(y) We have U (A(X)) is c.e.

Case 2: we assume e € dom(S(0)) for all 0 < X with o] > e. By induction along
o < X we can see that Ay C A(X) C % So by construction we have that
Afo1) \ Aoy € AX) < S(o)(e) € ¥ (A(X)), for all o < X, |o| > e. Given
o< X, o] >e a€ Ay and D, = {S(7)(e) : T < 0,|7| > e,0(|7]) = 1} we have that
D, C U (A(X)) and (e,a,v) € B(X) so by definition of T'¢, a € T'.(V(A(X)) ® B(X)).
Therefore A(X) C Te(¥.(A(X)) & B(X)).

On the other hand, if a € T'.(V(A(X)) @& B(X)) then by definition of I'. and B(X),
there is some o >1x X [|o| such that D, = {S(7)(e) : 7 < o A o(|7]) = 1}, so we have
D, C V. (H(X)) and a € Ay (s). If 0 >1ex X[|o| then let n be the first place that they
differ. So o(n) = 1 and hence S(o[n)(e) € D, but H(X[(n + 1)) IF S(o[n)(e) ¢ W (A).

So a was not put in I'e(V.(H.(X)) @ B(X)) by (e,a,v), a contradiction. So o < X and
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hence a € Ag(y) € A(X). Therefore A(X) = Te(V(A(X)) ® B(X)) O
Now all that is left is to diagonalize and satisfy all N, requirements.

Construction of X. We pick a path, X € 2%, satisfying one N, requirement at a time.
We start with g = (). Suppose at stage s + 1 we are given os. Let Yy = 0, 170, To
satisfy N ask if Ag,~1) € Ws(B(Ys)). If yes then o441 = 05”0 otherwise 0511 = 05" 1.
Let X = Ugo,.

End of Construction.

Lemma 3.4.6. If X is defined as above then A(X) and B(X) satisfy N, for each e.

Proof. If X = 0570, then Ap,~1) € Vs(B(Y5)) and by definition of B, B(Y;) € B(X) so
Apo~1) € Us(B(X)) but Ago~1y) € A(X) as 070 < X, so N, is met. On the other hand
if X = 0,71, then Ay~ € Vs(B(Ys)) and B(X) € B(Ys), so Age~1) € Ys(B(X)), but
Apom1) € He(X). So N, is satisfied. O

So (A(X), B(X)) satisfy all the requirements and form a strong minimal pair. O

An immediate corollary of this proof is that there are continuum many strong minimal

pairs in the enumeration degrees.

Corollary 3.4.7. For every set Y € 2% there is a strong minimal pair Ay, By such that

ZfY 7& Z then Ay 7é Az,By 7é Bz.

Proof. Fix Y. We build X as in the construction of X from the proof of Theorem [3.4.1
but on even stages 2s we set X (2s) = Y (s) and on odd stages 2s + 1 we chose X (2s + 1)

to satisfy N as before. O

It is also interesting to note the reduction A ® B <., ¥.(A) & B is uniform in e with
Fe (V. (A)®B) =0 if WU.(A)isc.e. Furthermore B can enumerate the set {e : 0 <, ¥.(A)}
by looking at which columns of B are nonempty. In this sense, we can think of A, B as

being a uniformly strong minimal pair.
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The forcing conditions are symmetric. By applying the same forcing steps to A =
UpGH(r) C, that we apply to A we can make it that both A, B and A, B are strong minimal
pairs (we can also construct examples like this with the K-pair construction). Note that
A® A, B will not be a strong minimal pair as L4, R4 <. A® A and Lemma says the
left side of a strong minimal pair cannot bound a non trivial K-pair.

If we wanted to modify the construction to get a super minimal pair we would quickly
run into problems. The design of B is very precise and if we add some point (e, a,v) to B
at some stage where we have ensured A; C A, then it could be that already D, C W.(Aj).
So we would have to ensure that a € A, but then because we want I';(V,;(B) & A) = B we
are in the reverse situation and may need to add things to B. This could go on indefinitely
and end up making A and B cofinite or require us to add numbers to A or B that we have
ensured are not in A or B and break a negative condition. We could try increasing C), so
that this case cannot happen, but the set {(e,a,v) : p I D, C W.(A)} is not computable

so we would be using a new partial order and Lemma, no longer holds.

3.5 The complexity of a strong minimal pair

Now we look at what oracle is needed to carry out the construction of the Section [3.4] To
work out if case [I] of Lemma [3.4.4] can be applied for a given condition p and number e we
ask if there exists ¢ < p such that W.(A4,) = V.(C,). Since P is the set of pairs of disjoint
computable sets, we can encode it as a I19 set of natural numbers. Similarly asking if
V. (A4,) = U (C,) is a IIJ question. So asking if case [l|of Lemma can be applied is a
39 question. Asking if a pair n, F' witnesses case [2] of Lemma holding is something
0’ can answer, so is not going to add to the complexity of the construction. Hence H and
S are AY.

A, B <7 H® S® X so we need to work out the complexity of X. To construct X we
ask questions of the form “is Ag,~1) € We(B(07170¥))?” which is II)(H & 5). So X is
AY. When the answer was yes, B increased in size. Therefore A is AY and B is TI9.

Clearly there are some minor modifications that would reduce the complexity. We
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make some more serious changes to get the following result.

Theorem 3.5.1. There is a strong minimal pair A, B in the enumeration degrees such

that A is X9 and B is I and quasi-minimal.

A set B is quasi-minimal if every function f with graph(f) <. B is a computable
function. In other words the only degree below deg,(B) that is the image of a Turing

degree is O.

Proof. This is a finite injury argument. The idea is that we run the construction using
0’ as an oracle, but rather than building a whole tree we only build nodes along what we
believe to be on the true path (on X). 0" will often be wrong about what the true path
is, and this is where the injury comes in.

We use a restricted set of forcing conditions, @ = {p € P : Ay, C}, are finite}. In the
proof of for Lemma, the ¢ we build to meet case |1| was in fact infinite, so to ensure

we satisfy R, when case [2] does not apply we will make A enumeration 1-generic.

Definition 3.5.2 ([3]). A set A is enumeration 1-generic if for every W, either there is

u € W, such that D, C A or there is F Cq, A such that for all w € W,, D, N F # (.

For g € Q we say g IF W.(A) is c.e. if for all enumeration 1-generic A O A, with A D C,,

we have that U.(A) = ¥.(C,). We have a new version of Lemma m that applies to Q.
Lemma 3.5.3. For every q € Q,e € w we have either
1. qIF ¥ (A) is c.e.

2. Thereisn € w, F Cay Ay U Cy such that (AqUF,Cy) IFn € Y. (A) and (Aq, CUF) IF
n ¢ U (A).

Proof. Consider a pair q € Q, e € w, and suppose that case [2] does not hold. Let G be an
enumeration 1-generic such that 4, C G C ﬁq. Then suppose that there is n such that
n € V.(C,) but n ¢ U.(G). Then consider the c.e. set W = {u : (n,u) € ¥U.}. Since G

is enumeration 1-generic and there is no v € W such that D, C G we have that there is

E Cg, G such that for all w € W we have D, N E # (.
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Pick v € W such that D, C C, (since n € ¥.(C,) there must be some v). Now consider
F=(Dy,\Ay)U(E\Cy). D, CAjUF so (A;UF,Cy) IFn € ¥ (G). On the other hand
E C CyUF so for eachu € W, D, € CqUF, and thus (Ag,C,UF) IFn ¢ ¥.(G), a

contradiction. So it must be that W .(G) D ¥.(C,). We already have ¥.(G) C ¥.(C,) as
G C Cy, 50 V. (G) = ¥.(C,). Since G was arbitrary, we have g IF ¥.(A) is c.e. O

The I'. we will use this time is a little different, only needing one witness from W.(A):

Le = {{a,p) : Im[Dp = {m} & {{e,a, m) }]}

Since we are making B a I1J set we will start with all axioms in B and remove broken

axioms as we go.

Construction of ¥J A and II B. At each stage of the construction we will have a tuple
(05 € 2<¥ ng = los|, Hs :ms +1 = Q, (Fiys)n<ny, Ss :C w X ng = w, By)

with H = limg Hg, S = lim, S5, X = limgos, B =\ Bs, F,, = US Fos, A=U, Aam) =
Us Ar,(ny) and A = U, Crgny = U{Fn : X(n) = 0}. We will have Hy(n+1) < Hy(n) and
Fos C Ap 1) if o(n)s = 1 and O,y = U{Fk : 05(k) = 0,k < n}.

The requirements we will use are slightly different than in Section We will break

each R, requirement into w many requirements R, for n > e.
Rent ApmyUFn CTe(Ve(Apm U F,) ® B)) C Ch)

This means that if every R, requirement is satisfied (and X contains infinitely many 1’s)
then I'c(¥.(A) @ B) = A. If some R., cannot be satisfied then by Lemma we will

have H(n) IF ¥(A) is c.e. The N, requirements will not change.

Ni: Wi(B) # A
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And we have new requirements to make sure that A is enumeration 1-generic.
& Jue Wi[Dy C App)] VYu € Wi[Dy N Cry # 0]
And requirements to make sure that B is quasi-minimal.
Q. : V.(B) # graph(f) for any non-computable f

The priority of the requirements is given by Ro, < -+ < Rpp < N, < &, < Qp <
Ron+1-

A requirement R, , requires attention at stage s+1 if it has not been satisfied, o5(n) =
0 and there are m,u < s that show case holds for (Ag,(ny)> CH,(n)) With m and D,, (note
it may not hold for (Ag,(n), Cr,(n)))- @ can answer this question.

We say that a requirement N; requires attention at stage s + 1 if it has not been
initialized and i < |os|. There are two cases as to how A; will act depending on whether
F; s € W (Bs) or F; s C V(D) for some finite D C B;.

An &; requirement needs attention at stage s + 1 if ng = 4. It is only when satisfying
these &; requirements that we will increase ng, so every &; requirement will require attention
at some stage.

We say that a requirement Q; requires attention if it has not been initialized and
i < |os| and there are x,y, z such that z # y and (x,y), (x, z) € U;(Bs).

Assume at stage s we have (ng, o5, H, (Fn s)n<n,,Ss, AsBs). At stage s + 1 consider
the highest priority requirement that requires attention. All lower priority requirements

will be considered unsatisfied.

o (ase one: the requirement is R . By assumption we have m,u < s+ 1 that shows

e is in case 2 for (A, (n,), CH,(n)). We set

— 041 =0sl(n+1).

— Ngp1 =n+ 1.
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- Fn,s—f—l = Fn,s UD, U CHS(nS) \ CHS(n)

— Fk75+1 = Fk,s for k < n.

= Hyp1 = Hy[(n+ 1) U{(n+ 1, (Ax,(n): CHu(n) YU Fns11)) } if o(n) = 0.

— Hopr = Hsl(n+ 1) U{(n+ 1, (An,(ny) Y Fast1, Cr,m)) } if o(n) = 1.

— Ssi1 = Ss[(wxn+1)U((e,n),m).
The reason we add all the extra elements to F}, 541 is because D, may have contained
some of them and we need to respect the axioms on modified parts of B. For each
a € Fy, s41 and i, k such that k = Ss41(7,n) we ask if {v: (i,a,v) € B} = w. If yes

then we define {v : (i,a,v) € Bsy1} = {k}. Intuitively this change to B means that

a€Tl;(V;(A)® B) if and only if k € U;(A).

Case two: the requirement is N; and F; s ¢ ¥;(Bs). We have that i < ng, o4(i) = 0.

Since F; s ¢ W;(Bs) we will redefine o511 (i) to be 1 and add F; 5 to A.

— 0541 = (0s7) 1.
— Ngp1 =1+ 1.
— Fi 41 = Fp s for k <.
= Hop1 = Hsnsp1 U (11, (A, ng) Y Fis U Cryno) \ Cryi), Crg) -
— Ss41 = Ss[(w X ngq1) and Bsy1 = Bs.
Case three: the requirement is N; and F; s C V,;(Bs). We have that i < ng, os(i) =0

and there is finite D C B such that F; 3 C ¥;(D). We will add elements to A to

ensure that D will remain a subset of B. Let P = ({a : Je,m[(e,a,m) € D]} U
CHs(ns)) \ CHS(Hl). We set

— Os+1 = (Us rl + 1)

— Ng4+1 = 7+ 1.

— Fps41 = Fy s for k <.

- Hs+1 = H; rns+1 U {(nerla (AHs(ns) U Pv CHS(H—I)))}
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— Ssy1 = Ss[(w X ngy1) and Bsy1 = Bs.

o Case four: the requirement is Q; and (x,y), (x,z) € ¥;(Bs). We have that i < n,
and a finite D C B such that (x,y),(x,z) € ¥;(D). We will add elements to
A to ensure that D will remain a subset of B. Let P = ({a : Je,m[(e,a,m) €
D]} U CH,(n,)) \ CH,(i+1)- We set

— 0541 = (osli+1).

— Ngp1 =1+ 1.

— Fi g1 = Fp s for k <.

— Hsp1 = Hg[nsp1 U{(ns41, (Ag, () U P Crivn)) -
— Ss+1 = Ss[(w X ngt1) and Bsy1 = Bs.

o (Case five: the requirement is ;. Note that the other two cases do not increase ns.
Here is where we do so. Ask if there is u € W such that p = (Ap, (ns)YDu, OHs(ns)) €
Q. If not then set p = Hq(ns). Now take the least m € m and set

— 0541 =05 0.

— Ng41 =N+ 1.

— Fp, s+1 = {m}.

— Fs41 = F s for k <n,.

— Hsp1 = Hyns U{(ns,p), (s g1, (Ap U Fo, 511, Gp)) -

— Ss41 =85 and Bsy1 = Bs.

End of Construction.

Now we move on to the verification.

Lemma 3.5.4. A is X0 and B is 113.

Proof. The construction only removes points from B so B is (/-co-c.e. At each stage we

have that Ag, (n,) € Af,. i (nosr) 50 Us AH,(n,) 18 0-c.e. At each stage the only value of
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H, that changes is the final one, so for each n there is s such that H(n) = Hs(ns). Hence

A= Un AH(n) = Us AHs(ns) is Eg. U
Lemma 3.5.5. A is enumeration I1-generic.

Proof. Consider a requirement &;. Consider the last stage s where ng = ¢. Then at stage
s+ 1 we looked for u € W; such that D, NCq,_ ;) = (). If there was such a u then we set

D, C Ay, and if not then, D, N Cy_, ;) # 0 for all u € W;. Since no higher priority

+1(i)
requirements act after stage s we have ny > ¢ for all t > s and H (i) = Hs11(i). Thus &; is

satisfied. O
Lemma 3.5.6. B is quasi-minimal.

Proof. Consider a requirement Q;. Suppose that graph(f) = ¥;(B). It is sufficient for us
to show that f is computable. Let s be a stage such that Q; is not injured at any stage
t > s. We claim that graph(f) = ¥;(B;s). Since B C B we have graph(f) C ¥;(B;s) so
if graph(f) # W;(Bs) then there are x,y # z such that (x,y), (z,z) € ¥(Bs). This means
that we would have acted with some finite D C B; and P at some stage < s according to
the strategy for Q;.

Since D ¢ B some R, requirement removed an axiom (e,a,m) € D from B at some
stage t > s. Since Q; is not injured after stage s we must have n > ¢ and the strategy for
Ren Put a € Fry. So a ¢ Ag, ) UCh,m) 2 PUCH,(i41) 2 {a : Je,m[{e,a,m) € D]}, a

contradiction. OJ
Lemma 3.5.7. A, B satisfies Re and N; for all e,i € w.

Proof. Consider an N; requirement. Let s be the last stage where N is injured. So
F; = F;s as only higher priority requirements can change F; . If F; C W;(B) then
F; C W, (By) for all t. So when N; acted for the last time we must have set o4(7) = 0. Since
no lower priority requirements will change o+(i) we have X (i) = 0 and F; C A.

If F; ¢ U.(B) then suppose that when N acted for the last time it set o.(i) = 0.

At this stage we had D C By so there must have been a later stage k where D gZ By.
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If we remove an axiom (e,a,m) from B then we have a € F, ) for some n < nj. But
because lower priority requirements do not remove elements from Hy (i + 1) we have that
a & Ap,i+1) Y Chy(it1) 2 PUCh,it1) 2 {a : Je,m[{e,a,m) € D]}, a contradiction. So
F; C A. Hence each N is satisfied.

Consider an R, requirement. We have two cases to deal with here. First, suppose that
all R, sub-requirements are satisfied. Now we show that I'.(V.(A) & B) = A. Consider
some a € A. If {m : (e;a,m) € B} = w then we must have a € T.(V.(A) ® B. If
{m : (e,a,m) € B} # w then when we removed the missing elements at some stage s, we
ensured that there is m such that (e, a,m) € B and m, F}, 5 satisfied case of Lemmam
for e and (Ag, (n,), Cr,(x)) and a € F 5. Since a € A it must be that Ay, ,)UF s € A; this
is because when we change F}, ; at some later stage ¢ we ensure that F}, ; is a subset of one of
Fot, AH,(n))> CH,(n) for some n. So we have that m € W.(A) and hence a € Te(V.(A)® B).

Now consider a ¢ A. Then there must be a least stage s with a € F}, 5 for some k. Since
a ¢ A there is some n such that a € F,, C A. Since R, is satisfied and X (n) = 0 there is
a stage t and m, u,n’ such that a € D, C F, and m, D, satisfied caseof Lemmafor
e and (Ag,(n,), CH,(nr))- Note it is possible that ¢ is smaller than the stabilizing stage of
F,,s and that n’ # n but this does not matter. We would have used m, D,, to satisfy R
and have {m} = {v : (e,a,v) € B}. Since a ¢ A it must be that Cp,,y C A as every
time we add a part of C, () to A we make sure Fyr s C A. Since m ¢ \I'E(W)
we have m ¢ U, (A) and so a ¢ T'.(V.(A) ® B).

Now suppose there is some R, , that is never satisfied. Then we argue in a similar vein
to Lemma that W.(A) = U.(Ch(y)). Suppose not. Then there is m € V. (Cpy) \
W, (A). Consider the c.e. set {u: Dy C Cppy, (m,u) € We}. Since m ¢ ¥, (A) and A is
enumeration-1-generic there must be finite FF C A\ Cpy,) such that m € ¥.(AU F) but
m ¢ U.(Cpy) U F). But then we would have used m, F to satisfy Re,, at some sufficiently

large stage. O
This completes the proof. O

Is it possible for A or B to have lower complexity? Lemma tells us that A cannot
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be AJ or, in fact, be above any non c.e. AY set. So we have shown that ¥ is a strict lower
bound on the complexity of A. As for B, we know from Theorem that B can have
complexity I1Y. B cannot have lower complexity because it cannot be c.e. We have shown
that both sides of a strong minimal pair can be X9 but we do not know if this can happen

at the same time.
Question 3.5.8. Is there a strong minimal pair in D.(< 0")?
We leave open the questions about super minimal pairs.
Question 3.5.9. Is there a super minimal pair in the enumeration degrees?
Question 3.5.10. Is there a super minimal pair in D.(< 0)?

Before we can hope to find an algorithm that decides the two quantifier theory of D,

or D.(< 0'), we need be able to find to find answers to the questions above.
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Chapter 4

Topological classification of classes

of enumeration degrees

4.1 Introduction

In this chapter we look at some of the interactions between the enumeration degrees and
topology. Kihara and Pauly [27] define degrees of points in arbitrary second-countable

topological spaces, using the notion of a countably based space.

Definition 4.1.1. A cbg space X is a second countable Ty space given with a listing of a
basis (¢)e. Given a cbg space X = (X, (fe)e) and a point € X the coded neighborhood
filter of x is NBasex(z) = {e¢ € w: & € B.}. We define the degrees of a space X’ to be

Dy ={a € D, : 3z € X[NBase(z) € a]}.

Kihara and Pauly showed that D, is the class of degrees of the w-product of Sierpinski
space S¥, where S = ({0,1},{0,{1},{0,1}}). For a point 2z € S* we have that NBase(z) =,
{n :z(n) =1}. S¥ is a universal second-countable Tj space. This can be seen by observing
that the map x — NBasey () is a topological embedding.

From the definition, every cbg space X gives a class of enumeration degrees Dy. From
the universality of S¥ we have that every class C of enumeration degrees is Dy for some

cbp space X, namely X = {x € S“ : deg(NBase(z)) € C}. So the study of subclasses of
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the enumeration degrees is the study of cby spaces.
In this chapter we answer several open questions of Kihara, Ng and Pauly [26], focusing
on the topological separation axioms, and how they interact with classes of enumeration

degrees. The separation axioms that we explore are as follows.
Definition 4.1.2. A topological space is considered

e Ty (Kolmogorov) if for any = # y there is an open set U such that either x € U,y ¢ U

or z ¢ U,y € U. In other words, points can be distinguished by the topology.

e Ty (Fréchet) if for any = # y there are open U,V such that x € U,y ¢ U and

xz ¢ V,y € V. Equivalently if {z} is closed for any z.
e T, (Hausdorff) if for any x # y there are disjoint open U,V such that x € U,y € V.

e Ty 5 (Urysohn) if for any = # y there are open sets U, V such that x € U, y € V and
unv =9.

e Submetrizable if there is a coarser topology on the space that is metrizable. In other
words, if X = (X, (Be)e) is submetrizable then there is a collection of X-open sets

(cte)e such that (X, (ae)e) is metrizable.

We have the following series of implications:

metrizable = submetrizable — Ths; — 15, — 17 — 1y

It is well known that this hierarchy is strict for second countable spaces. Kihara, Ng and
Pauly [26] prove that every enumeration degree is the degree of a point in a decidable,
effectively submetrizable space, so the non-metrizable separation axioms do not give us
new classes of degrees without additional computably assumptions. However we can use

the separation axioms to classify classes of degrees.

Definition 4.1.3. Given a collection of cbg spaces T we say that a class C of enumeration

degrees is T if there is some X € T such that Dy =C.
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We have the same implications of the separation axioms for classes of degree as we do
for spaces, but because multiple different cbg spaces may give rise to the same class of
degrees, it is not clear that these implications are strict.

Kihara, Ng and Pauly [26] gave some separations for this classification of classes of
degrees. They showed that D, is Ty but not 17, that cylinder-cototal degrees are T7 but not
Ts, and that DN% is T but not 75 5. They did not show that 755 and submetrizable are
different notions for classes of degrees and asked as a question if there is a T5 5 class that is
not submetrizable. They also showed that the degrees of the Gandy-Harrington topology
do not arise from any metrizable space, giving a separation between submetrizable and
metrizable for classes of degrees.

Kihara, Ng and Pauly [26] suggested some candidates for classes that could be T3 5 but
not submetrizable. They introduced the Arens co-d-CEA degrees and the Roy halfgraph
above degrees. Both classes arise from spaces that are Ts 5 but not submetrizable. Another
candidate class introduced by Kihara, Ng and Pauly was the doubled co-d-CEA degrees.
This class contains both the Arens co-d-CEA degrees and the Roy halfgraph degrees and
arises from a space that is T5 but not T55. Kihara, Ng and Pauly asked if the doubled
co-d-CEA degrees are a Ty 5 class or not.

In Section we answer this question and show that the doubled co-d-CEA degrees
are not 155, giving a new example of a class that is 75 but not 75 5. As a result of this
we have that the class of degrees that are Arens co-d-CEA or Roy halfgraph is a strict
subset of the doubled co-d-CEA degrees. This separation is of interest in its own right
because the doubled co-d-CEA degrees arise from a quasi-Polish space and the previous
separation uses Ny, which is not quasi-Polish.

In Section |4.6|we prove that the Arens co-d-CEA degrees and the Roy halfgraph degrees
are both not submetrizable answering the question of Kihara, Ng and Pauly about the
distinction between T5 5 and submetrizable. In the proof of these results we introduce a
general method that could be used to get similar results. We also introduce the notion of

a space being effectively submetrizable as part of the general method.
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In Section we look at the relationship between the Arens co-d-CEA degrees and
the Roy halfgraph degrees and prove that neither class is contained in the other. This
answers another question of Kihara, Ng and Pauly [26].

Kihara, Ng and Pauly [26] extend the notion of quasi-minimal to give a strong way in
which a class of enumeration degrees can be not 7. An enumeration degree a is quasi-
minimal if it is not above any nonzero total degrees. The following extends this idea to

general classes.

Definition 4.1.4. For a cby space X we say that a degree a € D, is X quasi-minimal if
a¢ Dy and for all b € Dy if b < a then b = 0.
For a class C C D, and a set of cby spaces T, we say that C is 7 quasi-minimal if for

every X € T there is a € C such that a is X' quasi-minimal.

Kihara, Ng and Pauly show that D, is T-quasi-minimal and as a result any class of
enumeration degrees that is downwards dense in the enumeration degrees (that is for, each
a >, 0 there is a b in our class such that 0 <. b <. a), like the class of semicomputable
degrees (introduced by Jockusch [19] and proven to be downwards dense by Kihara, Ng
and Pauly [26]) and the class of enumeration-1-generic degrees (introduced by Badillo and
Harris [4] and proven to be downwards dense by Badillo, Liliana, Harris and Soskova [5]),
is also Ti-quasi-minimal. They also prove that the telegraph-cototal degrees, a 17 class
containing the doubled co-d-CEA degrees, are quasi-minimal for countable disjoint unions
of effective T spaces. A question they ask is if there is a quasi-minimal separation of 75
and Ty 5.

In section [4.3| we modify the proof that the cylinder-cototal degrees are not T5 to show
that they are Th-quasi-minimal. In section [£.4) we answer the above question by modifying
the proof that Dng is not T 5 to show that it is Tb 5 quasi-minimal. An open question we
ask is if there is a quasi-minimal separation of T5 5 from submetrizable.

The continuous degrees are a subclass of the enumeration degrees, introduced by
Miller [34], and come from computably represented metric spaces. They are a proper

subclass of the cototal degrees and have some interesting interactions with the structure
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of the enumeration degrees [2]. Kihara and Pauly [27] show that their redefinition of the
degrees of a space coincide with Miller’s definition when the basis is given by the collection
of balls centered at rational points with rational radii.

In Section we look at metrizable cbg spaces that have different bases than the basis
of rational radius balls centered at rational points. We show that there is a metrizable cbg
space X such that Dy contains all quasi-minimal doubled co-d-CEA degrees. As a result
the doubled co-d-CEA degrees are not metrizable quasi-minimal. Hence neither are the
Arens co-d-CEA or Roy halfgraph degrees. So a different Ts 5 space is needed if one wants
to get a quasi-minimal separation of T5 5 from submetrizable. In this section we also ask
about the degrees of points in decidable, metrizable cbg spaces. We show that there is a
decidable, metrizable cby space whose degrees contain a quasi-minimal degree. Hence the
class of degrees of points in decidable, metrizable cbq spaces is larger than the continuous
degrees. We leave open the question of whether there is any degree that is not the degree

of a point in a decidable, metrizable cbg space.

4.2 Preliminaries

In this section we go over some background notions related to cbg spaces that are needed
for this chapter. More specific definitions, for instance the definition of a particular class
of degrees, will be given in the relevant section. The content of this section gives some

background and should apply to the whole chapter.

4.2.1 Represented spaces

Represented spaces are a way of defining notions of computability for arbitrary spaces,
using the notions of computability on w®. These are a key tool in the study of computable

analysis [45].

Definition 4.2.1. A represented space X is a set X and a partial surjection § :C w* — X.
Given a represented space X = (X, ) and a point € X we say that a point p € w” is a

0-name for x if §(p) = . We define Namey (z) = {p: d6(p) = x}.



57

For an example one nonstandard representation of w® is to say that p is a é-name for
f € w if range(p) = {(n,m) : f(n) # m}. In this example it is possible that a é-name for
a point f does not compute f, even though it describes f uniquely.

For arbitrary represented spaces X', ) Kihara and Pauly [27] define a reducibility notion
of points <p, by z: X <py:)Y <= V& Namey(x)3dq € Namey(y)[p <r ¢|. Kihara and
Pauly study the degree spectra of represented spaces in [27].

For cby spaces X = (X, (8¢)e) there is a natural representation § given by d(p) = z if p
is an enumeration of NBase(x). This is well defined because X is a Ty space: if z Ay € X
then there is some open U such that z € U,y ¢ U or y € U,x ¢ U, so there is an e
such that x € S C U and y ¢ (. or vice versa. Hence NBase(xz) # NBase(y). Kihara
and Pauly [27] observe that when we use this representation of cby spaces X', ), we have
x: X <py:) if and only if NBasex(z) <. NBasey(y).

The example of a represented space above comes from a cbg space, the w product of
the cofinite topology, (weof)”. Here a subbasis can be given as B, ) = {f : f(n) # m}
and the representation we used above was 6(p) = f if range(p) = NBase(,, )« (f). For a
cbg space we technically need a basis rather than a subbasis, however a subbasis can be
turned to into a basis by taking finite intersections. Since {e:x € e} = {0 € WY 1z €
Bo0) N+ N By(jo|-1)}, using a subbasis rather than a basis will not change the degree of
a point. In this thesis we will sometimes specify and work with a cbg space in terms of a
subbasis rather than a basis.

Our remark above about a (wef)“-name for f not necessarily computing f can be
stated as saying that while f : (weof)” <1 f : w* there are f such that f : w* < f:
(weof)®. The degrees of (weof)® are the degrees of complements of graphs of total functions.
This class is known as the graph cototal degrees [43], [I]. This class is known to be a proper
subclass of the cototal degrees [I] and to contain non-total degrees.

As a tool in Sections and we will make use of multi-representations [40].
The difference between a multi-representation and a single valued representation is that

in a multi-representation ¢ :C w* = X is a multi function. So a point p € w* may be a
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name for more than one distinct point in X.

4.2.2 Computability of spaces and functions

For represented spaces X',) and a partial function f :C X — ) we say that a partial
function F' :C w® — w® is a realizer, if f(0x(p)) = dy(F(p)) for every p € dom(f o dyx).
We say that a function f :C X — ) is computable if it has a computable realizer.

For topological spaces there are several different notions of a computable representa-
tion. Since we are interested in the degrees of a space, we want a notion of computability

that prevents coding non-computable information directly into the basis.

Definition 4.2.2. For a cby space X = (X, (Be).) we say X is decidable if the subset
relation between positive Boolean combinations of () and (3,), is computable. We say X is
strongly decidable if the subset relation between positive Boolean combinations of 0, (5.).

and (B¢). is computable.

Many natural spaces are strongly decidable, for instance 2¢, w®,S%, [0, 1] and (weof)®.
In section 4.6 we will introduce another notion of computability for spaces—that of being

effectively submetrizable.

4.3 The cylinder-cototal degrees are T)-quasi-minimal

The cylinder-cototal degrees were introduced by Kihara, Ng and Pauly [26]. They are
defined to be the degrees of the cocylinder space w¥, = (w*, (B¢)e) where B = {z € w* :
oe £ x} for an effective enumeration (o). of w<®. This is a coarser topology than the
usual one on w* because B, = |J{[o] : 0 € w7l 0 # 5.} is open under the usual topology.
The space is T but not T». Kihara, Ng and Pauly [26] prove that the cylinder-cototal
degrees are a subclass of the graph cototal degrees by embedding w¥, into (weof)®, the
space of the graph cototal degrees. One of the reasons the cylinder-cototal degrees are

interesting is that they give us a separation of 77 and 75 for classes of degrees.

Theorem 4.3.1 (Kihara, Ng, and Pauly [26]). The cylinder-cototal degrees are not Ts.



59

By modifying the proof of the above theorem we are able to turn this into a quasi-

minimal separation.
Theorem 4.3.2. The cylinder-cototal degrees are Ts-quasi-minimal.

To prove their result, Kihara, Ng and Pauly prove two important lemmas involving
Hausdorff spaces and network representations of spaces. To state these lemmas we need

to introduce the terminology used.

Definition 4.3.3. Given a topological space X, a point 2 € X and a collection V' C P(X)

have the following.
e N is a network at x if for each open U > x there is N € N such that x € N C U.
e N is a strict network at x if it is a network at x and x € N for each N € N.

e N is a cs-network for X if for any convergent sequence (x,,), and open U 3 lim,, x,,

there is N € N and m € w such that {z,, : n >m} C N CU.

Given a space X and a countable cs-network AN/ C P(X), the representation of X’ from N

is o where x/(p) = 2 if {Np() : € € w} is a strict network at x.

For some simple examples of cs-networks consider the following. If X = (X, (5¢)e) is a
cbg space then (3.) is a cs-network. If X' is regular then (B.). is a cs-network.

A network representation does not necessarily give us a class of enumeration degrees
like a cbg space does, but Kihara, Ng and Pauly [26] make the following observation that

connects points in network representations with enumeration degrees.

Observation 4.3.4. If X = (X, (Be)e) is a cbg space and Y = (Y,N) is a space with a
countable cs-network, then y : Y <t x : X if and only if there is J <. NBasex(z) such

that {Ne : e € J} is a strict network at y.

To prove Theorem Kihara, Ng and Pauly [26] consider a different type of repre-

sentation, they call the closure representation.
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Definition 4.3.5. Given a space X = (X, ) with a countable cs-network N, the closure
representation of X is &y where oy (p) = @ if {Np) : € € w} is a network at z and
x € Ny for all e € w. For a point # € X we say that = is nearly computable if there

is a computable §pr name for x. For a space ) and point y € ) we say that y is nearly

X -quasi-minimal if
Ve € X[x: X <py:Y = =z is nearly computable]

The main difference between the closure representation and the network representation
is that the closure representation includes more names for a point z. So being nearly
computable is a weaker notion that being computable as a point  may have a computable
&, name, but no computable §5 name.

In general, these representations are not single valued; that is, a name p € w* may be a
name for multiple distinct points. The following observation by Kihara, Ng and Pauly [20]

gives a condition for the closure representation to be single valued.

Observation 4.3.6. If X is a T space and N is a cs-network for X then dx is a single

valued representation of X.

From this observation we can conclude that if X is a T space and A is a countable
network for X’ then there are only countably many points with a computable name as
each computable p € w* represents at most one point and there are only countably many
computable p € w®.

Recall that a function f € w® is A-computably dominated if there is an A-computable
function g such that f(n) < g(n) for all n. Given a space X = (X, N) the disjointness
diagram of X is the set {(e,i) : Ne N N; = 0}. Now we can state the main lemma used to

prove Theorem 4.3.1

Lemma 4.3.7 (Kihara, Ng, Pauly [20]). Let f € w“ be a function that is not C'-
computably dominated. Then for any second countable X = (X, N') with C-c.e. disjoint-

ness diagram we have that f : we (viewing f as a point in w® ) is nearly X -quasi-minimal.
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Since we are modifying Kihara, Ng and Pauly [26]’s proof of Lemma we will give

it here.

Proof of Theorem[{.3.1. Let X = (X, (Be)e) be a Th cby space. Let C' be an oracle such
that the disjointness diagram of (3.). is C-c.e. By Lemma if f is not C’-computably
dominated, then f : wZ is nearly X-quasi-minimal. Since X is 75, there are only countably
many points in X that are nearly C-computable by Observation [4.3.6f However, there are
uncountably many functions which are not C’-computably dominated. Thus, one can

choose a function which is not T-equivalent to any nearly computable point in X O

The above proof is close to a quasi-minimal separation. If f € w® is not C’-computably
dominated then there are only countably many degrees in Dy that might be below

NBase,w (f). We now use forcing to avoid computing any of these degrees.

Lemma 4.3.8. Given a set A and a countable collection of non-c.e. sets (C;); there is
a function f such that f is not A-computably dominated and for each i we have C; £,
NBaseye (f).

Proof. We construct f in stages with f = Ufs.

At stage s = 2n we consider the nth A-partial computable function 2. If @2 (| fs]))
then set for1 = fs U{(|fs|, 02 (Ifs]) + 1)}, otherwise fo11 = fs. At stage s = 2(e, i) +1 we
ask if there is 0 = fs such that ({7 : 7 L o}) € C; then take fs;1 = o, otherwise set
fs+1 = [s.

The even stages give us that f is not A-computably dominated. So we now only
need to show [ satisfies the other condition. Suppose that C; = V.(NBase,w (f)). Let
s = 2(e,i) + 1. If there was o > fs such that ¥.({7 : 7 L o}) ¢ X, then we would
have f > o for one such o and W.(NBase,w (f)) € Ci. So there is no such o and thus

C; = U.(NBaseyw (f)) € Ue({T: 7 A fs}) € C;. Hence C; is c.e., a contradiction. O
Using this we can modify the proof Theorem to get a quasi-minimal separation.

Proof of Theorem[{.3.3 Let X = (X, (Be)c) be a Th cby space. Let C' be an oracle such

that the disjointness diagram of (f3¢), is C-c.e. Let (C;); be a listing of sets whose degrees
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are those of the non-computable nearly C-computable points in X'. By Observation |4.3.6
we know that we can find such a listing. From Lemma [£.3.8 we can find an f that is not
C’-computably dominated and has C; £. NBase(f) for any i. By the proof of Theorem
we have that f is nearly X-quasi-minimal. Since f is not (/'-computably dominated

we have that NBase,w (f) is not c.e. and hence f is X-quasi-minimal O

4.4 A T, s-quasi-minimal class

In this section we look at the relatively prime integer topology. This topology is defined
as follows. Let Z, be the set of positive integers. The basic open sets in this topology are
{a +bZ : ged(a,b) = 1}. We write Ny, = (Z4, {a + bZ : gcd(a,b) = 1}) for the cbg space.

It is known that N, is second countable, T5 and not T5 5 [44].

Proposition 4.4.1. N, is strongly decidable, and the sets a + bZ,a + bZ are uniformly

computable.

Proof. Given a finite collection of basic open sets (ag + boZ), ..., (an—1,bp—17Z) let b, =
HKn b;. For each k < n we can uniformly compute cxo < -+ < ¢ pn,—1 < by such that
ap + biZ = UKW Ckyi + bpZ. So we have that the subset relationships between Boolean
combinations of ((ag + boZ),...(an—1,bn—17Z),0) is the same as the subset relationships
between Boolean combinations of ({co; : ¢ < no},...{cp—1; 11 < ny—1},0) and is hence
decidable uniformly in ag,...,an,—1,b9...,bn_1. Hence the subset relationships between
Boolean combinations of ({a + bZ : ged(a,b) = 1},0) is decidable.

To see that N, is strongly decidable, we first show that for any a, b, ¢, d (no relatively
prime assumptions) (a + bZ) N (¢ + dZ) # 0 if and only if a = ¢ mod ged(b,d). If a = ¢
mod gcd(b,d) then a = ¢ + kged(b, d) for some k, so a = ¢+ k(nd — mb) for some m,n.
So a+kmb = c+knd € (a+bZ) N (c+dZ). On the other hand a+bm = a mod gecd(b,d)
and ¢+ dn =c¢ mod ged(b,d) so if a Z ¢ mod ged(b,d) then (a + bZ) N (c+ dZ) = 0.

So (a+bZ)N(c+dZ) # 0 if and only if (a+bZ)N(c+ged(b,c)Z) # 0. Let F ={0 < ¢ <
b: (Vd | b)[ged(c,d) > 1V (c+dZ)N(a+bZ) # 0}. Then we have that a + bZ = |J .y c+bZ.
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So we get that a 4 bZ is uniformly computable and using the same argument as we did to

show N, is decidable we can show that N, is strongly decidable. O

Kihara, Ng and Pauly[26] proved that the notions of T and T» 5 are distinct for classes

of enumeration degrees.
Theorem 4.4.2. D(Nrp)w is not To 5.

In this section we modify the proof of the above theorem show that there are T5 classes

of degrees that are T5 5-quasi-minimal.
Theorem 4.4.3. D(Nrp)w 18 T 5-quasi-minimal.

The idea behind the proof of Theorem is similar to that or Theorem but
instead of looking at the closure representation from Definition Kihara, Ng and

Pauly introduce a new representation.

Definition 4.4.4. Given a space X = (X,N) with countable cs-network, we define the
representation 6, where @\//(p) = 2 if {Np() : e € w} is a network at 2 and Ny N Ny;) # 0
for all e, € w. For a point z € X we say that x is *-nearly computable if there is a
computable SX/ name for z. For a space ) and point y € ) we say that y is *-nearly

X-quasi-minimal if
Ve e X[z : X <py:)Y = zis xnearly computable]

A §p-name for a point z is a 5;\//’—1’1841’116 for x, but a g;/—name for a point x may not be
Sn-name. As we will see 5;\// is not necessarily single valued on 75 spaces, but Kihara, Ng

and Pauly observed that it is single valued on 75 5 spaces.

Observation 4.4.5. If X is a Ts.5 space and N is a cs-network for X then SX/ s a single

valued representation of X.

Rather than working directly with Ny, Kihara, Ng and Pauly use the fact that N, is

countable and nowhere T5 5 and prove results about an arbitrary countable nowhere 15 5
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space H. We say H is nowhere Ty 5 if for all open U,V C H we have that UNV # (. It is
known that Ny, is nowhere Ty 5 [44]. If H = (w, (H.).) is nowhere T3 5 then a witness for
being nowhere Ty 5 is a set A C w? such that H,, Hy # () then the set A,y = {n : (e,d,n) €

A} is nonempty and A, 4 C H. N Hy.

Lemma 4.4.6 (Kihara, Ng, Pauly). Let H = (w, (H.).) be a represented, second countable
space with c.e. witness for being nowhere To 5 and let x € w* be 1-C-generic. Then for
any space Y = (Y, N') which is strongly decidable relative to C and N is a cs-network, we

have x : HY is *-nearly YV-quasi-minimal.

In the case of N, Proposition tells us that there is a computable witness that

Nyp is nowhere T5 5 namely A = {(n, (a,b), (c,d)) : n € a +bZ N c+ dZ}. So the lemma

can be applied here.

Proof of Theorem[{.4.3 Let X = (X,N) be a Ty 5 space. Let C be an oracle such that X
is strongly decidable relative to C'. By Lemma for any 1-C-generic point = € w* we
have that  : (N;p)“ is *-nearly X'-quasi-minimal. By Observation since X' is a Tb 5-
space, there are only countably many points in X that are *-nearly computable. However,
there are uncountably many points in w“ which are 1-C-generic. Thus, one can choose
such a point which is not =p-equivalent (in terms of (N;p)“) to any *-nearly computable

points in X. ]

In the above proof we use a counting argument to separate the two classes. Using

forcing we can get a stronger result of X-quasi-minimality.

Lemma 4.4.7. Given a countable cbg space H = (w, (He)e), a countable collection of non-
c.e. sets (X;); and set C, there is a 1-C-generic set x € w* such that 0 <. NBaseyw(x)

and X; £. graph(z) for each i.

Proof. We will use forcing to construct z in stages with x = |J, z,. We fix He # w, ) and
points a € He,b ¢ H..
At stage s = 3n let W, be the nth c.e. set. If (Jz4|,e) € W, then set x5y1 = x5 b

otherwise xs41 = x5 a. This ensures that W,, # NBaseyw ().
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At stage s = 3n + 1 let V,, be the nth C-c.e. subset of w<“. If there is o € V,, such
that x5 < o then set x541 = o otherwise set x541 = 5.

At stage s = 3(e,i) + 2 let W, be the eth enumeration operator. Ask if there is a
number n ¢ X; and o > xz, such that n € W.(graph(c)). If yes then set z541 = o,
otherwise 541 = 5.

At stages 3n we ensured that NBaseyw(x) is not c.e. and at stages 3n + 1 we ensure
that = is 1-C-generic. Now we need to show that X; €. z for any i. Suppose that
Xi = V(graph(z)). Then let s = 3(e, ) + 2. If there is an extension o > x5 such that
U, (graph(c)) ¢ X; then we would have x > o for some such o and W.(graph(z)) 2
U, (graph(c)) ¢ X;, so it must be that U.(graph(c)) C X; for all o > x5. So we have
Xi = Ve(x) € {n:3Jo > zs,n € V(graph(c))} € X;. So we have that X; is c.e., a

contradiction. O

Now we can replace the counting argument used in the proof of Theorem to get

the quasi-minimal separation.

Proof of Theorem[{.4.3 Let X = (X, (Be)e) be a Ty 5 space. Let C' be an oracle such that
X is strongly decidable relative to C. Let (X;); be a list of non-c.e. sets with enumeration
degrees those of the non-computable *-nearly computable points in X. Since the open
sets of Ny, are uniformly computable we have that z : (Nyp)Y <1 x : w* for all z, so
by Lemma there is a 1-C-generic z such that = : (N,)¥ is non-computable and
z: X <tz :(Nyp) means that z : X' is computable or z : X is not *-nearly-computable.
But from Lemma [4.4.6] we have that z : (Nyp)* is *-nearly X-quasi-minimal, so  : (Nyp)*

is X-quasi-minimal. O

4.5 The doubled co-d-CEA degrees

In this section we show that the doubled co-d-CEA degrees are not T 5. Kihara, Ng and
Pauly [26] introduced the doubled co-d-CEA degrees as the degrees of points in the product

of the double origin topology DO. Rather than working directly with this topology it is
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easier for us to work with the characterization in terms of sets that they came up with.

Definition 4.5.1. Aset X =Y ®Y“® (AU P)® (BUN) is doubled co-d-CEA if
(AU B)¢ P,N are Y-c.e. and A, B, P, N are disjoint. A degree is doubled co-d-CEA if it

contains a doubled co-d-CEA set.

Since the doubled origin space is T the doubled co-d-CEA degrees are a Th class.
Question 4 of the open questions asked by Kihara, Ng and Pauly [26] is if these degrees

are a proper 15 class. We show that they are a proper 75 class.
Theorem 4.5.2. The doubled co-d-CEA degrees are not 15 5.

Proof. We will make use of the *-name concept, Definition from Section |4.4] again
in this proof.

Consider some T 5 cby space X = (X, (Bc)e). Let Y be such that X is strongly
Y-decidable. We will build coinfinite Y-c.e. sets P, N C C such that for any partition
AU B = C° we have that the doubled co-d-CEA degree Y @ Y°® (AUP) & (B® N) does
not enumerate the name of any non *-nearly-Y’-computable z € X. By doing this we
will have constructed a size continuum class of doubled co-d-CEA degrees, only countably
many of which can contain the name of a point in X. Hence we will have shown that
Dpow ¢ Dx.

Let Q = {(Cy, Py, Ng) : P,AN; =0 A P;,N; C Cy Chipy w}. For p,g € Q, u € w and

a C u we define the following:
e ¢ =pifCy D Cy, Py 2 Py, Ny D Np.
e ¢ <y, p (q extends p above u) if ¢ < p and Cylu = Cplu, Pjlu = Pylu, Ny[u = Nplu.
e a <y, p (ais a p-compatible choice of Afu) if a C u\ C),.
e p(a,u) =Y @Y @ (aUP))® (u\ (CpUa) UN,)

Note that if a <, p and ¢ <, p then a <, ¢ and p(a,u) C ¢(a,v) for any v > u. This does

not necessarily hold if ¢ < p.
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We will build a Y-computable sequence gy = ¢ = ... and have C = |J,Cy,, P =
Us Py and N = J, Ng,. This will ensure that C, P, N are Y-c.e. and PUN C C. The
requirements R, are that for any partition AL B = C¢ we have that if ¥.(Y @ Y*® (AU
P)@® (BUN)) = NBase(x) for some x € X then x is *-nearly-Y’-computable.

The strategy for R, works as follows. Each requirement has a restriction © and when
it sets gs41 it needs to ensure that gs11 <y qs - If at stage s the value of u is undefined
then let u = max(Cy,) + 2. If at some later stage ¢ a higher priority requirement acts and
we have ¢ ﬁu gs then we consider R. injured and u to be undefined. R. needs to be able
to handle any partition of u \ C so for each a <, ¢s we create a new subrequirement R%.
If R is injured then we remove these subrequirments. R¢ is satisfied if R. is satisfied for
each partition A U B = C°¢ with AJu = a.

The idea of the strategy for R is as follows. We consider the potential point = which is
named by V. of some partition extending a. We first wait until a stage when we see a way
to force x € B, and a separate way to force x € 3, for some ng,n; with ﬁTLO N B, = 0.
We then put everything above u into C' and injure lower priority requirements so that we
always have the option to put x in f,, or ,, without changing other facts about x. The
next step is to wait until we see a way to put z € f3,, for some 3, disjoint from f,, for
some 7. We then put = in both 3, and 3,,,. If we get past the waiting step then we will be
able to ensure that there is no potential point z and satisfy the requirement that way. If
we are stuck at the waiting step forever then we will show that x is close to computable.

The details of the strategy for R? use states w, ¢, d and work as follows.

e State w: we wait until a stage  when we see some pg, p1 <y ¢ with ng € U (po(a,u))
and n; € VU.(pi(a,u)) such that By, N Bn, = 0. Then we set g1 = (Cy U

[u, ), Py, Ng,.) and injure all lower priority requirements.

e State ¢: we wait until a stage v > r where we see some q <, ¢, with m € U.(q(a,u))
such that S, N Bm = 0 or By, N By, = 0. In the first case we set g1 = (Cy, Py U
Py, Ny U Np,) and in the second case we set ¢,11 = (Cy, P, U Py, Ny U N, ). All

lower priority requirements are injured, along with R? requirements that are in state
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c. This requirement moves to state d.

e State d: the requirement is considered finished and cannot be injured by fellow RZ

requirements.

This completes the construction of C, P, N. Now we move onto the verification.

Claim 4.5.2.1. Each requirement is injured only finitely often.

Proof. If a requirement R. is never injured after stage s then it acts only once more to
split into the R requirements. Suppose that an R¢ is never injured by higher priority
requirements after stage s.

If R¢ is in state c then either R¢ is injured by an RZ requirement and moves back to
state w or it acts once and moves to state d, after which it never acts again and can no
longer be injured by other RY requirements. So each R® requirement acts finitely often
from state c.

Since each RY requirement can act only finitely often in state ¢, and there are only
finitely many of these requirements, we can let t > s be a stage after which all R? will not
act in state c. If R is in c or d then it will never again act. If R? is in state w then RY
will not be injured at any later stage and will act at most once more to move into state

c. (]
Claim 4.5.2.2. C° is infinite.

Proof. Let s be the last stage when R, was injured. We have that if u is the restriction
chosen by R. at stage t > s then e < |C°[u|. This follows from induction and the fact

that max(Cy,) + 1 < u means that max(Cy,) + 1 ¢ C, for any j > t. O
Claim 4.5.2.3. Fach R, is satisfied.

Proof. Consider some partition AUB = C¢. Let Q = Y @Y ®(AUP)®(BUN) and fix e.
We will show that R, is satisfied for Q. Let s be the last stage when a subrequirement R?

changes its state. There is some subrequirement R? such that Qu = (¢s(a,u))[u. Note



69

that for any ¢ we have g;(a,u) C Q. Let [ be the last state that R¢ is in. We will look at

the three cases.

e [ = d: when we entered state d at stage s we ensured that there were m,n € U.(Q)

such that 8, N B, = 0. So ¥.(Q) is not the X-name of a point in X.

o]

c: Let r > s be the stage when R? moves to state c for the last time. Suppose
that NBase(r) = (¥.(Q)) for some z € X. Then since 3, and 3,, are disjoint there
must be m € NBase(z) and i € 2 such (3,,NS3,, = 0. Since m € ¥.(Q) there are some
finite D C AUP,E C BUN and t > ssuch that m € ¥.;,(Y®Y“®@ D@ FE). Consider
¢q=(Cqp, UD\uUFE\u,P,, UD\ u,Ng UE\ u). We have that m € U.+(q(a,u))
and ¢ =, ¢ since [u,r) C C. Thus at stage ¢t we could have used ¢ to enter state d,

a contradiction.

e [ = w Suppose that NBase(z) = ¥.(Q) for some z € X. We will show that z is

s-nearly-Y’-computable. Consider the set

J={n:ne¥ (YeY°®(DUP)®(EUN))

for some t > s, D U E Cg, C° with a = D[u}

Note that J <. Y’ because C, P, N are Y-c.e. We claim that J is a (STg—name for x.
Suppose not. Then since J O NBase(x) there must be some ng,n; € J such that
Binoﬁﬁinl = (. Since n; € J there is t; > s, D U E Cg, C° with a = D|u such that
ni €Ver, YRY®(DUP,)®(EUN,,)). Consider p; = (Cq, UD\ ©wUE\ u, Py, U
D\ u,Ny, UE \ u). We have that p; <, ¢ and n; € W.;(pi(a,u)). Then at stage

max(tg, t1) we would have used pg, p1 to move to state ¢, a contradiction.

So J is a (%—name for x and hence x is ¥-nearly-Y’-computable.

O]

Since the requirements are satisfied, the construction works and we have a class of

continuum many doubled co-d-CEA degrees C such that C N Dy is a countable set, and
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hence Dpew Q Dy. Since X was an arbitrary Th 5 cbg space we have that the doubled

co-d-CEA degrees are not 15 5. O

4.6 Separating 7,5 classes from submetrizable classes

In this section we give our main result: there are T5 5 classes of degrees that are not
submetrizable. We do this for two example classes, the Arens co-d-CEA degrees and the
Roy halfgraph above degrees. Kihara, Ng and Pauly [26] show that both these classes are
T5 5 as they arise from the decidable T5 5 spaces QAY and QRY, respectively. We will give
formal definitions of these classes later in this section. The definitions of the spaces QA%
and QR can be found in [26]. For now we will go over the general method that is used

to prove these separations.

4.6.1 General method

A submetrizable space arises by adding open sets to some underlying metric space, however
a cbg submetrizable space does not tell us which sets are open under the metric. We would
like an effective way to find a name for a point with respect to the underlying metric space
from a name for a point with respect to the submetrizable space. We can do this with many

natural examples, but it is not always possible. This motivates the following definition.

Definition 4.6.1. We call a submetrizable cbg space X = (X, (Be)e) effectively submetriz-
able if there is a continuous, injective function f : & — [0, 1] such that NBaseyg 1o (f(z)) <e

NBasey ().

If X = (X, (Be)e) is a computable metric space and YV = (X, () U (e)e) is submetriz-
able then Y is effectively submetrizable. If one looks at the examples of submetrizable
cbyp spaces in [20] they will see that these spaces are all effectively submetrizable, even the
non-decidable cby spaces like the Gandy-Harrington topology. Thus every enumeration

degree is an X'-degree for some decidable, effectively submetrizable cby space X.
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Since [0, 1]* is universal for second countable metrizable spaces, for any submetrizable
cbg space X there is an oracle Y such that X is Y-effectively submetrizable.

Miller [34] proved that there is no quasi-minimal continuous degree. So if z is a
point in an effectively submetrizable cby space X and f is a witness that X is effectively
submetrizable, then NBasey(r) is quasi-minimal implies that NBasejqj(f(z)) is c.e.
since we have NBasep jj-(f(z)) <. NBasex(x), so we can conclude that X has only
countably many quasi-minimal degrees.

The above is one way of showing a class is not effectively submetrizable, but it does
not help us in the case of the Arens co-d-CEA and Roy halfgraph degrees as we do not
know if they contain uncountably many quasi-minimal degrees. By looking more closely

at the total degrees below a continuous degree we come up with our method of separation.

Definition 4.6.2. A countable class S C 2“ is a Scott set if it is closed under join, Turing
reducibility and for any X € S and nonempty I19(X) class G there is Y € SN G. The
collection {deg(X): X € S} is called a Scott ideal.

So every Scott ideal contains PA degrees. In fact, for any ¥ € S we have that S

contains a set that is PA relative to Y.

Theorem 4.6.3 (J. Miller [34]). If v is a non-total continuous degree then the set {b <.

v : b is total} is a Scott ideal. Notably, there is total b <. v such that b is a PA degree.
Now we have the tools we need to prove the following

Lemma 4.6.4. If C is an uncountable class of enumeration degrees and B is a countable
class of non PA total degrees such that for any a € C we have {b € Dy : b <. a} C B,

then C ¢ Dx for any effectively submetrizable cby space X .

Proof. Take C as in the statement of the theorem. Let X = (X, (8).) be an effectively
submetrizable cby space with witness f. We will show that C N Dy is countable.
Consider some z € X. Suppose that NBasey(xz) € a for some a € C. So we have

that NBasejg 1« (f(7)) <. a. Since a does not bound any PA degrees we have that
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NBaseyg jj~(f(z)) has total degree. So we have that that deg.(NBasej . (f(7))) € B.
Since f is injective, NBasejy 1« (f(z)) uniquely determines x and there are only count-
ably many x € X such that deg,(NBaseyx(x)) € C. So C N Dy is countable, and hence
C ¢ Dy. O

Now we relativize to get the result for arbitrary submetrizable spaces.

Theorem 4.6.5. Suppose that for each Y C w, we have an uncountable class of enumer-
ation degrees C¥ and BY a countable class of non Y -PA total degrees such that for any
acC wehaweY ®Y®<.aand {b € Dr:b<.a} CBY. Then UYCY ¢ Dy for any

submetrizable cby space X.

Proof. Let X = (X, (Be)e) be a submetrizable space. Let f: X — [0,1]“ be a continuous
injection. Let Y = {(n,m) : B, C f~![an]} where (). is the standard basis on [0, 1]*.
So for any z € X we have that NBasejg jj«(z) <. Y ©Y“® NBasex(z). We will show that
the CY ¢ Dy.

Consider some z € X. Suppose that NBasey (z) € a for some a € CY. So we have that
Y ©Y¢ <, NBasex(z) and hence NBase|y 1 (v) @Y @Y <. a. If NBasejy 1 (v) DY Y
is not a total degree, then since it is a continuous degree and Y @ Y <. NBase 1« () ©
Y @ Y€, by Theorem there is some total degree b < NBase[Oyl]w(m) @Y @ Y€ such
that b is PA relative to Y. So it must be that NBaseyg jj«(z) @ Y @ Y is total and hence
deg, (NBasejg 1« (z) @Y © Y°) € BY. Since NBasejy 1)« (z) uniquely determines = and the
downward closure of BY is countable there are only countably many x € X such that

deg,(NBasex(r)) € CY. So C¥ N Dy is countable and hence C¥ ¢ Dy. O

Now that we have a method to prove classes are not submetrizable, we can use it on

some classes to get new separations.

4.6.2 Arens co-d-CEA degrees

Now we show that the Arena co-d-CEA degrees are not submetrizable. The Arens co-d-

CEA degrees were introduced in [26] and are the degrees of points in a Th 5 space. By
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proving that the Arens co-d-CEA degrees are not submetrizable we prove that the notions

of T5 5 and submetrizable are distinct for classes of enumeration degrees.

Definition 4.6.6. A degree is Arens co-d-CEA if it contains a set of the form:

YYD (AyUPR)®(A1UP) D ((AgUALUN)*UM)

where (AgUA1)¢, N, Py, P1, M are Y-c.e. Ag, A1, N are disjoint, Py, P;, M C N are pairwise
disjoint, and there is a partition Ny LI N7 = N such that Ny, N; are Y-c.e. and Py C

No, Py € Ny.

When referring to an Arens co-d-CEA set (or subset) we will often use the notation
L& R& Z to keep the track of the different columns of (AgU Py) & (A1UP;) & ((AgUAL U
N)¢U M). By definition L, R, Z are disjoint and the L & R part is a doubled co-d-CEA
set by itself. The Z part is of co-d-c.e. degree and keeps track of numbers that have been
added to (Ap U A1)¢ but not to Py U P;. In order for some number in (Ag U A1)¢ to not
show up in Z it must appear in N. This means the number is in Ny or Ny, so if the
number is also in Py U P; then we know which of Py, P; contains it. The set M gives us a
way of adding numbers in N back into Z.

We will introduce some notation that will help us keep track of the different c.e. sets

when constructing an Arens co-d-CEA degree, or class of degrees. Let

Q={(C%,P1=PILUPI NI =NIUNI!, M) : P C NI, MICNICCMINPI= ()}

Here C? is meant to represent the c.e. set (AgUA1)¢. Forp,q € Q,u € wand a = aplla; C u

we define the following:
e ¢ <pif C1DCP, P! D PP NIDNF MID MP.

e g <y p (q extends p above u) if ¢ < p and CYu = CPlu, P!|u = PPlu, NJu =

NP, My = MP[u.

e a <y, q (ais a g-compatible choice of Alu) if a = u \ CY.
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e g(a) = (ag UPFY)® (a1 UP!) @ (C9\ NTU MY).
e ¢ is considered u-robust if C?7\ N? C w and C9\ u is an interval.

Note that we can have ¢ < p but p(a) € ¢(a). This is why we need the notion of a
condition being u-robust. Note that for a u-robust p if a <, p and ¢ <, p then a <, ¢ and
p(a) € q(a). Note also that for every condition p € @ and u € w there is ¢ <, p such that

p(a) = q(a) and ¢ is u-robust.
Theorem 4.6.7. The Arens co-d-CEA degrees are not submetrizable.

Proof. We use Lemma [£.6.5 and show there are c.e. sets C, P = PylU Py, N = Ny LNy, M
such that C° is infinite and for any partition Ag U A; = C¢ we have that X = (AgU Fy) &
(A1 UP) @ (C\ NUM) has Arens co-d-CEA degree and if any f <. X is the graph of a
total function, then f <7 0’ and degy(f) is not PA.

Fix a nonempty I1Y class G where each € G has PA degree, and fix a computable
tree T' with [T] = G.

We will build a computable sequence gy = ¢1 = ... of ¢; € Q and have C = (J, C%,
P=\J,P%, N =, Ny and M = |J, M9%. This will ensure that C, P, N are c.e. and will
produce an Arens co-d-CEA set for any partition of C¢. The requirements R, are that for
any partition Ag Ll A; = C¢ we have that if f = V. ((AgUFy) & (A UP) @ (C\NUM))
is the graph of a total function then f <7 () and f ¢ G.

The strategy for R. works as follows. If at stage s, R. is initialized then let u, =
max(C%) 4 2. If at some later stage ¢t we have ¢ ﬁue qs then we consider R, injured and
will reinitialize it. For each a <, ¢s we create a new subrequirement R¢. If R, is injured
then we remove these subrequirements. R is satisfied if R, is satisfied for each partition
Ao U Ay = C° with A;Ju = a;. We add an interval consisting of the RZ to the order
of requirements placing the interval just below R. in priority. Initially the restriction u?
given to each RY is u, but this may increase if R is injured by a higher priority RZ;. When
RY is injured, we set u? = max(C%) + 1.

The strategy for each RY has states g,w,c,n,d. Initially they are in state g. Let

u = u?, the actions for each state are as follows.



75

e State g: we start with n = 0 and o9 = (). If at some stage s we see some x € w and
u-robust ¢ <, gs such that (n,z) € ¥, (q(a)) then we set ¢s+1 = ¢ and injure all
lower priority requirements. If o, "z ¢ T then we go to state w otherwise we remain

in state g and set n =n+1,0,41 = 0, x.

e State w: we wait until at some stage s we see m,xg,z1 € w and a u-robust pair
0,71 =u s such that (m,z;) € U, 4(ri(a)) and zg # x1. We set g1 = (C=*UC™ U
C™, P% N9 M9%). Let v = max(C%+1) 4+ 1. All lower priority requirements are

injured and we enter state c.

e State ¢: we wait until we see a stage t such that for some v-robust p <, ¢ we
have (m,z2) € Wci(p(a)) for some zy. Pick ¢ such that z; # z2. Set g1 =
(CP, PP, NP U N" MP) (N" and NP do not conflict because p <, gs+1). Note that

now we have giy1(a)ls C ri(a),p(a). Set o = max(C%+1) + 1 and enter state n.

e State n: we wait until we see a stage £ such that for some o-robust h <, ¢: we have
(m,y) € Wer(v(a)) for some y. If y # x; then set gy 1 = (C, PRUP™ Nh, MhUM™)
and move into state d. Otherwise y # zo and we set qo 1 = (O, P", N* M"Uwv )\

(uU P")). Then we move into state d.

e State d: in this state R is considered satisfied.

This completes the construction of C, P, N, M. Now we move onto the verification.

Claim 4.6.7.1. Fach requirement is injured only finitely often.

Proof. If a requirement R. is never injured after stage s then it acts only once more to
split into the RY requirements.

Suppose that an R¢ is never injured by higher priority requirements after stage s.
The first case we need to deal with is if R? remains in state g and injures lower priority
requirements infinitely often. Each time it acts n increases, so we have that f = J,, oy € 2%
and f is computable. Since every ¢ < f is in T we have that f € G, but this is a

contradiction as no PA degree is computable. So R? acts only finitely often in state g.



76

In states w, ¢, n the requirement acts at most once, so there is a stage after which R¢

stops injuring lower priority requirements. U

For each requirement R. let u. be the restriction that is given to R, after the last time

it is injured.
Claim 4.6.7.2. C°={u, —1:e € w}

Proof. Because the restriction u. is defined to be max(C% )+ 2 we have that u. —1 ¢ C%.
Since lower priority requirements only work above u. we have that ue — 1 ¢ C. On the
other hand, whenever a subrequirement R? acts it makes sure that [u?, max(C%)] C C%.

So we have that [u, uer1 —1) C C. O
Claim 4.6.7.3. FEach R, is satisfied.

Proof. Consider some partition ALIB = C¢. Let X = (A)UFPy) ® (A1 UP) & (C\NUM)
and fix e. We will show that R. is satisfied for X. Let s be the last stage where a
subrequirement R% changes its state. There is some subrequirement R¢ such that X [u? =
gs(a)u?. Note that for any ¢ we have ¢:(a) C X. Let [ be the last state that R? is in and

u = u?. We will look at the four cases.

e | = d: when we entered state d at stage ¢ we ensured that (m,y), (m, ;) € ¥e(g+1(a)) C

U (X) with y # x;, so W.(X) is not the graph of a total function.

e | =g: consider the last value n takes. We know from Claim [£.6.7.1) that RZ acts
finitely often, so n is finite. Suppose that n € dom(W¥.(X)). Then there are some
finite L& R® Z C X and t > s such that n € dom(V.+(L® R® Z)). Consider ¢ =
(C*UL\uUR\uUZ\u, (PyUL\u)U(P*UR\u), N* UL\uUR\uUZ\u, M®*UZ\u).
We have that ¢ <, ¢ and n € dom(¥.;(¢q(a))). So at stage t we would have set
gi+1 = ¢, a contradiction. So n ¢ dom(V.(X)) and thus ¥.(X) is not a total

function.

e | = c: Since RY is never injured after stage s we have a fixed collection m, rg, 71 such

that r; £ q; for any t. Furthermore, because of the restriction imposed by R¢ we have
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that for all t > s we have N"i\u C C%\N% C [u,v). Suppose that m € dom(¥.(X)).
Then, like in the previous case, there are some finite L& R® Z C X and t > s such

that m € dom%¥,. (L & R® Z). Let z = max(L U RU Z). Consider

q=(C"Uv,z],(P UL\ v) U (P UR\v), N®Uv,z], M* U Z \ v).

We have that ¢ <, ¢ is v-robust and m € dom(¥.(g(a))). Thus at stage ¢ we could
have used ¢ to enter state n, a contradiction. So m ¢ dom(¥.(X)), and thus ¥.(X)

is not a total function.

e [ =n: Since RY is never injured after stage s we have a fixed collection m,r;, p
such that r;,p Y ¢ for any t. Like before, we have that for all ¢ > s we have
NP\v C C%#\N% C [v,0). Suppose that m € dom(¥.(X)). Then, like in the previous
case, there are some finite L&R®Z C X and t > s such that m € domV,(L&ERBZ).

Let z = max(L U RU Z). Consider

q=(C*UlJo,z], (P UL\ v)U (P UR\v),N®Ulo,z], M UZ\v).

We have that ¢ <, ¢ is o-robust and m € dom(W.¢(g(a))). Thus at stage ¢ we could
have used ¢ to enter state n, a contradiction. So m ¢ dom(¥.(X)), and thus ¥.(X)

is not a total function.

e [ = w Suppose that f = U (X) is a total function. We will show that f ¢ G and
that f <7 0’. Since we left state g there is some n such that fi[n+1¢ T, so f ¢ G.
To compute f(m) from 0" search for a stage ¢ > s and u-robust r <, ¢; such that
m € dom(¥,(r(a))) and r £ g for all k. 0’ can carry out this search, and since
m € dom(¥.(X)) the search will halt. We claim that f(m) = U.(r(a))(m). Suppose
not. Since m € dom(V¥.(X)) there are some finite L& R Z C X and k > ¢ such
that m € dom(V, (L ® R® Z)). Let z = max(L U RU Z). Consider

q=(C*Ulu,z], (P UL\ uw) U (P UR\ u), N® U u,z], M®* U Z \ u).
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We have that ¢ is u-robust and q f g for all k. But we also have r f g for all k. So
at some stage 7 we would have entered state c using robust extensions of ¢ and r along
with m, f(m) and W.(r(a))(m). This is a contradiction, so f(m) = W(r(a))(m) and

hence f <7 0.
O

We can relativize this construction to get a relativizable class as in the statement of
Theorem [4.6.5] and then apply the theorem to get that the Arens co-d-CEA degrees are
not submetrizable. O

4.6.3 Roy halfgraph degrees

Now we give another example of a class that is 755 but not submetrizable. The Roy

halfgraph degrees were introduced in [26] and are defined as follows.
Definition 4.6.8. Define ® = w U {—1,00} For a function f: w — & we define
HalfGraph(f) ={(n,m) € w: f(n) € wA f(n) =2m}®
{{n,m) ew: f(n) ewA f(n) >2m}
HalfGraph™ (f) = {{n,m) € w: f(n) < 2m} @ {{(n,m) € w: f(n) > 2m}

We say that f is Y-computably dominated if there is a Y-partial computable ¢ such that
for all n we have f(n) € w = ¢(n)l > f(n).

We say a degree d is Roy halfgraph above if it contains a set of the form

Y @ Y @ HalfGraph™ (f)

where f is Y-computably dominated and HalfGraph(f) is Y c.e.

Kihara, Ng and Pauly [26] show that Roy halfgraph graph degrees are the degrees of
the product space of Roy’s lattice space QR"™, a Ty 5 space which is not submetrizable.

Now we prove that this class of degrees does not arise from any submetrizable cbg space.
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Theorem 4.6.9. The Roy halfgraph degrees are not submetrizable.

Proof. Given a partial function ¥ :C w — w we define a Roy extension of ¥ to be a total
function f :w — @ such that f~!(w) = dom(v)).

We will build a partial function ¢ :C w — w such that HalfGraph(v) is c.e., 9 is
computably dominated, dom(%)) is coinfinite and for any Roy extension f of ¢ we have if
h <. HalfGraph™ (f) then h <7 0’ and deg;(h) is not PA.

Now we consider what enumeration operators on the halfgraph of a function look
like. If we see 2(n,m) € HalfGraph™(f) then we know that f(n) < 2m and if we see
2(n,m) + 1 € HalfGraph™(f) then we know that f(n) > 2m. So an enumeration of
HalfGraph™ (f) can be viewed as a refinement of even ended intervals containing f. This
is the idea behind the following notation.

Let I be the set of all closed intervals in @ with end points in {2n : n € w} U{—1, c0}.
Let (ay), be an effective listing of all functions « : w — I such that a(n) = @ for all but
finitely many n. For f : w — @ define ®.(f) = {n : I(x,v) € W [Vn(f(n) € ay(n))]}.
For any f we have that X <. HalfGraph™(f) if and only if X = ®.(f) for some e. For
f:Cw — @, note that if n € ®.(f) via o then there is ¢ : w — w such that f(m) = g(m)
for all m € f~(w) and n € ®.(g) via a.

We will use a finite injury construction to create partial functions 1, ¢ such that
HalfGraph(¢) is c.e., ¢ is partial computable and ¢ dominates .

We will build ¢ and ¢ in stages and use the following notation. Let @ = {(¢,p) : ¢,p :C
w — w A dom(q) = dom(p) Cgn w A Vn € dom(q)[g(n) < p(n)]}. For (qo,po), (¢1,p1) € Q,

u € w and a : u — © we define the following:

® (qo,p0) = (q1, p1) if HalfGraph(go) 2 HalfGraph(q:) and po 2 p1.

e (qo,p0) =u (g1,p1) ((g0,po) extends (g1, p1) above u) if (g0, po) = (g1,p1); qolu = g1 lu

and dom(qp) \ w is an interval.
e a <y, (q,p) if a: u — @ and HalfGraph(a) = HalfGraph(q[u).

Note that if a <, (q1,p1) and (qo,po) =u (q1,p1) then a <y (qo,po) and ®c(a U q1) C
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®.(a U qo). Note that if (go,p0) = (¢1,p1) and q1(n) = 2m then go(n) = 2m, but if
q1(n) = 2m + 1 then go(n) can be any number in [2m, p1(n)].

For o : w — I and a<,(q, p) we say a, (q,p) Ik, f € «if for all n we have that if a(n) # @
then (aUq)(n) € a(n) and in addition if n > u then ¢(n) € 2Z. We say a, (¢,p) IFu f ¢ «
if for all (qo,po) =u (¢,p) we have a, (qo,po) W¥u f € a. Note that because even values

of ¢ cannot change in extensions if (qo,po) =<u (q1,p1) and a,(q1,p1) Fu f € « then

a, (QOJ?O) ”_u f € a.

We will build a computable sequence (qo,po) = (q1,p1) = ... and have ¢ = lim,, ¢,
with ¢ = ,, pn. This will ensure that HalfGraph(v) is c.e. and v is computably dominated
by ¢. Fix a II{ class G such that for each x € G degy(z) is PA and a computable tree T
such that [T] = G. The requirements R, are that for any Roy extension f of ¢ we have
that if h = ®.(f) is the graph of a total function then h <7 () and h ¢ G.

The strategy for R. works as follows. If at stage s R is initialized then let u =
max(dom(gs)) + 2. If at some later stage t we have (¢, pt) Zu (gs, ps) then we consider R,
injured and will reinitialize it. For each a<,(gs, ps) we create a new subrequirement R%. We
put an order on these subrequirements and add them to the list of all requirements as an
interval just below R, in priority. If R, is injured then we remove these subrequirements.
R¢ is satisfied if R, is satisfied for each Roy extension f of ¢ with a C f.

Each R¢ has states g, w, ¢, d and a bound u,. Initially they are in state g and have u, =
u. Each time R? is injured by a higher priority requirement we set u, = max(dom(gs))+1
and return to state g. When an R? sets gs we will have that [u,, max(dom(gs))] € dom(qgs)
so that lower priority R? can work with a higher restriction than w, without the need to

split into more subrequirements. The actions for each state are as follows.

e State g: we start with n = 0 and o9 = 0. If at some stage s we see some x, v such that
<<n,x>,v> € We,s and we see (q8+17p8+1) jua (QSaps) such that a, (q8+17p8+1) H_ua
f € a, then we act and injure all lower priority requirements. If 0,," 2z ¢ T then we

go to state w otherwise we remain in state g and set n =n+1,0,41 = 0, .

e State w: we wait until at some stage s we see m,xg,r1,v9,v1 € w such that
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((m,xi),v;) € Wes and a,(qs,ps) Wu, f ¢ o, for i € 2. Chose a condition

(q,p) =u, qs such that for all n > u, the following hold.
1. If apy(n) Ny, (n) # O then g(n) € ay(n) Ny, (n) and g(n) is even.
2. If max(au,;(n)) < min(o, ,(n)) then g(n) = max(ay,(n)) + 1 and p(n) >

min(ay, ;)

So we get that g(n) € ay,(n) <= q(n) € ay(n). Set (gs+1,ps+1) = (q,p). If
a,(q,p) lFu, f € auy,qy, then move to state d. Otherwise move to state c. Let

r = max(dom(q) + 1. Note that a, (¢s, ps) ¥u, f & aw, but a,(q,p) Ik f & cu,.

e State ¢: we wait until we at some stage t we see a pair x,v € w such that ((m,x),v) €
Weyt and a, (g, pt) ¥y f ¢ o Pick i such that z; # z. Choose a condition (g, p) <y,

(gs, ps) such that the following all hold.

1. If ay,(n) Nay(n) # 0 then q(n) € au,(n) Nay(n) and ¢(n) is even.

2. If max(ay(n)) < min(ay,(n)) then ¢(n) = max(a,(n)) + 1.
We set (giy1,pi41) = (q,p). If a,(q,p) IFu, f € aw,a,, then we will move to state
d. Otherwise we will remain in state ¢. If we remain, then note that there is n

such that ¢(n) = max(a,(n)) + 1. Since max(ay, ;) < ¢(n) € ay(n) we now have

a,(q,p) lFu, f & ay,_,. We redefine z1_; = z,v;_; = v,r = max(dom(gq) + 1.

e State d: in this state RY is considered satisfied.

This completes the construction of 1 and ¢. Now we move onto the verification.

Claim 4.6.9.1. Fach requirement is injured only finitely often.

Proof. If a requirement R, is never injured after stage s then it acts only once more to
split into the R requirements. Suppose that R is never injured after stage s. Then there
is a stage after which the state of R¢ remains the same. In states w and d it is clear R?

can act at most once. We now look at the other two states.
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First, suppose that R¢ remains in state g and injures lower priority requirements
infinitely often. Each time it acts n increases, so we have that h = |J,, 0, € 2 and h is
computable. Since every o < h is in T" we have that h € GG, but this is a contradiction as
no PA degree is computable.

Second, suppose that R? remains in state ¢ and injures lower priority requirements
infinitely often. Let ng...ng_1 be the values where gs(n) ¢ a,,(n) for i € 2. Each time
R¢ acts the collection ng...ng_; either stays the same or decreases. So there is a stage
after which this collection is fixed. Consider one of these n. At each stage ¢ when RZ

acts we have that ¢(n) € ay(n) so g+1(n) > gi(n). This can only happen finitely often,

a contradiction. O
Claim 4.6.9.2. dom(v)) is coinfinite.

Proof. Let s be the last stage when R, was injured. We have that if u is the restriction
chosen by R. at stage t > s, then e = |[dom(¢))¢[u|. This follows by induction and from
the fact that max(dom(g;)) + 1 < w means that max(dom(g;)) + 1 ¢ dom(g;) for any

Jj=t O
Claim 4.6.9.3. Fach R. is satisfied.

Proof. Consider some Roy extension f of ¢. Fix e. We will show that R, is satisfied for
f. There is some subrequirement R such that flu, = a U |u,. Note that for any ¢ we
have ®.(a U q:) C ®.(f). Let s be a stage such that R? is never injured after this stage.

Let [ be the last state that R? is in. We will look at the four cases.

e | = d: when we entered state d at stage ¢t we ensured that (m, zo), (m,x1) € Pct(aU

gi+1) C P (f) for xg # x1 so P.(f) is not a function.

e | = g: consider the last value n takes. We know from Claim that RY acts
finitely often, so n is finite. Suppose that n € dom(®.(f)). Then there are some
z,v € wand t > s such that ((n,z),v) € W, and f(m) € a,(m) for all m. But then

there is (¢, p) =u, (qt,pt) such that aUq = f[{n : ay(n) # @}. Define ¢’'(n) = q(n)—1
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if g(n) is odd and n > wug, and ¢'(n) = g(a,) otherwise. We have (¢, p) <u, (¢, pt)
and a,(¢',p) Ik f € a,. Thus the requirement would be able to act again using

(¢',p), a contradiction.

e | =c: Let t — 1 be the last stage when R? acts. So from stage ¢t onward we have

fixed m,r and (qx, px) = (qi, pt) for all k£ > ¢. Suppose that m € dom(®P.(f)). Then
like in the case above there is some stage k and (¢,p) =<, (qr,px) such that m €

dom(®, (a Uq)). But then R? would have acted again at stage k, a contradiction.

e [ = w: Suppose that h = ®.(f) is a total function. We will show that h ¢ G and
that h <p 0. Since we left state g there is some n such that hin +1 ¢ T, so
h ¢ G. To compute h(m) search for a stage t > s and (q,p) =<4, ¢ such that
m € dom(®.:(a U gq)) and ¢[dom(q) = ¢. 0’ can carry out this search since 1
is 0’ computable and m € dom(®P.(f)), so the search will halt. We claim that
f(m) = @c(aUq).

Suppose not. Let «, be the witness that m € dom(®.+(a U q)). Since m €
dom(®.(f)) thereis j > t and (q1,p1) =u, (¢j,p;) such that (m, f(m)) € ®. ;(aUq1)
via some witness «,, and ¥[dom(q1) = ¢1. So for all k& we have that (qg,pr) ¥
f ¢ av,(qr,px) ¥ f ¢ ay,. But we would have used «a,, and «,, to enter state c, a

contradiction. So f(m) = ®.(a U q) and hence f <p 0.
O

By meeting all R. requirements we have ensured i has the desired properties. By
relativizing this construction we can find classes of Roy halfgraph degrees C¥ as in the

statement of Theorem So the Roy halfgraph degrees are not submetrizable. O

4.7 Arens co-d-CEA degrees and Roy halfgraph degrees above

We have seen that the Arens co-d-CEA degrees and the Roy halfgraph above degrees are

both examples of classes which are 755 but not submetrizable. In this section we look
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at the relationship between these classes. Kihara, Ng and Pauly [26] showed that both
of these classes contain the co-d-CEA degrees, and that the Roy halfgraph degrees are a
subclass of the doubled co-d-CEA degrees. We show that the Arens co-d-CEA degrees are

also a subclass of the doubled co-d-CEA degrees.
Proposition 4.7.1. Every Arens co-d-CEA degree is doubled co-d-CEA

Proof. Consider an Arens co-d-CEA set Y@Y @ (AgUPy)®(A1UP) B ((AgUAUN)CUM).
We have that Y @ Y@ (AgU Py) ® (A1 U Py) is doubled co-d-CEA by definition. Consider
the set (AgU A UN)CUM = (AgUA) NN UM = (Ag U A1)°N (N°UM). Since
(Ap U A1)¢is Y-c.e. let f be a Y computable enumeration of (Ag U A;)¢. Then we have
YeYd(AUA) NINUM)=YeY°®{n: f(n) e N}U{n: f(n) € M}. The right
hand side is a co-d-CEA and hence doubled co-d-CEA. The join of two doubled co-d-CEA
degrees is doubled co-d-CEA so we have that Y @ Y@ (Ao U Py) & (A1 U P1) & ((Ag U
A1 UN)¢U M) has doubled co-d-CEA degree. O

Now we know from Theorem that these classes are both proper subclasses of the
doubled co-d-CEA degrees and since the co-d-CEA degrees are a submetrizable class [20]
we know that they both properly contain the co-d-CEA degrees. The next question to ask
is if these two classes are distinct from each other. We now give separations that show

neither class is contained in the other. The proofs below make use of some of the notation

and ideas from the proofs of Theorems and
Theorem 4.7.2. There is a Roy halfgraph degree that is not an Arens co-d-CEA degree.

Proof. Our proof is a finite injury construction. Since we are building a single Roy half-

graph degree we will use an extension of the partial order from Let

Q={(g,p):q:w—OA|g  wU{oo}]| <wApP: g Hw] = wAVYn € dom(p)[g(n) < p(n)]}

The difference from before is that now ¢ is total and its range is no longer restricted to w.

For (qo,p0), (¢1,p1) € Q and u € w we define the following:
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e (qo,po) = (q1,p1) if HalfGraph(qo) 2 HalfGraph(q;) and po 2 p;.

e (q0,p0) =u (q1,11) ((q0,p0) extends (g1,p1) above u) if (go,po) = (q1,p1), qolu =

q1lu.

We will again make use of the enumeration of sequences of even ended intervals (),
and the operators (®.).. This time we define I+, a little differently. For a: w — I we say
(¢,p) IFy f € a if for all n we have f(n) € a(n) and for all n > u we have f(n) € 2Z or

a(n) = @. We say (q,p) Ik f ¢ « if for all (go,po) =u (¢,p) we have (qo,po) ¥u f € a.
Note that because even values of ¢ cannot change in extensions, if (qo,po) =< (¢1,p1) and
(q1,p1) IFy f € a then (qo,po) IFy f € a.

We will build a computable sequence (qo,po) = (q1,p1) = ... such that f = lim, g is
well defined. We will have that HalfGraph™ (f) has Roy halfgraph degree. Note that if go
and ¢ differ only in that go(n) = —1 and ¢;(n) = oo then for an appropriate p we have
(q0,p) = (¢1,p) = (qo,p), so =< is not a partial order. The reason f will be well defined
is that requirements put up restrictions, so for each u there is a large enough s such that
(a5, Ps) =u (@s+1,Ps+1) =u - .. and so flu = gs[u.

The requirements will be R ; j n p,m,a Where e,i,j € w, A, N, P, M are enumeration
operators such that given some total set Y they produce Y-c.e. sets AY, NY = Ng/ L
Ny, PY = PYuPY, MY with By C Ny C AY, P} C NY C AY, and MY C Ny \PY. The
intuition for R ; j v, p.a 4 is that if Y = ®;( f) is the graph of a total function and Y &, ( f)
is an Arens co-d-CEA set of the form Y @ (4gU Py ) ® (A1 UPY )@ ((AgUA UNY)cUMY)
for some Ag LI A; = (AY)¢ then we need to have W;(Y & ®.(f)) # HalfGraph™ (f). So we

say Re j,N,p,M,A is satisfied if one of the following conditions holds.

1. Y = ®,(X) is not the graph of a total function.

2. @ (X) # (AQUP) @ (A1 UPY)® ((AgU Ay UNY) U MY) for any partition
AgU Ay = (AY)C.

3. U,;(Y @ ®.(f)) # HalfGraph™ (f).
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Now we consider the strategies for Re; j a.n,p.a- Each R j 4, n,p,v Will be given some
restriction u by higher priority requirements and must ensure that (gs41,Ps+1) =u (¢s, Ds)
whenever it sets (gs+1,ps). Let Yo = ®; 5(gs). There are several strategies for Re ; j o, N, P -
First we try to meet condition directly. If we ever see some (g, p) =<4 (¢s,ps) such that for
LOR®Z = ¥, 5(q) we have L, R, Z are not disjoint or one of the pairs (Py UMY, R), (P} U
MY L), (PY,Z) is not disjoint, then we set (gs;1,ps+1) = (g,p) and injure lower priority
requirements by forcing their restriction to be larger than the use of ®.,, ®; 5. At each
stage when R ; j A N,pM is active we will run this strategy and then move on to the next
strategy.

For the second strategy we try to meet condition [ll We do this by running a simplified
version of the strategy we used for Theorem for R¢ to try to make W;(X) not the

graph of a total function. This time we start in state w.

e State w: we wait until at some stage s we see m,zg,1,v9,v1 € w such that
((m, x;),v5) € We s and (gs, ps) ¥u f ¢ a, for i € 2. Chose a condition (gq,p) =<y ¢s

such that for all n > u the following hold.
1. If ayy(n) Nay, (n) # 0 then g(n) € ay(n) Nay, (n) and g(n) is even.
2. If max(aw,(n)) < min(ay, ,(n)) then ¢(n) = max(a,(n)) + 1 and p(n) >

min(o, ;).

So we get that ¢(n) € ay(n) <= q(n) € ay(n). Set (¢gs+1,ps+1) = (q,p).
If (¢,p) Fu f € auy,an, then move to state d. Otherwise move to state c. Let

r = max(dom(q) + 1. Note that (gs,ps) Wu, f & au, but (¢,p) by f & a,.

e State c¢: we wait until some stage ¢ we see a pair z,v € w such that ((m,x),v) € We,
and (g, pt) Wy f ¢ . Pick i such that x; # x. Choose a condition (g, p) <y (¢s, ps)
such that the following all hold.

1. If o, (n) Nay(n) # 0 then g(n) € ay,(n) Nay(n) and g(n) is even.

2. If max(ay(n)) < min(ay,(n)) then ¢(n) = max(a,(n)) + 1.
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We set (qet1,pe41) = (q,p). If a,(¢,p) IFy f € oy, then we will move to state
d. Otherwise we will remain in state c. If we remain, then note that there is an n
such that ¢(n) = max(a,(n)) + 1. Since max(ay,_ ;) < ¢:(n) € ay(n) we now have

(q,p) IFy f & ay, ,. We redefine x1_; = z,v1—; = v,r = max(dom(q) + 1.

e State d: in this state R j 4, n,pm is considered satisfied via case

If the strategy finishes then we get that Y is multivalued, and thus not the graph of a
function. If the strategy remains in state ¢ then m ¢ dom(Y) so Y is not total. In both
these cases Rei ja,nN,pM is satisfied.

If the strategy never leaves state w then it is possible that Y is the graph of a total
function. However if this is the case then we have the following important observation:
if Y is the graph of a total function and (r,p) L, (g, p) for all ¢ then it must be that
®,(r) CY as otherwise we would have used (r,p) to move into state ¢ at some point. We
make repeated use of this in the third strategy to ensure that Y is consistent at every
stage when we act.

The third strategy tries to meet condition Define Ly & Rs & Zs = P 5(¢s) and
Dy = LsURs;U Zs. For (q,p) € Q and v € w we say that (¢,p) =, f(n) < 2m (implies
f(n) < 2m) if 2(n,m) € ¥;(Y @ ®c(qlv) and (¢,p) —o f(n) > 2m if 2(n,m) +1 €
(Y @ D.(qlv).

When R ja,n P is initialized we pick a witness « > v and start with g,(xz) = —1.

The steps for this strategy are as follows.

1. If we ever see a stage s and v € w where we see (¢s,ps) —s f(z) < 0 then we injure
all lower priority requirements with restriction s and set gs1+1(z) = oo. If we are

waiting forever at this step then R ; j a,n p . is satisfied by condition

2. Next we wait until we see a stage t > s where Y, C Y, Dy, C D, U NYt and
(gt,p¢) —¢ f(x) > 2. Then injure all lower priority requirements with restriction ¢

and set ¢;y1(x) = —1 and D = DU Dy.
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Note that for any Arens co-d-CEA set Y &L P RP Z we have that LURUZUN = w.

So if we wait forever to see Dy C D;UN?Y* then Re,ij,AN,pM is satisfied by condition

2l

If we have Ly ® Rs ® Zs C Ly ® Ry ® Z; then the strategy is finished—this is because
if Re,ij A NPy is not injured after stage ¢ then we will have we have (g, pr) —+

f(n) <OA f(n) > 2 meeting condition [3| Otherwise we move on to the next step.

. We wait until a stage [ >t where Y; C Y; and L; ® R; & Z; looks like a subset of an
Arens co-d-CEA set on D, more precisely, we must have DN A N (L, U R;) C P,
DnNZy € A and DN NY N Z; € MY. Then set q1(x) = 0o, and injure lower

priority requirements with restriction I.

For any Arens co-d-CEA set Y & L@ R® Z we must have (AgUA1)°N(LUR) C P,
Z C (AgUA )¢ and NNZ C M. So if we wait forever at this step, then Re; j a.n,pM

is satisfied by condition

. We wait until a stage » > [ where we have Y; C Y, and where L; & R; & Z5 looks
like an Arens co-d-CEA set on D. Then set ¢,11(z) = —1, and injure lower priority

requirements with restriction r.

. We repeat steps [4| and [3| until we have | < r such that AYt, PYi, NYi MY! agree
with AY", PY» NY» MY on D. This must happen eventually as D is finite and

AYL pYi NYi MY can only increase each time we repeat these steps.

Since the witness of L, & R, & Z, C ®.4(q:) only uses finitely many axioms there
is a large enough n such that for any axiom (z,«) used we have if 2n € a(z) then
00 € afz). Set pr41(z) = 2n+1, ¢r11(x) = 1. The next step will be repeated several

times; we start with ¢ =0, s =1 and ro = r.

. We wait for a stage k > r; where Y,, C Y}, and Ly @ Ry @ Zj looks like an Arens
co-d-CEA set on D, U D,, more precisely ng’“ N(Ds,UD,) C L, Ply’c N(Ds,UD,) C

Ry, MY* N (D, UD,) C Zy, ZxN(Ds,UD,) C A and Ds,UD, C Dy UNYr. Again,
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if we are waiting forever at this step, then R ; ; 4 n P is satisfied by condition

or condition [

We now have several cases to consider.

(a) If we have Ly, ® Ry, ® Zs, € Ly ® Ry, & Zj, then (qi,pr) —k f(z) < 2¢ but
q(k) > 2i, so we injure all lower priority requirements with restriction £ and

set qx+1 = qx. We have now met condition

(b) If we have Ly, ¢ Ly UNy*, Ry, € Ry UN* or Z,, ¢ Z;, U NY%, then set
gk+1(x) = 2¢ and injure all lower priority requirements with restriction k. In
this case we are meeting condition [2] directly with the first strategy, as either
(Ls, ® Rs, ® Zs,) U (L ® Ry, ® Zy) is not the join of three disjoint sets or NY»

does not match with Ly, ® R, ® Zs,.

(¢) Otherwise set i =i+ 1, s; =k, qx+1(z) = 2i + 1 and repeat this step.

Now we verify this part of the construction. Consider a requirement R = Re; j A N,P,M-
Let s be a stage after which R is never injured. We need to show that R acts only finitely
often and is satisfied. If R acts at stage t > s via the first strategy then it never acts again
and has ensured that ®;(f) @ ®.(f) is not an Arens co-d-CEA set with A, N, P, M, so R
is satisfied via condition [2

If at some point the second strategy acts then by the same sort of verification used in
the proof of Theorem |4.6.9| we can see that R acts only finitely often and is satisfied via
condition [II

Now we must consider the third strategy. If we end up waiting forever at any of the
steps then R acts only finitely often and by looking at each step and the current state of
q(x) one can see that R must be satisfied by one of the three conditions. Similarly if the
strategy finishes then R never acts again and is satisfied directly.

Suppose towards a contradiction that R acts infinitely often. Then it must be that we

are in case of step |§| for all values of i € w. Since Y,, C Y., we have that N Ysi C

+1

. Ys Ys
NYsi+1. Since case does not apply we have that Ly, C Ls, UN;™' C Lg, UN;™ C ...
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and Ry, € R, U lesl C R, U N1Y52 C ... Now consider when 7 = n. This means that
L, ®R, ®Z C Ly, ® Ry, ® Z,;. However, since we finished repeating steps [3| and [4] we
have that Z; N D = Z,. N D and since L, ® R, & Z, and L; & R; ® Z; disagree somewhere
on D there must be k € L, N Ry or k € L; N R,.. But then the first strategy would act,
a contradiction. This also means that the largest i we can get is i = n so gs,(z) will not
exceed ps, ().

So R acts only finitely often and is satisfied. So HalfGraph™(f) is not of Arens co-d-

CEA degree.

Now we prove the other direction.

Theorem 4.7.3. There is an Arens co-d-c.e. degree that is not a Roy halfgraph above

degree.

Proof. Note that this proof is very similar to the proof of Theorem above and shares
a lot of the same structure and ideas.

We will use a modified set of conditions from the set ) from the proof of Theorem
to construct a specific Arens co-d-c.e. set. Let P = {(a,q) : ¢ € Q,a Cg, C?}. For

(a,q), (b,p) € P we define the following new notions:
* (a,q) 2 (b,p) if ¢ 2 p.
e (a,q) =y (b,p) if ¢ <y p and alu = blu.
e g(a) =(aUPR))® ((C1)°\aUP])® (C1\ NTU M9).

We will build a computable sequence (ag,qo) = (a1,¢1) = ... and have C' = {J, C%,
P =,P%, N=J,N¥ M = |J, M? and ensure that Ay = lim, a, is a well defined.
We will define 47 = C¢\ Ay so Ap, A; is partition of C°. This will ensure that C, P, N, M
are c.e. and that X = LOR® Z := (AgU Py) ® (A1 UP)U(C\ NUM) is an Arens

co-d-c.e. set.
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The requirements are R, ; ; v where H is an c.e. operator. We think of ¥;(X)® V. (X)
as being a Roy halfgraph set where W;(X) is the total part Y and W.(X) is HalfGraph , (f)
for some f : w — @ with HY = HalfGraph(f). If this really is the case, then we want
U, (Wi(X) @ V(X)) # X. We say that R ; g is satisfied if one of the following holds.

1. Y = ¥;(X) is not the graph of a total function.
2. There is no f : w — @ such that ¥.(X) = HalfGraph™ (f) and HY = HalfGraph(f).
3. X #Y(Y @ V(X))

Fix a requirement R = R.; ;g and let u be the restriction given to R by higher
priority requirements. We will now give a strategy for R.

Like in the proof of Theorem the first strategy for R is to attempt to make Y
not the graph of a total function. Again, for this we use the strategy from the proof of

Theorem [4.6.7| This time we only need states w, ¢, n,d and not g.

e State w: we wait until at some stage s we see m, zg, x1 € w and a pair (by,7¢), (b1,71) =u
(as,qs) such that (m,zr) € ¥; (rp(by)) and z9 # z1. Let v bound the use of
(m,xg) € U, s(ri(bg)). Without loss of generality we can assume [u,v] C C™ C [0, v]
as we can find some (b,r) =<, (as,qs) with this property that has r(b)[v = ri(b,)lv
by putting to [u,v]\ C™ into P". Note this means we are assuming by = b1 = a5 | u.
We set g1 = (C% UC™ U C™, P% N% M%) and as41 = as \ C%&+t. All lower

priority requirements are injured with restriction v and we enter state c.

e State ¢: we wait until we see a stage t such that for some (b,p) <5 (at,qr) we
have (m,z2) € U;+(p(b)) for some xp. Pick k such that zj # z2. Set g1 =
(CP, PP, NP U N" MP) (we know N and NP do not conflict because p <, gst+1
and v bounds N"*) and set a;+1 = b. Note that now we have q;11(b)[v C rk(b), p(b).
Let o bound C%+1 and the use of (m,x2) € ¥;;(p(b)). We injure all lower priority

requirements with restriction o and enter state n.

e State n: we wait until we see a stage ¢ such that for some (a,h) =<, (ag, g¢) we have

(m,y) € U, (h(a)) for some y. If y # j then set goq = (O, PP U P N M" U
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M™). Otherwise y # x5 and we set gg1 = (C", P, N" M"Uv\ (uUP")). In either
case all lower priority requirements are injured with the use of (m,y) € ¥, s(v(a))

and we enter state d.
e State d: in this state R is considered satisfied.

If this strategy ends in state d then we have ensured that Y is multivalued. If it ends
in state ¢ or n then we have that m ¢ dom(Y"). In either case R is satisfied via condition
[

If we remain forever in state w then it might be Y is the graph of a total function.
However if this is the case then we again have the following important observation: if
Y is the graph of a total function and (a,q) Ly (at,q) for all ¢ then it must be that
U;(¢q(a)) C Y as otherwise we would have used (a,q) to move into state ¢ at some point.
We make repeated use of this in the third strategy to ensure that Y is consistent at every
stage when we act. While this first strategy is waiting in state w we will enact the second
strategy.

Before we describe the second strategy we introduce some notation. We define Yy =
U;(gs(as)) and Hy, = HYs. Since it is easier to think of a Roy halfgraph set in terms
of the function f rather than the formal definition we will think of elements of W.(g(a))
as putting restrictions on f. We say that g(a) — f(n) > 2m if 2(n,m) € Y.(q(a))
and g(a) — f(n) < 2m if 2(n,m) + 1 € W.(g(a)). For an interval [z,y] € I we define
q(a) = f(n) € [z,y] if g(a) — = < f(n) <y (I is the set of even ended intervals from the
proof of Theorem . For a sequence of intervals o : w — I we say ¢q(a) — f € «a if
for all n we have ¢(a) — f(n) € a(n). In a similar way we define Hy — f(n) > 2m and
H; — f(n) = 2m (we cannot define Hy; — f(n) < 2m as the HalfGraph(f) does not give
upper bounds on f(n) unless f(n) is even).

We also use notation for implications in the other direction. We say Y;,a — =z € L
if {z} 0@ 0 C ¥;(Ys ® ({(n,m) : 2m < min(a(n))} & {(n,m) : 2m > max(a(n))})).
Similarly we define Y;,a -z € R and Ys,aa —» x € Z.

The steps of the second strategy for R are as follows:
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1. Pick some x ¢ C% Uwu and set asy; = as U {x}, ¢s1 = ¢s.

2. Wait for a stage s where we see some «g such that Y, a9 — x € L and ¢s(as) — f €
ag. Set as11 = as \ {x},¢s+1 = ¢s. Injure all lower priority requirements with the

use of Y5, o9 = = € L and gs(as) — f € ap.

3. Like in the previous step wait for a stage ¢t such that Y; C Y; and we see some oy
such that Y;,; — x € Rand q;(ay) — f € a1. Set asy1 = asU{x}, @441 = ¢ Injure

all lower priority requirements with the use of Y;, a1 — 2 € R and ¢/(a;) — f € aq.

4. Let k = max{m : a;(m) # @} + 1. Now we wait until a stage s; > ¢ such that
Y, C Y, and Hy,, f are well behaved up to k. More precisely, for each n < k we

want the following:

o Hy, — f(n) =2m <= g¢s,(as,) = f(n) =2m.
e Hyy — f(n) >2m A Hs, - f(n) >2m+2 <= gs(as,) — 2m < f(n) <
2m + 2.

e Hyy » f(n) >0 = gs,(as,) = f(n) <0Vgs, (as,) — f(n) > max(8, min(ap(n)), min(a;(n))).

We use 8 here because the interval [0,8] can be divided into 4 even ended sub
intervals. Set as,+1 = as; \ {z},¢s;+1 = ¢s,. Injure all lower priority requirements

with the use that witnesses H,,, f are well behaved.

5. Again search for a t; > s; such that Y, C Y, and Hy,, f are well behaved up to k.
Set ay,+1 = a* U{x}, gy +1 = g1, Injure all lower priority requirements with the use

that witnesses Hy,, f are well behaved.

6. Repeat the previous two steps until we have s; < ¢; such that H,, and H;, agree up
to k. Since k is finite we only have to do this finitely many times. If we have that

qt,(at,) = f € ap N aq then the strategy is finished and we have satisfied condition

Bl

If this is not the case, then there is some n < k such that Hs,, Hy, - f(n) > 0

and we have ¢s,(as;) — f(n) < 0 and ¢, (a;) — f(n) > 8 or vica versa. Now set
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atitl = gti\ {2}, C%+1 = C% U {x} and leave the rest of ¢, 1 unchanged from g,.

Injure all lower priority requirements.

7. Wait until a stage » > t; when we see Y;, C Y, and 3 such that Y, = = € Z
and ¢,(a,) — f € B. Furthermore we want that f and H, are well behaved upto
max{m : B(m) # @} + 1.

Since H,, f are well behaved on k we have that ¢.(a,) — f(n) > 4 or ¢.(a,) —
f(n) < 4 for the n from the previous step. We will assume that ¢,(a,) = f(n) >4
and ¢s, (as;) = f(n) <0 and give the steps for this case. The cases where g,(a,) —

f(n) <4 or q,(ar,) = f(n) <0 are similar.

In this case we add z to Ng””, injure lower priority requirements and proceed to

the next step.

8. We now wait for a stage v > r where we see one of g,(a,) — f(n) > 2 or g,(a,) —
f(n) < 2. If gy(ay) — f(n) > 2 then we add x to P{"*'. If ¢,(ay) — f(n) < 2 then
we add z to M%+!. In either case we have ensured g,(a,) — f(n) € 0 so we have

met condition 2

If the strategy finishes, then as explained we meet either [2| or 3| If the strategy waits
forever at one of the steps then R is also met. If we are waiting because we never see a
t > s where Yy C Y; then either Y is not total or we have an opportunity to use the tools
from the proof of Theorem Either way we meet condition

If we are waiting forever at a step for some other reason then one of the other conditions
will be met. In the case of steps 2 and 3 we meet condition [3]and in the case of steps 4,5,
6 and 8 we meet condition [2 For step 7 will be condition [3|if we never see Y., — = € Z

and condition [2]if we never see that H,., f are well behaved.
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4.8 Metrizable classes and degrees

4.8.1 The doubled co-d-c.e. degrees

In Section [4.5.2] we showed that the doubled co-d-CEA degrees are not T 5 and in Section
we show that the Arens co-d-CEA degrees and the Roy halfgraph degrees are both
not submetrizable. A natural question to ask is if these results can be improved to quasi-
minimal separations. In this section we give a negative answer to that question. This

result and others come from the following theorem.

Theorem 4.8.1. For each Y there is a metrizable cby space Xy such that

Dy, ={a:a is doubled co-d-c.e. in Y}

In fact Xy is homeomorphic to w x 2.

Proof. Fix a total set Y and Y-c.e. sets C, P, N such that PN N = () and P, N C C. Let
X={f:C°UPUN — 2: f[P]| ={0}, f[N] = {1}}. We give a subbasis (,), of X as:

o f € B, if f(n)=0,
o f € B3y if f(n) =1 and
° f€,83n+2 ifneyY.

If C¢ is infinite then X = 2% otherwise X is finite. We have that Dy = {a: JAU B =
ClYeY @ (AUP) @ (BUN) € a]}. By taking the disjoint union over all Y-c.e. sets
C, P, N where C¢ is infinite we get the desired Xy . O

Corollary 4.8.2. There is a second countable metric space X such that for all computably

submetrizable spaces Y we have Dy SZ Dy.

Corollary 4.8.3. There is a second countable metric space X such that the quasi-minimal

degrees in Dy are the exactly the quasi-minimal doubled co-d-CEA degrees.
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Corollary tells us that a lot of complexity can be coded into a non-computable
basis of a metrizable space, but it does not tell much about submetrizable classes that
are not metrizable. We know there are effectively submetrizable classes that are not
metrizable, for instance the co-d-CEA degrees. This follows from the fact that there are
quasi-minimal co-d-CEA degrees relative to any oracle. However, since the co-d-CEA
degrees are contained in the doubled co-d-CEA degrees, Corollary tells us that this
is not a quasi-minimal separation. In fact every effectively submetrizable space X can
have only countably many quasi-minimal degrees since points representing these degrees
get mapped to computable points under the continuous injection f : X — [0, 1]“. Because
it is possible to encode any countable set of degrees into the basis of a metric space we

have the following result.

Proposition 4.8.4. There is no effectively submetrizable class of degrees C that is metriz-

able quasi-minimal.
However, if we drop the effective requirement then this becomes an open question.

Question 4.8.5. Is the a submetrizable class of degrees C that is metrizable quasi-

minimal?

Corollary means that there is no hope to separate the classes of degrees of a T 5
space from the classes of degrees of an arbitrary second countable submetrizable space
using the notion of 7 quasi-minimal with the given examples of T5 5 spaces. If there is

such a separation we will need to look at new spaces.
Question 4.8.6. Is there a (decidable) Ts 5 class of degrees that is submetrizable quasi-
minimal?

While the doubled co-d-CEA degrees are not metrizable quasi-minimal it may still be
possible to get quasi-minimal separations by adding a computability constraint. In this

vein, we have the following questions.

Question 4.8.7. For every decidable Ty 5 space X is there a doubled co-d-CEA degree

that is X' quasi-minimal?
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Question 4.8.8. For every effectively submetrizable space X is there an Arens co-d-CEA

degree or Roy halfgraph degree that is X quasi-minimal?

Since an effectively submetrizable space can have at most countably many quasi-
minimal degrees and any countable collection of enumeration degrees can be encoded into

an effectively submetrizable space the previous question is equivalent to the following.

Question 4.8.9. Are there uncountably many quasi-minimal Arens co-d-CEA degrees or

quasi-minimal Roy halfgraph degrees?

Now we explore the spaces from Theorem a little more. By combining them all
together in the right way we can get a new cbqg space that represents all doubled co-d-CEA

degrees.

Definition 4.8.10. We define the doubled co-d-CEA space (DCD) as follows. For each
triple of c.e. functionals C, P, N with PY, NY C CY,PY N NY = () define the set Xepn =
{(Y,f): Y €22 f: (CY)*UPY UNY, f[PY] = 1,f[NY] = 0}. The subbasis (5.). of
Xc,p,n is coded by pairs (o,m), 0 € 25¥,m € w with B0,y = {(Y, f) : 0 <Y, (n,0) € f}
and By ony1y = {(Y, f) 10 <Y, (n, 1) € f}.

Let T'e = (Fe2,Tc1,T¢0) be a effective listing of all valid triples of functionals. We
define DCD to be | |, Ar,. The subbasis of DCD is given by B¢ 5my Where B 5.,y is the

open set S5 ) in Xr,.
Theorem 4.8.11. Dpep is the class of doubled co-d-CEA degrees.

Proof. Consider a point (Y, f) € Ar,. Let (C, P, N) =T'.. We have that

NBasepep (Y, f) = {(e,0,2n) : 0 <Y, f(n) =0} U{(e,0,2n+ 1) : 0 <Y, f(n) =1}

Let A= f~{1}J]\CY,B= f1{0}\CY. Let X =Y DY*D (AUP) P (BUN). So we
have that X is doubled co-d-CEA and NBasepcp(Y, f) =. X.

Now consider some doubled co-d-CEA set X =Y @Y°® (AUP)® (BUN). Let e be
such that I'c2(Y) = (AUB)Tc1(Y) =P Tco(Y)=N. Let f: AUBUPUN — 2 be
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given by f(n)=1ifne€ AUP, f(n)=0if n € BUN. Then we have that (Y, f) € AT,.

Then just like above we have that NBasepep (Y, f) =. X. ]

So we have a different space that represents the doubled co-d-CEA degrees. It is less

natural than the double origin topology, but more explicitly represents these degrees.
Theorem 4.8.12. DCD is Ty \ To 5.

Proof. Since DCD gives us the doubled co-d-CEA degrees we know that it cannot be 75 5.
So now we need to show that the space is T5.

Fix an e and consider X¢ pn for (C,P,N) = I'.. Consider two distinct points
(Yo, fo), (Y1, f1) € Xepn. If Yo # Y7 then there is 09 < Yp and o7 < Y; such that
oo L o1. Consider the open sets Vj = Um Bioo,m) and Vi = Um Bio1,m)- Since o; < Y; we
have Y; € V;. For any (Y, f) € Vo, 00 <Y so 01 AY. Hence (Y, f) ¢ V1, so Vy and V} are
disjoint.

Now suppose that Yy = Y1. So fo # f1 and there is n such that fo(n) # fi(n). So
we have (Yi, fi) € Biyontrim)- U (Vs f) € Biyantfom)y then f(n) = fo(n) # fi(n) so

(Y, f) & Bioyontfi(n))- Hence By ony fo(nyy and By 2n+fo(n)) are disjoint.

4.8.2 Decidable, metrizable degrees

We know that any enumeration degree can be realized in a decidable, effectively sub-

metrizable cby space. A natural question to ask is the following.

Question 4.8.13. What is the class of degrees a such that a € Dy for some decidable,

metrizable cbg space X7

We know that this class includes all continuous degrees, since [0, 1]“ is decidable with
the usual basis. Theorem below shows that this class contains a quasi-minimal,
and hence non continuous, degree. So this class is strictly larger than the class of the
continuous degrees. It remains open whether there are any enumeration degrees that do

not belong to this class.
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Theorem 4.8.14. There is a decidable, metrizable cby space X such that Dx contains a

quasi-minimal degree.

Proof. The metric space X = (X, d) we will construct will be X = w x w U {oco} with the
metric given by d((a,n), (b,m)) = 2= ™M) if (¢, n) # (a,m) and d((a,n),o0) = 27",
So w x w has the discrete topology and oo is the limit of all sequences where the second

coordinate is increasing. The basis we will use is given by 854,y = {(a,n)} and
Bon+1 = {(a,m) :m>nA Nk <n)(pxrtaVn¢ Br,Vme B,)}U{c0: B, is cofinite}

where (py,), is the sequence of primes and (B,,),, are uniformly computable sets that we
will build by finite injury. There will be infinitely many n such that B,, is cofinite, hence
for each n there is m > n such that co € fo,,11 € B(00,2™™). So (Bn)n is a basis of X.

To ensure that (X, (5c).) is decidable we will ensure that n € B, C w \ n and we
will ensure for all m < n if n € B,, then B, C B,,. This means that if n € B,,
then Boptr1 € PBome1. To show that the C relation on positive Boolean combinations is
computable it is enough to look at questions of the form (), _; e, € U i<k Ba;- 1f some e; is
even then, since the B,, are uniformly computable we can answer the question computably.
So we can assume that all e; are odd. Since |[);_;, Be,| is either 0 or w we can assume all
d; are odd. Let e = min{e; : i < k}. Let e; = 2r; + 1 and d; = 2v; + 1. If there is ¢, j such
that 7; € By, then it is true that [);_, Be, € Uj<k’ Ba,; as Be; € Ba,. If this is not the case
then let r» = max{r; : i < k} and consider p = Hj:ngr p;j. Since r ¢ B, for any j we have
that (p,r) & Ba;- On the other hand since r; ¢ B, for any i, j we have that (p,r) € 3,
for each i < k.

Now we move on to the construction of (By),. We define A; = {n : s € By}, which
means that B, = {s: n € As;}. We will build Ay in stages and have A = lim; A;. Note
that ) & A = NBase(co) so we want to ensure that A is quasi-minimal. The requirements
are N : A # W, and R, : U (A) is the graph of a total function = W.(A) <. 0. Each
requirement will be given a restriction u < s by higher priority requirements and will not

be allowed to change the value of Alu.
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The strategy for an N, requirement is as follows. If A, is initialized at stage s then we
will use s as a witness and give lower priority requirements restriction s + 1 and will not
change A. By definition we must have s € A;. We wait until a stage ¢t > s where we see
s € We. Then we set Aiy1 = (As \ {s}) U{t+ 1} and give all lower priority requirements
restriction t. The strategy is finished after this step.

The strategy for an R. requirement is as follows. If R, is initialized at stage s then
we give lower priority requirements restriction s. Now we wait until a stage ¢ where we
see a pair (x,y), (z,2) € Vei(As U [s,t]) with y # 2. When we see such a pair we set
Apr1 = As U [s,t + 1] and give all lower priority requirements restriction t. The strategy
is now finished. Since Als has not changed between stages s and t defining A;11 as above
will not violate the requirement that B,, C B,, if n € By,.

The N, requirement ensures that A # W,. The R, requirement ensures that if U,(A)
is the graph of a total function then W.(A) = ¥ (AsU[s, 00)) for some s and is hence com-
putable. So A has quasi-minimal degree and hence is D x,(3,).) = {0, deg.(A)} contains a

quasi-minimal degree. O
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Chapter 5

E-pointed trees

5.1 Introduction

In this chapter we look at e-pointed trees. The work in this chapter was done in collabo-
ration with Jun Le Goh, Joseph Miller and Mariya Soskova and can be found in [14].
E-pointed trees were studied by McCarthy [32] and have been used in computable

model theory [35].

Definition 5.1.1. A tree T is e-pointed if for every path P € [T] we have that T" <. P.
We say T is uniformly e-pointed if there is a single enumeration operator ¥, such that for

all paths P € [T] we have T' = ¥.(P).

McCarthy [32] studied e-pointed trees on 2¥ and characterized their enumeration de-
grees as the cototal degrees. In this chapter we focus on e-pointed trees on w*, henceforth
referred to as Baire e-pointed trees. It turns out these have an interesting relationship
with hyperenumeration reducibility (introduced by Sanchis [39]). We show in Section
that they characterize the hypercototal degrees. In Chapter [6] we make use of them to
prove that Selman’s theorem does not hold in the hyperenumeration degrees.

McCarthy [32] showed that in the case of Cantor e-pointed trees, allowing the trees to
have dead ends does not change enumeration degrees represented by these trees. In the

case of Baire e-pointed trees, we prove in Section that the class of enumeration degrees
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of Baire e-pointed trees without dead ends is a strictly smaller class than the class of the
degrees of Baire e-pointed trees with dead ends.

Also of interest to us in this chapter are introenumerable sets:

Definition 5.1.2. A set A is introenumerable if for all infinite S C A, A <, S. A set Ais
uniformly introenumerable if there is an enumeration operator, ¥., such that A = ¥.(.5)

for all infinite S C A.

We study these in Section It turns out that the class of introenumerable degrees,
lies strictly between the cototal degrees and the degrees of Baire e-pointed trees without
dead ends.

We end this chapter with a brief overview of the topological classification of these

classes, using the notions from Chapter

5.2 Hyperenumeration reducibility

Since this is the first chapter to make use of hyperenumeration reducibility we will use
this section to discuss some concepts that will be useful for the rest of this thesis.
We defined enumeration reducibility in terms of operators (¥.).. Using Definition

we can define hyperenumeration operators (I')e.

Definition 5.2.1. For the eth c.e. set W, we define the hyperenumeration operators I'.

by n € T.(A) < Vf ewYIo <X f,u € w[(n,o,u) € W, A D, C A

Now we examine the relationship between I'e and ¥.. Both use the same set W, in their
definition. Consider the tree S4 defined by n”o ¢ SA <= 31 < o,u < |o|[(n,T,u) €
Weo| A Dy € A]}. From the definition of T, we have that n € I'.(A) if and only if sS4
does not have an infinite path starting with n. We have that SA <, 4 and SA <. A.

While the notation is a little different, Sanchis [39] used a similar idea when proving
the existence of a non-hypertotal degree. The form of S inspires us to come up with the

notion of a hyperenumeration of a set.
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Definition 5.2.2. We say that a tree S is a hyperenumeration of a set Bif B={n :Vf €
[S](f(0) # n}.

From this we have that B <j,. S via the same operator for every hyperenumeration S
of B. By coding a set X into a layer of SXX, we have that for every X such that B is II} in
X, there is a hyperenumeration S of B such that S =7 X. So the hyperenumerations of
B characterize the hypertotal degrees above deg;,.(B) much like how the enumerations of
B characterize the total e-degrees above the deg,(B). Recall the definition of hypertotal

and hypercototal:

Definition 5.2.3. We say that a set A is hypertotal if A <j. A. We say that A is
hypercototal if A <. A. A degree is hypertotal (hypercototal) if it contains a hypertotal

(hypercototal) set.

Sanchis proved some other results about hyperenumeration reducibility that we will

use in this thesis:
Lemma 5.2.4 (Sanchis [39]). For sets A, B C w we have the following:

1. If there is a T} set V such thatn € A < Vf € w*Jo =< f,u € wim ™ (n,o,u) €

V A D, C B] then A <j B.

2. If A<, B then A <p. B and A <. B.

5.3 Baire e-pointed trees with dead ends

In this section we give a characterization of the enumeration degrees of e-pointed trees

with dead ends on w® as precisely the hypercototal degrees.

Theorem 5.3.1 (Goh, Jacobsen-Grocott, Miller and Soskova [14]). For a degree a € D,

the following are equivalent.
1. a contains a Baire e-pointed tree (with dead ends).

2. a contains a uniformly Baire e-pointed tree (with dead ends).
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3. a contains a hypercototal set.
4. Every A € a is hypercototal.

Proof. 1t is clear that ] = [[and [l = [

== consider a set A <p. A via some hyperenumeration operator I'.. This
gives us a hyperenumeration Sez of A with Sez <. A. We use this to define a tree T =
{B,cin on:Vn <m[(in =0An"0, € SA)V (in = 1 An € A)]}. Essentially a string
o € T breaks up into a finite join of strings ®,<min opn where o((n,k)) = (i, 0,)(k). So
for a path p € [T] we have p = @, i, ppn. If i, = 0 then we have n"p,, € SAson¢ A If
i, = 1 then n € A, so we have that A <. p uniformly. We have that T' <, SQZEBA <, Aso
by composing enumeration operators we can see that T is uniformly Baire e-pointed and
that 7' <. A. We have that n € A if and only if there is o € T such that o((n,0)) =i, =1
and hence A <. T.

= This proof follows the equivalent one by McCarthy [32] for e-pointed trees
on Cantor space. Consider a Baire e-pointed tree T'. We will build S C T such that every
path in S uniformly enumerates 7" and S <. T. We build S in stages, by attempting to
build a path in 7' that does not enumerate 7. This process will fail, at which point we
will have found our S.

We start with Sy = T. At stage s we ask if there is a 0 € S, such that ¥s(o) € T and
o can be extended to an infinite path in S,. If yes, then we define Sgy1 ={r € Ss: 710}.
If no, then we ask if there is o € T such that the tree {7 € S5 : 0 ¢ U,(7)} is illfounded.
If yes then we take this tree as Ssy1. If no, then every path in S, uniformly enumerates
T with witness Wy.

If this process does not stop, then we have a path p = (", S, such that V.(p) # T for
e and thus T is not uniformly Baire e-pointed.

Since at each stage of the construction we have Sg11 <. S5 we get that S <, T
as desired. Now we show how to use this tree to prove that every set in deg.(7) is
hypercototal. Suppose that T =, A. Then S <, A so by Lemma we have that

S <pe A. Observe that 0 € T <= Vf € w*3IT <X f[r ¢ SV o € ¥(r)] where ¥ is the
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witness that every path in S uniformly enumerates 7. This shows that T <j,. S and hence

ASeTSheggheZ- [

5.4 Baire e-pointed trees without dead ends

In this section consider e-pointed trees without dead ends. Notably it is this type of tree
that Montalban uses in [35]. It is also this kind of tree that we use in Chapter |§| to disprove
Selman’s theorem for hyperenumeration reducibility.

We observe that the uniformly Baire e-pointed tree we constructed in the proof of

Theorem [5.3.1] contained many dead ends. This is unavoidable as the following shows:

Theorem 5.4.1 (Goh, Jacobsen-Grocott, Miller and Soskova [14]). There is a A set A

that is not enumeration equivalent to any Baire e-pointed tree without dead ends.

Proof. We build A in initial segments with A = |J, a for a5 € 2<% (here at = {n : a(n) =
1}). For each enumeration operator ¥, we build a sequence (p¢ ), such that if ¥.(A) is a
tree without dead ends then p® = | J,, pf, is a path in that tree and for all i € w, W;(p®) # A.
So either W.(A) is not e-pointed or it is not equivalent to A. As part of ensuring this, we
will also build an increasing sequence of forbidden sets (F), with J,, F); € A.

=

The construction starts with ag = p§ = F§ = 0.

e At sage s = (e,0) we ask if there is a string a = as and string p € W.(a™) such that
for all b = a we have that p is a dead end in U.(b"). If yes then we take as11 = a
and we don’t need to build p°. If no, then we set asy1 = as and we will build p® at

future stages; to do this we will use the forbidden sets F}.

o At stage s = (e,n+ 1) we build pf,; and F ;. Given as, p§, and F}; we ask if there
isa=as 0and p € Ve(a™ \ FY) such that |as| € U, (p) and p = p&. If yes, then we
set p, 1 =p, Fyoyy = F and asy1 = a and move to the next stage. If no, then we

n

set pry1 = P by = Fy U {las|} and asy1 = as"1.

Now we verify that the construction works. Suppose that towards a contradiction that

A is equivalent to some Baire e-pointed tree without dead ends. Then there is some e
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such that W.(A) is this tree. If at stage s = (e,0) we were able to find the extension a
and finite path p that we were searching for, then we have a contradiction, as p must have
some extension p’ € W, (A), but then p’ € W (ay) for some t. So we can conclude that the
construction of p¢ and F took place.

In a similar way we can see that we would always be able to find extensions of p¢, in
U (af\ Ff). So (as there are infinitely many operators ¥,, with d € ¥,,(p) < |p| > n)
we can see that p® must be an infinite sequence.

Since p° is infinite, it can enumerate ¥.(A), and ¥.(A) >. A by our assumption, so
there must be n such that ¥, (p€) = A. Now consider the question we asked at stage
s = (e,n). If there was such an a and p, then p < p® and a < A but |as| € ¥U,,(p°) \ 4, a
contradiction. If there was no such a and p, then |as| € ANF; ;. So |as| € ¥,,(p®), hence
there is m > n,t > s such that |as| € ¥,,(p,) and p¢, € V.(a; \ FS). But then if we take
a = ays"0711% we get pe, € U, (at \ FS), a contradiction of there being no such a and p.

Hence we can conclude that ¥, (p) # A for any n, and so A is not equivalent to any
Baire e-pointed tree without dead ends. To see that A is A} we observe that each question
we ask in the construction consists of only two quantifiers, so could be answered by 0”.

g

Since every Ag set is a H% set, and hence hyperenumeration equivalent to (), we get

the following:

Corollary 5.4.2. There is a hypercototal enumeration degree that does not contain any

Buaire e-pointed trees without dead ends.

This distinguishes the Baire e-pointed trees with dead ends from those without. In
the question of Baire e-pointed trees without dead ends it is an open question if requiring

uniformity has an effect on the degrees.

Question 5.4.3. Is there a Baire e-pointed tree without dead ends that is not equivalent

to any uniformly Baire e-pointed tree without dead ends.
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5.5 Introenumerable sets

In this section we look at introenumerable sets and their relationship to e-pointed trees

on 2% and wv.

Proposition 5.5.1 (Goh, Jacobsen-Grocott, Miller and Soskova [14]). Every cototal enu-

meration degree contains a uniformly introenumerable set.

Proof. If a is a cototal degree then a contains a uniformly Cantor e-pointed tree T" without
dead ends [32]. Let ¥ be such that ¥(p) = T for all infinite p € [T']. Consider an infinite
S CT. Consider the set A= {o: 31 € S[o € ¥(7)]}. It is clear that A <. S. By Konig’s
Lemma, we know that there must some path p € [T] such that S contains arbitrarily large
initial segments of p. This means that T C A as T'= ¥(p). On the other hand, since T
has no dead ends and ¥(p) =T for all p € T" it must be that ACT. So A =T.

Since the definition of A is uniform, 7" is uniformily introenumerable. O
For the case of Baire e-pointed trees we have the following.
Proposition 5.5.2 (Goh, Jacobsen-Grocott, Miller and Soskova [14]). For a set A

o [f A is introenumerable then A =, T for some Baire e-pointed tree T without dead

ends.

e If A is uniformly introenumerable then A =. T for some uniformly Baire e-pointed

tree T without dead ends.

Proof. Fix A. Consider the tree T'= {0 € w<“ : range(c) C A A o is strictly increasing}.
So A =, T and if A is infinite, then T" does not have any dead ends. For any path p € [T]
we have range(p) is an infinite subset of A. So if A is (uniformly) introenumerable then
every path in 7' (uniformly) enumerates A and hence T is a (uniformly) Baire e-pointed

tree without dead ends. O

This completes the known implications regarding introenumerable degrees. Now we

move on to showing that these implications are strict.
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Theorem 5.5.3 (Goh, Jacobsen-Grocott, Miller and Soskova [14]). There is a uniformly

introenumerable set that is not of cototal enumeration degree.

Before we begin the construction of this set we will specify the operator via which it

will be uniformly introenumerable.
Lemma 5.5.4. There is a computable f: Pgn(w) — Phn(w)
1. f(0)=0.

2. For each finite set D C w and function g : P(D) — Pan(w) there are infinitely many
xr € w such that (VE C D) f(EU{z}) = g(E).

Proof. Take an effective enumeration {(Dy, gn,kn)}n of tuples with D, Cg, w, gpn :
P(Dy) — Pan(w) and k,, € w. We define f by recursion.

f(0) = 0. Next assume that n > max D for some D € dom(f) We let

gn(D) D C Dy,
f(DU{z}) =

0 otherwise
It is clear that [1| holds. For [2|fix a D and g : P(D) — Pgn(w). Observe that there are

infinitely many n such that D, = D and g, = ¢g. If n > max(D) then f(EU{z}) = g(E)
for each £ C D. O

To define our witness enumeration operator ¥ we take f as in Lemma[5.5.4 and define

va)= |J D).
A

Dgﬁn

Now that we have our operator, the next step is to define the forcing partial order we
use in this construction. For this we will use an order like structure N’ = w -2 U {oc} with
the ordering 0 < 1 < -+ <x<x< w < w+1.... The idea with  is that it represents an
arbitrarily large finite number that has not yet been specified, hence we want that oc<cx.

A condition p is a tuple (GP, BY, ... ,B‘Z , LP) that satisfies the following properties:
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1. GPUB}U---U By is a partition of some finite A C w.
2. LP: AxP(A) - N.
3. Forall D C A;m € w, we have L(m,D) =0 < m € V(D).

4. f E C D C A and m € A, then either LP(m,D) < LP(m,E) or LP(m,D) =
LP(m, E) = 0.

5. If L(m, D) =cx, then for some j < k we have D C G U, B} and m € B.

i>j

6. If we have D C GUJ,~, BY and m € Bf then L(m, D) >c.

1>7
7. If L(m,EUD) <w and Yn € E(L(n,D) < w), then L(m, D) < w.

A condition p extends ¢, if G»? 2 G9,LP D L and B{,...,B} = B{,...,B},.

The idea here is that G represents the numbers that will become part of our introenu-
merable set and J,;, B; represents numbers that will not become part of our introenu-
merable set. The labeling function LP(n, D) tells us how many numbers we have to add
to D before ¥ enumerates n. In our construction it is important to have the ability to
add B} to G and end up with a valid condition. This is why the labeling extends to the
BP. However we cannot allow ¥ to enumerate anything in B, hence the need to add
to V. Note that by [3 and [6] we have that G 2 ¥(G).

For any generic filter G we define I9 = UpEg GP. We will show that for any sufficiently
generic G, 19 is uniformly introenumerable and not of cototal degree. Since W(()) = () we
observe that there is at least one condition, (0, (,0). Now we give two ways of extending

conditions.
Definition 5.5.5. For a condition p and number n € w we define ¢ = p[+n] as follows:
e G1=GPU{n}.

e B! = B! for i < k.
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w+ |Aks1| — D] n=m
LP(m, D) n¢ DU{m}
Lq(m¢ D) =
x n € DAJjlme BjAD C Ajl
0 otherwise

where A; = GYUU;.; BY.

Lemma 5.5.6. For each p there are infinitely many n such that p[+n] is a valid condition

and p[+n] < p.

Proof. We use the same meaning for A; as above. For m € A and D C A, we say that m
is left of D if there is some j such that D C A; and m € B;. Using this we define the

function g : P(A) — P(A) by
g(D) ={m € A: m is not left of D}

for any D C A. By part [2| of Lemma we know that there are infinitely many n ¢ A
such that (VD C A) g(DU{z}) = f(D). We now argue that p[+n| is well defined.

It is clear from the definition that p[+n] satisfies |1} and to [7| all hold for p so if
they fail for p[+n], then n must be involved. So we will look at those cases.

By our choice of g and n we have that L(n,D) # 0 and n ¢ g(D) = ¥(D U {n}) so
does not fail for p[+n] when n is on the left. If n € D and m € A\ {n} then L(m,D) =0
unless m is left of D\ {n} and by definition of g that is the only time when m ¢ f(D)
and so m ¢ ¥(D). So|3|holds for p[+n].

To prove [ for p[+n]| we consider some E C D C A and m € A. If m = n, then
L(n,D) < L(n,E) as |D| > |E|. If n € D and m is to the left of D then L(m,D) =x.
Since m is also to the left of E we have that L(m, E') >o whether or not n € E.

For [5] and |§| we observe that L(n,D) > w, so they both hold when m = n. When
n € D and n # m, the only time we have L(m, D) = is exactly when m is to the left of

D so both [B and [6 hold.
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The last part to check is Suppose that L(m,E U D) < w and for each i € F,
L(i,D) < w. We know that L(n,F) > w forall FC A;som#nandn ¢ E. If n¢ D
then |7 holds, since it holds for p. If n € D then as m # n we have L(m, D) € {0,x} so
L(m,D) < w.

The fact that p[+n], p[—1] < p follows from their definition. O

From this we can see that our forcing partial order is not empty and that every con-
dition has an extension that increases the set G. This allows us to conclude that for any

sufficiently generic G, Ig is infinite. Furthermore, we can prove the following.
Lemma 5.5.7. If G is sufficiently generic, then Ig is uniformly introenumerable.

Proof. As pointed out, Ig is infinite because the set of conditions when |GP| > n is a dense
set, for each n.

Fix n € I and consider some infinite S C Ig. We will prove that n € ¥(S). Let p be
a condition such that n € GP and consider « = LP(n, (). Let i € 2,5 € w be such that
a=w-i+j. Let ¢ < p be such that ¢ € G and |G¢N S| > j. Since S is infinite and G is
a filter there must be such a ¢. Let § = L%(n,G7N S). By |4 it must be that §+ j < a so
B < w. Now we let r < ¢ be such that r € G and |G" NS\ G4| > B. Now by [] it must be
that L"(n, G" N S) = 0 so by [3] we have that n € U(G" N S) C ¥(S).

We have shown that Ig C ¥(S) for any infinite S C Ig. Now we prove the other
direction. If D Cg, Ig, then there is p € G such that D C GP. If n € ¥(D) then by
LP(n,D)=0s0on e GP C Ig. So ¥(S) C ¥(Ig) C Ig for any S C Ig. O

We have given a tool for extending conditions by adding numbers to G, now we give

a tool that can be used to extend a condition by adding to the sequences of B;’s.
Definition 5.5.8. For conditions ¢ < p we define r = fin(q, p) to be the condition:
e ("=GPU{neG?: Li(n,GP) < w}.
° Bf:Bg’foriSk‘.

o By, =GI\G".
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o " =149
Lemma 5.5.9. If ¢ < p then fin(q, p) is a valid extension of p.

Proof. Fix ¢ < p and let r = fin(q,p). By definition and the fact that ¢ was a valid
condition, it is clear that and [7] all hold. Since we have only increased the sequences
of B;’s[p| will hold. For |§| the only time this might fail is if m € B}, and D C G". In this
case, since m ¢ G" there is some L"(m,GP) > w. On the other hand, since D C G" for
each n € D\ GP we have that L"(n, GP) < w. So by[7]it cannot be that L"(m, DUGP) < w.
So L"(m, D) > w >c.

The fact that » < p should be clear from the definition. O

The final tool we will need before we can prove Theorem [5.5.3| is that that we can

move numbers from the B;’s to GG and still have a valid condition.

Definition 5.5.10. For a condition ¢ = (G%,B{,...,B},L9) and k < ¢ we define r =

merge(q, k) as follows:

e Bl = Bl fori <k,

L4(m,D Li(m,D) #x Vvdj < klm e BEAND C A;
7 J
L"(m,D) =

z+ 14 |Agp1| —|D| otherwise

where x = max{L9(n, D) : LI(n, D) € w} and A; = G" U, B].
Lemma 5.5.11. For all conditions q we have that merge(q, k) is a valid condition.

Proof. We start by showing that » = merge(q, 1) is a valid condition. [1}and [2 hold because
they held for g. For [3|observe that L"(m,D) =0 <= L%m,D) = 0.

Fix m, D and E C D. If L"(m,D) = L%(m,D) and L"(m,FE) = L%(m, E) then
holds. If L"(m, D) # L%(m, D) then LY(m, D) = and L"(m, D) =z + 1+ |Ak1| —|D| <



113

min(z + 1 + [Ags1| — |E|,x) < L"(m, E). If L"(m,E) # L9(m, E) then LY(m,E) =x
and m is not to the left of E. Hence m is not to the left of D and L(m, D) < means
L"(m,D) <z + 1+ |App1]| — |D| < z+ 1+ |Ags1| — |E|. So[d] holds.

If L"(m, D) =ox then there is j < k such that m € B{AD C Aj, soholds. On the other
hand if there is j < k such that m € B AD C Aj, then j < k' so L"(n, D) = Li(n, D) >c.
Hence [6] holds. For [7] we observe that L"(n, D) < w <= L%(n, D) < w and [6] holds for g.
So we can conclude that r is a valid condition. The result for large k& comes from applying

merge to r.

Now we are ready to prove Theorem [5.5.

Proof of Theorem[5.5.3 We will prove that Ig £. K7[g for any sufficiently generic G.
Consider some condition py and an enumeration operator ¥,. We will build an r < pg
such that 7 IF Ig # W.(Kp,). In this way we will have shown that the set {p : p IF
Ig is not cototal} is dense.

By Lemmal5.5.6] we know that there is n such that po[+n] is well defined. If po[+n] ¥
n € ¥.(Kj,), then we can take r < po[+n] such that r I n ¢ U.(K;,). Sorl-n e
Ig\ Ve (Kg).

So now we will assume that po[+n] IF 2 € U.(K,). This means that there must be
some p < po[+n] and axiom (n,u) € ¥, such that pI- D, C Kj,.

Now we take go = fin(p,pg). Observe that since LPOH”](n,GpO) > w, n ¢ GIIf
qo ¥ n ¢ W.(Kj,), then we can take any r < qo such that r I+ n € U.(Ky,). Then
rlFn € W (Kp,)\ Ig as desired.

Suppose that go IF n ¢ ¥.(Kj,). Now we work toward getting a contradiction. Since
Qo lFn ¢ \I’Q(Ki[g) there is some extension ¢ < go and m € D, such that ¢ I- m € K.
Furthermore we can ask that m € Kqa.

Suppose that ¢ = (G9, B{,...,B},L%) and p = (G?, B{,..., B}, LP). We now claim
that r = merge(q, k) is an extension of p. By definition of fin we have that LP = L% C L9,

Bp,...,BY = B{,...,B}. GP = G UB]

i1 So we get that By, ..., By = By, ..., B} and
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GP C G". Recall that L"(m, D) # L4(m, D) only if LY(m, D) = and m is not to the left
of D for condition r. This can only happen when m € (J, ;< B?, so (m, D) ¢ dom(LP).
Thus we can conclude that r < p.

However, we have that p I D, C E, sorl- D, C Kilg, but G" O G so m € Kgr

and thus r IF D, € Kj,, a contradiction. O

Theorem 5.5.12 (Goh, Jacobsen-Grocott, Miller and Soskova [14]). There is a uniformly

Baire e-pointed tree that is not enumeration equivalent to any introenumerable set.

Rather than repeat the proof of this theorem from [14] we will instead make use of the

forcing used in Chapter [] to prove a stronger separation.

Theorem 5.5.13. There is a uniformly Baire e-pointed tree that is not hyperenumeration

equivalent to any introenumerable set.

We will leave the proof of this until Chapter [6]

This completes the known separations. The following we leave as an open question.

Question 5.5.14. Is there an introenumerable set that is not equivalent to any uniformly

introenumerable set?

5.6 Topological classification

In this section we consider the topological classification of the classes we have studied
in this chapter. We have proven that they all contain the cototal degrees, and hence
the cylinder-cototal degrees, so from Theorem we know that they are all Th-quasi-

minimal. Now we explain how they are all T} classes.

Theorem 5.6.1. There is a 11 cbg-space X such that the hypercototal degrees are Dy .

<% with basis (8,)scw<w Where

Proof. We start by considering the space w=* = w® Uw
Bo = {1 € wS¥ : 0 < 7}. Observe that 3, is the smallest open set containing o. Consider

some closed FF C wS¥. F is closed under initial segments as every open set containing
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some o contains all extensions of ¢. If g < 0--+- C F then the usual limit f = lim,, o, is
also the limit of this sequence in w<* so the closed set F' is uniquely determined by the
tree F Nw<¥.

Now we consider a new chg-space X = (X, (ay)yew<w) Where X = {F C w=¥ :
Fis closed} and a, = {F € X : B, N F # 0}.

Now we define the hypercototal space HCT as the disjoint union of HCT . where
HCT. ={F € X :Vf € FNwY[FNw<¥ = W.(f)]} is the set of uniformly Baire e-
pointed trees via W.. From this definition it should be clear that NBaseycr(e, F) =, {0 €
F Nw<¥}, so Dyer is class of hypercototal degrees.

To see that HCT is a T} space it is enough to show that HCT . is T} for each e. Consider
Fy # Fy € HCT,.. Since these are distinct uniformly Baire e-pointed trees via the same
operator there must not be infinite paths f € Fy N Fy as W (f) is a single tree. So pick
two infinite paths fo € Fy \ F1 and f1 € Fy \ Fy. Since fy ¢ Fi, there is finite o9 < fo
such that oo ¢ Fy. Similarly we can find ;. So we have now have Fy € ay, \ oy, and

Fy € ap, \ ap,. Thus HCT, is T1. O

Worth observing here is that HCT as we defined it above is not a decidable cbg-space.
We can improve this by observing that there is a fixed e such that if T' is uniformly Baire
e-pointed, then T is equivalent to a uniformly Baire e-pointed tree via ¥, (for example
the enumeration operator we use in our construction in Chapter |§| has this property). If
HCT . has the property that every finite tree extends to a point in HCT . (as is the case
with the operator from Chapter @ then HCT. is strongly decidable, as it is a dense subset
of X.

Another point to note is that this space is not a G5 space (a space where every closed
set is the countable intersection of open sets). Kihara, Ng and Pauly [26] characterized
the degrees of effectively Gs spaces as precisely the cototal degrees. Ever Gs cbg-space is
effectively Gy relative to some oracle, but relativizing Theorem [5.5.3| shows that even on
an enumeration cone, there are non-cototal uniformly introenumerable degrees.

Other general questions one might ask this class would be its size in terms of measure
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or category. Sanchis’ [39] construction of a non hypertotal degree can be made symmetric
to construct a set that is neither hypertotal or hypercototal. This shows that these classes
are meager. In terms of measure recent work by Ang Li [31] shows that these classes are

null sets.
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Chapter 6

The hyperenumeration degrees

In Chapter [5| we introduced hyperenumeration reducibility and used it to characterize the
degrees of Baire e-pointed trees with dead ends. In this chapter we investigate hyper-
enumeration reducibility in more depth and try to lift some results about enumeration
reducibility to this context. In particular we are interested in Selman’s theorem and
downwards density.

In Section [6.2] we look at Selman’s theorem. The work done in this section was started
at the Dagstuhl Seminar on Descriptive Set Theory and Computable Topology in 2021. In
particular, the connection to e-pointed trees, and Corollary were discovered during
that workshop.

As it turns out, Selman’s theorem fails for hyperenumeration reducibility.

Corollary 6.2.8. There are sets A, B such that B £p. A and for any X, if A <pe X & X
then B <j. X & X.

This follows from the fact that there is a uniformly Baire e-pointed tree without dead
ends that is not hypertotal.

<w

Theorem 6.2.1. There is a uniformly e-pointed tree TY C w<“ with no dead ends such

that TY is not hypertotal.

Most of Section is dedicated to proving this theorem. At the end of the section we

make use of the forcing notions developed to prove Theorem [5.5.13] from Chapter
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In section we look at downwards density. It turns out that the hyperenumeration
degrees are downwards dense and Gutteridge’s [16] proof does lift to the hyperenumeration
context. We explore some issues that can arise when attempting priority constructions,
and how these issues can be overcome for particular constructions like downwards density.

Since Selman’s theorem fails for hyperenumeration reducibility it is natural to ask if
this is the correct hyperarithmetic analogue of enumeration reducibility. In Section
we look at some other readabilities that could be considered analogues of enumeration

reducibility.

6.1 Preliminaries

We will give a brief overview of some of the tools of higher computability theory that
we will use in this chapter. A more in depth introduction to higher computability can
be found in Sacks’ book [38]. For an introduction to the hyperenumeration degrees, see
Section [5.2] of Chapter

Some basic points of notation. We use n, m, i, j, k for natural numbers. We use «, 5,
for ordinals. We use o, 7, p,v,z,y, 2z to represent strings of natural numbers. (o) corre-

sponds to the Godel number of the string o. We use T' and S to refer to trees in w<¥.

6.1.1 Admissible sets and higher computability theory

The usual definition of a I} set of natural numbers is a set of the form m € X <=
Vf € wIn[R(f,n,m)] where R is a computable relation. However admissibility gives us

another definition in terms of Lwch that is useful.

Definition 6.1.1. A set M is admissible is it is transitive, closed under union, pairing

and Cartesian product as well as satisfying the following two properties:

Aj-comprehension: for every A definable class A C M and set a € M the set ANa €

M.
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Y.1-collection: for every ¥; definable class relation R C M 2 and set @ € M such that

a C dom(R) there is b € M such that a = R™1[b].

The smallest admissible set is HF, the collection of hereditarily finite sets. Looking at
the A1 and X, subsets of HF is one notion of computability. We have that the Ay subsets
of HF are computable sets and the ¥, subsets of HF are the c.e. sets. We generalize this
to an arbitrary admissible set M by calling a set A C M M-computable if it is a A1 subset
of M and M-c.e. if it is a ¥1 subset of M.

The smallest admissible set containing w is L ,cx. We have that the L cx-c.e. subsets
of w are precisely the H% sets. This means that the LwICK—computable subsets of w sets are
the hyperarithmetic sets. Note that Aj-comprehension means that the hyperarithmetic
sets are precisely the sets in P(w) N Lcx.

These results about I} and hyperarithmetic sets can be relativized for some set X.
We define Ly to be the smallest admissible set containing X. We have that A C w is I}
in X if and only if it is Lx-c.e. and hyperarithmetic in X if and only if A € Lx. Note that

while we have ORD X = wf( and wa( C Lx it is only sometimes the case that Lx = wa(.

6.1.2 Some facts about trees

We will deal a lot with trees in this chapter so it is useful to have operations on trees.
For a tree S C w<“ and string x we define Ext(S,z) to be the tree of extensions of x.
{y : 27y € S}. A relation on trees that we will use is <. We say T" < S if S is an end
extension of T'. That is, 7' C S and for all & € S the longest initial segment of ¢ that is
in T is a leaf in 7.

Now we define rank(.S) for a well founded tree S using transfinite recursion. We define
rank(()) = 0. Given a tree S we define rank(S) = sup;cg rank(Ext(S,)) + 1.

As it turns out, this function rank is in fact Lwch—partial computable, i.e. its graph is
Lw{;K—c.e. To help the reader feel more familiar with computability on Lw{:K we include a
sketch of the proof of this fact.

For a tree T € Lwch and function f € Lwch we say that f is a rank function on T if
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dom(f) = T, range(f) C w{'¥, for each leaf 2 € T we have f(x) = 1 and for each non leaf
y € T we have that f(y) = sup,~cr f(y %) + 1. Since the quantifies are all bounded it is
Lwlcx—computable to check if f is a rank function on 7. If f is a rank function on 7" then
f is unique and f(@) = rank(T). So we can define rank by rank(7') = « if there is a rank
function f on T such that f(0)) = « or « =0 and T'= (). So we now have a ¥ definition
of rank. The only problem is that its domain may not consist of all well founded trees
T e Lwch.

To prove that the domain of rank is all well founded trees in Lwch we use induction
on the true rank of 7. Suppose all trees of rank less than 7" are in the domain of rank.
Then for each i € T there is a rank function f; for Ext(T,7). Since the map, S — f
where f is the rank function on S, is Lwch—C.e, >1-collection tells us that the map ¢ +— f;
is in L,cx. So we can build a rank function f € L, cx on T by flimz) = fi(x) and
f(@) = sup;ep fi(0) + 1.

One nice result of this is that if a tree T € Lwlck is well founded, then it has rank
< w{E and the set of all well founded trees in Lwch is Lwlcx—c.e. This could also be seen

by observing that trees in Lwlcx are Ag definable and so hyperarithmetic.

6.2 A uniformly e-pointed tree in w* without dead ends that

is not of hyper total degree

In this section we prove the following theorem.

w

Theorem 6.2.1. There is a uniformly e-pointed tree T9 C w<“ with no dead ends such

that TY is not hypertotal.

6.2.1 The forcing partial order

To build this we will need a new set of forcing conditions similar to those used in the
construction of a uniformly e-pointed tree without dead ends that is not of introenumerable

degree. So let {T, : 0 € w<“} be an effective listing of all finite trees in w<* where for
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each o € w<¥ the sequence T,~, T,~1,... lists each finite tree that contains T}, infinitely
often. We will need a labeling that is allowed to use any ordinal below wa . From now

on a condition is some p = (TP, LP : TP x TP — wICK) € Lwlcx where the following hold:

1. TP C w<¥ is a well founded tree.

2. For each o € TP we have that T, C T?.

3. LP(o,7) =0 if and only if o € T7.

4. If p < 7 then LP(o,7) =0 or LP(o,T) < LP(0, p).

5. For each 7 € TP and n < w the set {0 : LP(0,7) < n} is finite.

For two conditions p and ¢ we say p < ¢ if T9 < TP and L? C LP. For a filter G we define
TY9 = Upeg TP. The fact that we must have T? < TP means that if p € G, o is not a leaf in

TP and 07 ¢ TP then 07 ¢ TY. So we have a way of forcing strings into the complement

of TY.

Proposition 6.2.2. The set of conditions is Lwch—c.e. and the relation < on conditions

18 Lwlcx -computable.

Proof. Properties are all straightforwardly A; conditions. To check if a tree T is well
founded we ask if there is a rank function f € L such that f(o) = rank(Ext(7, o)), so a ¥;
question. So property [1|is a 31 condition. Hence the set of valid conditions is Lwch‘C-e-

q < pis clearly Ag so < is an Lwlcx—computable relation with LwloK—c.e. domain. [

Proposition 6.2.3. For a condition p we have LP(o,7) > rank({p: 7 p € TP, 0 ¢ T;~,})

for all o, 7 € TP,

Proof. We will use induction on LP(o,7). Base case, LP(0,7) = 0. Then o € T; so
{p:7peT? o ¢ T,} =0 and rank(d) = 0. Now suppose the proposition holds for
all 5 < a and LP(0,7) = a. Then we have for each 77¢ € TP we have LP(o,7 i) >
rank({p: 77" p € TP,0 ¢ T;~~,}) by induction hypothesis. By property 4 and definition
of rank we have LP(o,T) > sup,~cr» LP(0,7 %) +1 > sup,~erprank({p: 777 p € TP, 0 ¢

T~i~p}) + 1 =rank({p: 77 p € TP,0 & T~,}). O
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In order for this forcing notion to have nontrivial generics we need a way to extend
conditions. Fix a condition p. Let A C w<“ be a set such that for all 077 € A we have
o € TP and {r: LP(1,0) <1} C T,~ C T U A. For such an A we can define q = p[A] by

T?=TPU A and LY given by

LP(o,T) o,7€T?

(o) + rank(Ext(79,7)) o€ Ao ¢T;

Lo, 7) =10 oeT,
LP(o,p) — 1 pi=1€Aoc¢ T [P(op) <w
(o) otherwise

Lemma 6.2.4. If A meets the requirement of the definition then p[A] is a valid condition.

If we also have that TP X TP U A then p[A] < p.

Proof. We show that ¢ = p[A] is well defined. Our requirement for A ensures that |1| and
hold. For since LP = L9 | TP x T? the only way we can run into a problem is when
considering 0@ € A. If p < 7 € T? then by definition LY(0" 4, p) > Li(c"i,7). If p <074
then LP(1,p) > LP(7,0). If 0 < LP(1,0) < w then Li(1,074) = LP(1,0) — 1 < LP(7,0). If
LP(7,0) > w then LY(1,07%) < w. So {4 holds.

Fix n and 7 and consider the set {p : LI(p,7) < n}. If 7 € TP then we have added at
most n many elements to the set, so it is still finite. If 7 = 077 € A and p is in this set
then either p belongs to the finite set {p: LP(p,0) < n+ 1} or (p) < n. So there are only
finitely many p that can be in {p : LY(p,7) < n}. So 5| holds.

Now consider the set {p : Li(p,7) = 0}. If 7 € TP then L(o,7) > 1 for each o € A,
so we have {p: LY(p,7) =0} = {p: LP(p,7) = 0} = T,. If 7 € A then by definition of L4
we have p € T if and only if L(p,7) = 0. So [3| holds.

Since LP C L1 if TP < TP U A = T then p[A] < p. O

Corollary 6.2.5. If G is a sufficiently generic filter then TY is a uniformly e-pointed tree

with no dead ends.
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Proof. First we show that for each condition p and o € TP the set {¢ < p : 0 is not a dead end}
is dense below p. If o is a dead end in TP then enumeration of (7y),cww gives us an i such
that T,~ = {p : LP(p,0) < 1}. Thus we can take p[{o"i}] < p where o is no longer a
dead end. So TY9 does not have any dead ends.

To show TY is uniformly e-pointed consider some path P € [T9]. We will show that
TG = UpspTo- If o € TY then o € TP for some p € G. So by propertywe have that
T, C TP C TY. On the other hand if o € TY then consider a sequence pg > p; > --- C G

with P [ n € TP». Now consider the sequence (LP"(o,P [ n)),. Since LP» C LPr+1

property 4| means that this is a decreasing sequence. Since wch is a well order there is n
such that LP" (o, P | n) = 0. So we have that o € Tp,. Hence T% = J__p T>. O

6.2.2 The forcing relation

Now that we have a forcing partial order and some useful operations on conditions, we will
talk about forcing with conditions. We define SL C w<“ to be the tree where x ¢ St —
Jy < z[y € U (TP)]. For a filter G we define SY Npeg S¢- So x ¢ SY = Ty <afye
U, (T9)]. By definition of I'. we have that T'o(T9) = {n : Ext(SY,n) is well founded}.
We define p I rank(Ext(SY, z)) < « if rank(Ext(S%, z)) < . From this definition it is
clear that if p I rank(Ext(SY,z)) < « then for any G > p we have that rank(Ext(SY, x)) <

a. We now work towards proving the opposite direction.

Lemma 6.2.6. Fiz a condition p. Suppose that for each i € w,r < p there is ¢ < r such
that q IF rank(Ext(SY,274)) < B for some B < WK then there is p < p and a < Wi

such that p IF rank(Ext(SY,z)) < a.

Proof. The function (¢, e) — S¢ is Lwlcx—partial computable so by composition, the map

(¢,e,x) — rank(Ext(S¢, z)) is also Lwlcx—partial computable. So the set
C ={(i,r,q,8) : ¢ < r Arank(Ext(Sx74)) < 5}

18 Lwlcx—c.e.
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For each 7 we will define a condition r; as follows. For each leaf o € TP let k, be
the ith number such that T,~, = {7 : LP(r,0) < 1}. Now we define 4; = {0k, :
o is a leaf in TP} and define r; = p[A;]. The definition of r; only involves computable
operations so the map i — r; is L cx-computable and since w € L cx the set {(i,r)} €
Lwlck by 3i-collection. Using ¥j-collection again, this time with the set C, we get that
there is a function f € Lwlcx such that f(i) = (g;, 5;) for some ¢; < r; and f3; such that
¢; IF rank(Ext(SY,274)) < ;. Let o = sup,{5; : i € w}. Since f € Lyox, a < wiE.

To build p let TP = | J, ., T9%. Since f € Lwlck we have that T? € Lwch' TP will satisfy

1€wW
property [1| because the sets 7% \ TP are disjoint and so 7% is well founded.

We define LP using the following tools. For 7 € T? let 7p be the longest initial segment
of 7 that is in T?. For o,7 € TP let rank(o,7) = rank({p : 77p € TP, 0 ¢ T,~,}). Note

that both of these operations are Lwlcx-computable. Define

LP(o,T) o,7 € TP

R 0 oeT;
Lp(aa T) =

LP(o,1p) — ||+ |17p| o €TP\Tr, 7 ¢ TP, LP(0, 7)) <w

(o) + rank(o, 7) otherwise

Now we prove that p is a valid condition. Since it is built in an effective way out of
L, cx-computable functions LP is L cx-computable. Since dom(LP) € L_cx we have that

1 1 1
LP € Lcx. So we have that p € Lcx.

Now we show that p has the properties of a condition. Property |2] is straightforward.
Property [3 follows from the definition of L? and the fact that it held for each g;.

For property [4| consider o, p < 7, and suppose that L? (o,p) > 0. We look at several

cases.

e 0,7 € TP. Then p € T? so by for p we have LP(0,7) = LP(0,7) < LP(0,p) =
LP(a, p).

e 0 €T,. Then LP(0,7) =0 < LP(0, p).
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e 0 € TP\ T,, 7 ¢ TP, LP(0,7,) < w. We have two subcases: if p ¢ TP then 7, = p,
so LP(0,7) = LP(0,7p) = |7] + || < LP(0,7) = |p| + |pp| = LP(, p). If p € T? then

p 2 7pso LP(0,7) = LP(0,7p) — |7| + |7p| < LP(0,7p) < LP(0, p) = LP(0, p).

e Otherwise LP(0,7) = (o) + rank(o,7). If p ¢ TP or o ¢ TP then LP(0,p) = (o) +
rank(o, p) > (o) +rank(o,7) as p < 7. If p,o € TP then consider i such that 7 € T%.
By Proposition we have that rank(o,7) < L%(o,7) < L%(0,p) = LP(0,p) =
LP(a,p).

For property 5| fix 7 and n. Suppose that LP(o,7) < n. Then one of the following is
true: LP(o,7) <mnor o € Ty or LP(o,1,) — ||+ |7p| < n or (o) +rank(c,7) <n. So o is a
member of the finite set {0 : LP(0,7) < n}UT,U{o: LP(0,7,) < n+|7|}U{c: (o) < n}.
Hence the set {0 : LP(0,7) < n} is finite.

So we have shown that p is a valid condition. Since TP < T ? and LP C LP we have
p < p. Consider Ext(Sg,:v). By definition of TP we have that Sg C S& for each i € w,
so rank(Ext(S?, 27i)) < rank(Ext(S%,27%)) < o. Thus we have rank(Ext(S?,z)) < o as

desired. O

Now we use this lemma to show that if a condition p cannot be extended to some gq
that forces SY to have computable rank then p in fact forces SY to be ill founded. We
say p IF Ext(SY, z) is ill founded if for all sufficiently generic filters G > p we have that

Ext(SY,x) contains an infinite path.

Lemma 6.2.7. If for all ¢ < p and o < W we have q ¥ rank(Ext(SY, 1)) < a then

p - Ext(SY, ) is ill founded.

Proof. We define p I rank(Ext(SY, x)) = oo if Vg < p,a < w{E[q ¥ rank(Ext(SY, z)) <
a]. To prove this lemma, we first prove the simpler statement: if p I rank(Ext(SY,z)) = oo
then there is ¢ < p,i € w such that ¢ I rank(Ext(SY,27%)) = oo.

Suppose this statement fails for some p and z. Then p I rank(Ext(SY,z)) = oo, so
we have that Vg < p,a < w{[q ¥ rank(Ext(SY,2)) < a], and there is no ¢ < p,i € w

such that ¢ IF rank(Ext(SY,274)) = oo so we have Vg < p,i € w[3r < ¢,a < w{E(r I
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(Ext(SY,27i)) < a)]. So by Lemmathere is p < p such that p IF rank(Ext(SY, z)) <
. This contradicts the fact that p IF rank(Ext(SY,x)) = 0o, so the statement holds.
Now we use this to prove the lemma. Since the set {¢: ¢ <p} D {qg:q<r}forr<p
we have that if p I rank(Ext(SY, z)) = oo then r I+ rank(Ext(SY, z)) = oo for all r < p. So
if p IF rank(Ext(SY,z)) = oo then the set {q < p: i € w[q I rank(Ext(SY,274)) = o]} is
dense above p. So if p € G for some sufficiently generic G then there is ¢ € G and ¢ € w such
that ¢ I+ rank(Ext(Seg,a:Ai)) = 00. By repeating this argument we can build a sequence
X € w¥ such that for all y < X there is ¢ € G such that ¢ I rank(Ext(SY,y)) = oo.
We have that X € Seg as otherwise there would be some r € G and y < X such that
7 IF rank(Ext(SY,y)) = 0, a contradiction of G being a filter and p I rank(Ext(SY, x)) =

00. O]

Now we have all the tools needed to prove the main result of this section.

<w

Theorem 6.2.1. There is a uniformly e-pointed tree T9 C w<* with no dead ends such

that TY is not hypertotal.

Proof. We show that for a sufficiently generic G we have that 79 is not hypertotal. We say
p kT # T (TY) if there is o € TP and a < w& such that p I rank(Ext(SY, (0))) < o, or
if there is o ¢ TP such that the initial segment of o in TP is not a leaf and p I+ Ext(SY, (c))
is ill founded. To show that 79 is not hypertotal it is enough for us to show that the sets
{p:plFT9 £T.(T9)} are dense for each e. To see this consider the two cases. If p € G
and there is o € TP and a < w{¥ such that p IF rank(Ext(SY, (¢))) < o then we have
that Ext(S?, () is well founded and so Ext(SY, (o)) C Ext(S%, (o)) is also well founded
so 0 € T9NT(TY). On the other hand if there is o ¢ T? such that the initial segment of
o in TP is not a leaf and p I Ext(SY, (¢)) is ill founded, then by definition p € G means
that Ext(SY, (o)) is ill founded, so o ¢ T(TY). Since the initial segment of o in TP is not
aleaf,no g <phaso €T9s00 ¢ TY.

Suppose towards a contradiction that {p : p IF T9 + ['.(T9)} is not dense. Let p be
such that for all ¢ < p we have g ¥ T9 # ['o(T9). Consider some leaf o € TP and let i, j be

such that Ty~ = Ty~ = {p : LP(p,0) < 1}. Now consider ¢ = p[{o"}]; this is well defined
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by Lemma By assumption on p we have that ¢ ¥ Ext(SY, (¢75)) is ill founded, so
by Lemma there is r < ¢, a < w{F such that r IF rank(Ext(SY, (¢75))) < a. Now
consider r' = r[{c"j}]. Since 07i € T" we have {p: L"(p,0) < 1} C T~ = T,~; and thus
the condition 7’ is a valid condition. Since r < p and o is a leaf in T? we have that r’ < p.
But we have S7 D S so 1 IF rank(Ext(SY, (¢75))) < a a contradiction. So we have that
the set {p: pIF T9 # T ,(T9)} is dense.

So for sufficiently generic G we have that 79 is uniformly e-pointed without dead ends

and for all e we have T9 # I'o(T9), and thus T9 Zpe TY. O
This now allows us to conclude the following:

Corollary 6.2.8. There are sets A, B such that B £p. A and for any X, if A <pe X X
then B <p. X ® X.

Proof. We will have A = T and B = T where T is a uniformly e-pointed tree with no
dead ends that is not hypertotal. Suppose that T is H% in X. Since T has no dead ends,
there must be a path P € [T] such that P <;, X. So T <. P and by Lemma [5.2.4 we have
T <pe P <j, X. So we get that T <j. X & X. O

6.2.3 Relationship to introenumerable sets

As promised in Chapter [5| we now have the tools to prove the following theorem:

Theorem 5.5.13. There is a uniformly Baire e-pointed tree that is not hyperenumeration

equivalent to any introenumerable set.

Proof. To do this we use the following lemma.

Lemma 6.2.9. If TY is sufficiently generic and T'o(TY) is infinite then there is p € G

such that T'¢(TP) is infinite.

Proof. Fix e and some condition p. For each n consider the set D, , = {¢ < p : Ja <
wiEm > nlq IF rank(Ext(S9,m)) < a]}. If for some n this is not dense above p then by

Lemma there is an extension of p that forces T(TY) to be finite.
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So suppose that this set is dense above p for each n. Like in Lemma[6.2.6| we can define
a sequence of extensions r; < p such that for any ¢; < r; and ¢; < ry, TY NTY = TP,
Observe that the set D,, ,, is uniformly Lwlcx—c.e. in 7,n so by Xj-collection we have that
there is a function f € Lwij’K such that f(i) € D;,,. Using the same merging of conditions
that we did in Lemma we can build p < p such that T'o(T?) is infinite.

We have now shown that the set {p : |To(T?)| = w Vp Ik [To(T9)| < w} is dense. Thus

a sufficiently generic G satisfies this lemma. O

For a sufficiently generic G we now claim that 79 does not hyperenumerate any non-IT
introenumerable sets. Suppose that I'.(T9) is infinite. By Lemma m thereisa p € G
such that I'o(TP) is infinite. If T'o(T9) is introenumerable then T'e(TY) <pe Te(TP) <pe
TP € L,cx, 50 [(T9) is T}.

Since for any sufficiently generic G, T9 is not a II} set, 79 cannot be hyperenumeration

equivalent to any introenumerable set below it. O

6.3 Downwards density

In this section we prove that the hyperenumeration degrees are downwards dense. The
first part involves lifting the finite injury construction of the Gutteridge operator to a

construction in Lwlcx .

6.3.1 The hyper Gutteridge operator

Gutteridge [16] proved the downwards density of the non-A9 enumeration degrees using
an operator © with the properties that if U.(©(A)) = A then A is c.e. and if ©(A) is c.e.
then A is AY. Here we will take Gutteridge’s construction and run it in Lwch to produce

a hyperenumeration operator A with similar properties. Thus we get the following result
Theorem 6.3.1. If A Cw and A %pe O then there is C C w such that O <p. C <pe A.

Proof. Recall the definition of ©: there is a c.e. set B = @, nx which is the join of w

many initial segments of w. O is defined by ©(A4) = BU{(k,nx) : k € A}. B is built using
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finite injury to ensure that if U.(©(A)) = A then A is c.e. If O(A) is c.e. then A <. B
and so A is AY. Hence for any non-AY set A we have that () <. ©(4) <. A.

To ensure that if U.(©(A)) = A then A is c.e. B has the property that for any
D Cn > e we have that n € U.(O(D)) <= n € ¥V (O(DU(w\n))). Soif U .(O(A)) = A
then

D<A < Dle<AleAVn € D\ e[n € ¥ .(0(D[n)]

We will use this idea to build A.
Before we start building A we need to set up some notation. For an Lwlcx—c.e. set A,
given by formula Jyp(z,y) where ¢ is Ag, we define A, = {z € L, : Lo = Jyp(z,y)}.

Since ¢ is Ag we have that A = |J,_ cx Aq. In this manner we can think of Lex-

Oé<UJ1
c.e. sets as being enumerated over ordinal stages. Using this, for a set B € Lwch and

ordinal @ < w{K we can define T ,(B) € wax and get an Lwlcx—computable map

(B,e,a) + I'c o(B). This is the hyperenumeration analogue of W, ((D). We can define
I'c.o(B) more explicitly as I'c o(B) = {n : rank(S, »(B)) < a}.
In the enumeration case, it is clear that W.(W) = (J, V. s(Ws) for a c.e. set W, but this

is not so clear for an waK‘C-e- set A. T'c is monotonic, so we have that | J oK Iea(Aq) C

acw

I'c(A). The other direction is needed for our construction, so we will prove it here using

the rank of nodes in S.(A).

Claim 6.3.1.1. |, cx [ca(Aq) =Te(A) for any Lycr-ce. A.

ozEwl

Proof. Consider some node x € S.(A) with ordinal rank. We will use induction on the
rank of 2 and ¥} bounding to prove that there is o < w{'® such that 2 has rank < « in
Se(Aq). Base case: if x is a leaf then by definition of ', there is a finite D,, C A such that
(z,u) € We. There is a < w{' such that D, C A, so x is a leaf in S.(A,).

For the inductive step, suppose by the inductive hypothesis that for each ¢ € w there

is a least a; < w{'K

such that 277 has rank < «; in S¢(Aq,). Consider the map i — ;.
This is Lwlcx—computable and hence by Xi-collection there is a § < wlc K such that oy < 3

for all 4. So it must be that = has rank < 3 in Sc(A4p).
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So we have that if n € T'.(A) then there is a < w{'K such that rank(S.,(A.)) < «

hence we have that n € I'¢ o (4q). O

For our construction of A we will modify Gutteridge’s proof. We will build an Lwlcx—
ce. set B = @, and define A(A) = BU {(k,ng) : k € A}. We will build B using

and satisfy the following requirements for D C m > e:

stages in w{'F

Remp:m€€l(BU{(k,ng) :keD}) <= meTl (BU{(k,ny):ke€DVk>m})

We chose an ordering of requirements so that R ,, p is higher priority than R; ;.41 £.
Note that this means the priority of our requirements has order type w.

Now we can move onto the construction. A requirement R., p requires attention
at stage o if there is n ¢ I'c o(By U {(k:,BLk]) : k € D}) and there is B € L, such
that B, € B and B,[f] = Bl¥ for k < n, B is the join of initial segments of w and
n € Teo(BU{(k,B¥): k€ D}).

At stage a we consider the highest priority requirement that requires attention with
some witness B. We then define B,1 = B. This completes the construction.

By the monotonicity of the I'. each requirement will need to act at most once, and
that means that each column of B is finite. Now suppose that I'.(A(A)) = A for some A
and e. It is enough for us to show that A is Lcx-c.e. We claim that A=U{D: DJe =
AlenTa¥n € D\e[n € Tc o(Ao(DIn))]}. If D is such that Vn € D\ e[n € T'¢ o(Aa(D[n))]
then by induction on n > e we can see that D C A. So what we need to prove is that
all n € A are contained in some such D. Fix n € A\ e and consider D = A[n. We have
A(DU(w\n)) is Lcx-c.e. Sincen € A by Claimthere is a stage a < w{'X such that
n € Lea(Aa(DU(w\n))). So at stage o or earlier the requirement R, , p will have acted
and we have n € I'c o41(Aa+1(D)). We can assume by induction that D has the property
dav¥n € D\e[n € T'¢ o(Aa(D[n))]. We have now proven that DU{n} = A[n+1 also has this
property, thus by induction A = U{D : Dfe = Ale AJa¥Vn € D \ e[n € T'¢c o(Aa(D[n))]}.

Hence A is Lwlcx—c.e. O
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6.3.2 Downwards density below O

We have proven downwards density for most degrees in Dy, but the proof may not work
when a degree is below O. If we look at some of the proofs of downwards density for
the degrees below 0, and try to translate them, then we have a problem. They are
finite injury constructions and rely on the following property of enumeration operators:
Ve(A) = Upc,, 4 Ye(D). This property does not hold for hyperenumeration operators.
In fact there are many sets A and operators e such that T'c(A) # UthypA I'.(H). For
example, if A is the graph of a non-hyperarithmetic function and T, is such that 0 € T'.(B)
if and only if B contains the graph of some function. None of the hyperarithmetic subsets
of A will contain a function, but A does contain a function, so 0 € I'¢(A4)\ UthypA Le(H).

The reason we did not have this problem when adapting the Gutteridge operator was
because of the special way that it was constructed. First, it is important to note that
for TI1 sets A we do have T'o(A) = UthypA I'.(H) by Claim This property also
holds for sets X of the form X = A(A). To see this fix some I'.. For n > e we have
n €Te(X) < n €T (A(A | n)). Here A(A | n) is a I} set, if n € T'e(X) then there
is some hyperarithmetic H C A(A [ n) C X with n € I'.(H). The result for n < e comes
from some coding of indices of reductions.

We will make use of this idea in the proof of the following:

Theorem 6.3.2. If A is not 11} and A(A) is II1 then there are X <p. A such that

X >pe 0.

Proof. Let (Ag),_,cx be an Lwlcwcomputable approximation to A. We know there must

S<UJ1

be one since A(A) is I1}. We will build Lcx-c.e. operator ¥, and define X' = U(A). There

are two types of requirements we need to satisfy

Ae : X # V. where 1, is the eth H% set
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that will ensure that 0 <. X, and
Be :Te(X)# A

that will ensure that A €. X. The ordering of requirements is Ay < By < A3 < .... We
will build ¥ and X in wICK many stages. We will want to be able to add infinitely much
to columns of X so we will build X as a subset of w{'® 2, By fixing an LwICK—computable
injection from w{¥ to w (for instance the well founded part of a Harrison order) we can
turn X into a subset of w.

We will use an infinite injury construction here, putting the requirements on a tree of
strategies. The outcome of node o on the tree will be a set A e Lwch that represents
the strategy o’s guess at A at this stage of the construction. Strategies 0~ A and below
will only add axioms of the form (n, H) to U for sets H D A. This way their work will
not interfere with strategies who think A ¢ A. Each strategy o can put up a restriction
u < wch and require that strategies to the right of them on the tree only put things in
columns > u of X. For ¢ we consider its restriction u to be the sup of all the restrictions
put up by nodes to the left of or above . The ordering of outcomes is A< Bif ADB.
This is only a partial order on sets, but we will see in the construction that we only use a
limited collection of outcomes for each strategy, and this collection will be linearly ordered.
We will argue that the leftmost path visited cofinally often is correct in its guesses about
A and along this path all requirements are met. When a strategy has outcome A to the
left of a previous outcome 3, it adds (n, A) to W for all n added by strategies below B to

ensure that axioms added by strategies below B cannot interfere with the strategies below

A,

Strategies: The strategy for a node o of requirement B, is to find a witness m where
m € A\I'¢(X). When this strategy is initialized at some stage s it is given outcome A from
its parent node and restriction wu, the sup of the restrictions put up by nodes to the left of

0. o has one variable mg that it keeps track of. When initialized, we start with ms11 = 0.
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At a limit stage s, we define m,; = lim inf;.; m; if that exists, otherwise ms = 0. We also
have X, = U s(fl) which is o’s guess at X at stage s. In the verification, we will prove that
X eventually agrees with X on the first « many columns, that m = lim,_ cx ms exists,
and that A(m) # T'e(X)(m).

Given mg and X, at stage s, the strategy asks if m, ¢ I'c s(Xs) and there is some
H € Lg such that H C (w5 \ u) x w{F and mg € T s(Xs U H). If yes, then we put
ms € X: we add axioms ((a, 8), A) to Uy, for each (o, 8) € X, U H with o > u. This
will injure all lower priority A requirements. If no and my ¢ (A, U A)AT, 4(X), then we
need to pick a new witness: set mgy1 to be the least m in (Ag U A)AF&S(XS). Otherwise
msy+1 = ms. No matter what, the outcome of ¢ is always 121, and o does not put up any
restriction.

The strategy for a node 7 of requirement A, is as follows. We will try to build an
L cx-c.e. aproximation (Ps)s to A by encoding parts of A into column u of X. The
aproximation to A will eventually fail, as A is not Lwlcx—c.e., and we will use this point of
difference to ensure that so that X # V.. To this end we will build a sequence of coding
points (ng, mg)g<a,.- The only changes we will make to this sequence are to add a new
element to the sequence or remove the last element (if there is one). So at limit stages
s we can have ag = liminf;¢ oy and that will ensure that all the coding points are well
defined at stage s. The idea with the coding points is that for all but the top one we have
ensured that (u,ng) € V. and that (u,ng) € X only if mg € A. Our aproximation P, will
be AU {mg : (u,ng) € Ve s}. Since V., is increasing, P is increasing as long as we do not
remove coding points (ng, mg) after putting mg € P.

We are trying to make X # V., so when we notice mg ¢ Ay it appears that we have
succeeded and do not need to do anything. The problem with this is that once we have
o > w there are infinitely many mg so we may see mg ¢ A; for a different 5 at each stage
t > s but have mg € A for all 8 < as. We could avoid this problem if we knew that A,

stabilized on hyperarithmetic sets, but we only know that it stabilizes on finite sets. This

is enough for us, but we will have to keep track of the 5 where mg ¢ A, and sometimes
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our outcome will need to include numbers that are not in A,.

To this end, 7 will keep track of a finite sequence of victories BS =0y >p1> > Br_1
with the property that mg, < --- < mg, , are numbers we thought were out of A at the
previous stage. When 7 is initialized we start with B = () and at limit stages s we define
Bs to be the longest sequence B such that Bz = limy<g BA“ At a stage s the requirement
updates the victories as the first step. We consider /3 such that mg is the smallest m € A,
with the property for all ¢ < k, mg, <m == (; > (. If there is such a 3 then we add
it to our sequence of victories for Bsﬂ and remove all victories 5; < 8. Next we remove
invalid victories: if there is any ¢ < k such that mg, € A then we remove that victory
and all victories for j > i¢. The reason we also remove larger victories is to deal with the
fact that As only stabilizes on finite sets. In the verification we will prove that an initial
segment of BS stabilizes, and to ensure that that initial segment is S, cofinally often, we
need to remove smaller 3; whenever we see a change.

If the sequence of victories has become empty, then we think P; C A so we need to
consider adding a coding point. If «a; is a successor, then we consider the highest coding
point (n,m). If (u,n) € X \ V. then we can satisfy the A, without any victories. So if
(u,n) ¢ Ve s and m ¢ A, then we add the axiom ((u,n), Ps) to W44 to keep (u,n) € X.
This will, however, invalidate the coding point, meaning we will have to remove it and try
again if we ever see (u,n) enter V. If (u,n) € V. then it is time to add a new coding point.
If (n,m) has been invalidated, then we remove it from the sequence of coding points first.
If (n,m) has not been invalidated then we add m to Ps11. To pick a new coding point we
choose n,, to be the least unused number in column u and m,, to be the least member of
As \ Ps if there is one. We then add the axiom ((u, nq,), PsU{mq,}) to ¥eyq. If Ag C P
then we cannot add a new coding point yet.

If there are no victories and «; is a limit or 0, then we proceed to add a new coding
point as above.

Finally we come to defining the outcome and restriction of 7. We always impose

restriction u + 1 on lower priority requirements so they cannot interfere with our coding
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points in column u. To define the outcome, we use the sequence of victories. If there are no
victories this means we have outcome P; since it looks like P; C A. If there are victories,
then we consider the least victory fr_;. Since it looks like mg, , ¢ A but mg € A for
all B < By_1 we give outcome A U {mg : B < Br_1}. Note that, as promised above, the

collection of outcomes is linearly ordered.

Verification: We will use induction to argue that for each node o on the true path, the

following hold:
1. There is a left most outcome A that is visited cofinally often.
2. AC A
3. For all B < A that were outcomes of o we have B Z A.
4. U(A)M = g(A)M,
5. o stops adding axioms to W after some stage.
6. The requirement for ¢ is satisfied.

We start with the case where o is a strategy for a B, requirement. Let s be a stage after
which no node to the left of ¢ is visited and no node above ¢ adds axioms to W. In this
case ¢ only has one outcome A, and since it only adds axioms using A, through hold.
So we just need to check that the requirement was met and stops adding axioms. Consider

the set W =, ox Pe,s(Xs) = lim,jox Des(Xs). Since W is L crx-c.e. there is some

s<wf
least m € WAA. So we have that m = lim5<w1cK mg, and once this limit settles down o
puts axioms into ¥ at most once more, so [5| is satisfied.

Now to show the requirement is met. We have two cases. Case 1: suppose that
m € W. Then m ¢ A and m € I'o(X) since X, C ¥, (A) C ¥(A) = X, so the requirement
is satisfied.

Case 2: suppose that m € A. Then consider the set X* = W(A) U {n : 3H,7 <

o[t put (n, H) € ¥]}. Since any number put into X by a strategy to the right of o is put
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into X with a subset of A when we next visit o, and because requirements to the left of
o only add axioms (n, H) for H ¢ A by , we have that X C X* and X[ = X*[ for
all v <. It is clear that X™ is L, cx-c.e. so if m € Ie(X™*) then by Claim there is
t < Wi and hyperarithmetic H C X* such that m € I'.;(H). Since X and X* agree on
the first « many columns we have that m € W as o will have acted at some stage > ¢ to
ensure this. But m € A, a contradiction, so m ¢ I'.(X*) D I'.(X). So the requirement is
satisfied.

Now we consider the case where o is a strategy for an A, requirement. First we will
argue that we stop adding coding locations after some stage. Consider the set P = |, Ps.
This is an Lwch—c.e. set, so there is some least m € PAA. Consider some stage s such
that Ajm+ 1= A;fm + 1 = P;[m + 1A{m} for all t > s. If m € P then after stage s we
will always have m = mg, as the first victory, so o will stop growing P and will not add
any more coding locations. If m ¢ P then after stage s whenever we chose a new coding
location (n/,m’) we will have m’ = m. Since m never leaves A; this location will never
be invalidated, so, since m ¢ P, it must be that (u,n’) ¢ V. so we stop adding coding
locations. In either case [l is satisfied.

Next we argue that the sequence of victories stabilizes on an initial segment. If P C A
then this initial segment will be the empty set. Otherwise, observe that Py = {mg : § <
as} (with the last element excluded if it has not been added). Consider the sequence
(Bi)i<k defined by taking f3; is the least 3 such that mg is the least element of {mg: § <
Bi—1} \ A if this set is nonempty. Since s is well founded this sequence must be finite and
have some length k. Consider a stage s after which A;[mg, , + 1 and P; have stabilized.
At all stages t > s where o is visited we must have 8y > --- > (5 as a proper initial
segment of the sequence of victories as these are all true victories and no other victories
could be added for mg < mg, , after stage s. So after stage s the outcome of o will always
be a subset of A := BU {mg : B < Pr—1} where B was the outcome of the parent of o.
We now claim that A will satisfy [1} through

If the outcome is ever C' < A then it must be that mg, |, € C so |3l is satisfied and
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after stage s we never have any outcome left of A. Since we could not extend our sequence
(6 + i)i<k it must be that A C A sol2 is satisfied. This also means that any victory [
added to the end of our sequence of victories must have mg € A. This means that 3 will
eventually be removed from our sequence of victories when we see mg € A; for some t.
We remove a victory, we also remove all victories for m > mg, so there will be cofinally
many stages where the sequence of victories is just (3;);<x. Hence the outcome of o will
cofinally often be A, satisfying [1| To see {4l recall that when coding location (n,m) was
added at stage t we used P, U {m} to put it in X. So if it was added before the coding
location (ng, ,,mg, ,) was added then (u,n) € W, (A), and if it was added after, then
(u,n) ¢ W(A).

To see that the requirement for ¢ is satisfied, we need to look at two cases. First,
if the sequence of victories was empty this meant that P C A and we stopped adding
coding locations because the top location (n,m) had (u,n) ¢ V.. If this location was
never invalidated then, m € A and (u,n) € W(A). If it was invalidated, then we added
the axiom ((u,n), P) to ¥ so (u,n) € ¥(A). Second, if the sequence of victories was not
empty then mg, ¢ A, so (u,ng,) ¢ V(A) but mg, € P so (u,ng,) € V.

This completes the induction. Note that condition[I} ensures that there is a true path.
Since each requirement on the true path is satisfied we have that X is not Lwch'C-e- and
A %pe X. The fact that X <p. A follows from Proposition which is proved in the

next section.

6.4 Other reducibilities

We now look at some other reducibilities that are different from <, but could be consid-
ered notions of hyperenumeration reducibility. We show most of these reducibilities <,
share some of the properties of <j., like extending enumeration reducibility and having
A<,B®B <= AisIll in B. The reducibility to consider is the notion of relatively
.
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Definition 6.4.1. We say that A is relatively 11} in B, A <m B, if whenever B is I1} in
X we have that A is I} in X.

We say that A is uniformly relatively 11} in B, A §UH% B, if there is a computable f
such that if B =T¢(X & X) then A =Ty (X & X)

We used hyperenumeration operators to define SUH%, but it could equivalently be
defined by saying there is Turing operator that turns hyperenumerations of B into hyper-
enumerations of A or that there is a computable function that turns II} formulas for B
into I} formulas for A.

The fact that composition of hyperenumeration operators is uniform means that A <p,
B = A <, B and by definition we have A <,;1 B = A < B. It is natural to
ask if these implications are strict. From Theorem [6.2.1] we can see that <p. is different
from SH% because by definition each relatively ITj degree is uniquely determined by the
total degrees above it. A closer look at the proof of Corollary show us that T <umt T
for any uniformly e-pointed tree without dead ends, hence <. and <um are different.

The remaining possible separation is an open question.
Question 6.4.2. Are there sets A and B such that A <jp B and A ;1 B.

A negative answer to the above questions could be seen as a proof of Selman’s theorem
for <umt- One approach to try to answer this question is to see if one can transform
Selman’s original proof to this context.

On the other hand, we observe that the uniformity of an e-pointed tree T" without dead
ends is important for the proof of T <! T. Perhaps there is a sufficiently generic non-
uniformly e-pointed tree T' without dead ends such that T' fun% T. Such a result would
be interesting because it would show that there is no notion hyperenumeration operators
for relatively II1.

Another way that may be natural to define hyperenumeration reducibility is by chang-

ing the nature of the set W in the usual definition of enumeration reducibility.

Definition 6.4.3. We say that A is continuously higher enumeration reducible to B,

A < pe B if there is a I} set W such that n € A <= Ju[(n,u) € W A D,, C BJ.
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We say that A is wch—enumemtion reducible to B, A SLoK B, if there is an Lwch—c.e.

set W such that n € A <= 3JH|[(n,H) €e W AN H C B

Both these reducibilities can be thought of as relativizations of enumeration reducibil-
ity to Lwlcx. In the case of continuously higher enumeration operators these are, like
enumeration operators, continuous functions §“, hence the name. This reducibility could
be thought of as an enumeration analogue of continuously higher Turing reducibility.

Both of these reducibilities imply hyperenumeration reducibility. For <., this follows
from the fact (Sanchis [39]) that we can replace the c.e. set in the definition of hyper-

K _enumeration

enumeration reducibility with a TIj set. It takes a bit more work for w

reducibility.
Proposition 6.4.4. If A gwlw B then A <. B.

Proof. Suppose W is a Lwch‘C-e- set of pairs such that n € A <= 3JH[(n,H) € WAH C
B]. Since W is Lwlcx—c.e. there is an Lwch—computable injection f : w{'K — W. Consider

the set
V ={(n,0"k,u): 3H,i,e[(n,H) € W, D, = H [ k,|o| = (i,e),e € O,H = \I/i(@(e))]}

Since W and O are Lwch‘Qe-: V is also Lwch‘Qe- and hence I1}. Now all that is needed
is to check that A <j, Bvia V. If H C B and (n, H) € W then V will put n € A as every
path of length (i, e) + 1 will be removed for H = W;(({¢)). If there is no H C B such that

(n, H) € W then we can build a path f as follows:

0 ed OV (n, U (0)) ¢ W
f((ie)) =
least k such that W;(0(9)) [ k ¢ B otherwise.

Note: for all o < f we have that (n,o,u) ¢ V for any u with D, C B. O

So both these reducibilities imply hyperenumeration reducibility. These implications

are strict. In fact, if we consider some set X with Lwlcx € Ly then anything w{'* enumer-
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ation reducible to X @ X will be hyperarithmetic in X and there are sets hyperenumeration
reducible to X @ X that are not hyperarithmetic in X, for instance OX.

Since these are weaker than hyperenumeration reducibility, it can be that Selman’s
theorem holds for these reducibilities. For continuously higher enumeration reducibility

we have a proof of Selman’s theorem that uses the enumeration degrees.

Theorem 6.4.5. The continuously higher enumeration degrees embed as the enumeration

degrees above O via the map X — O ¢ X.

Proof. For one direction, suppose that X O <, Y 0. Then X <, Y ® O <.p. Y.

For the other direction, suppose that X =<, Y via the H% set W. Let f be an
m-reduction of W to O. We define a c.e. set W, = {(n,u) : D, = D, & Dy A D, =
{2f((n,v) 4+ 1}}. So we have that n € ¥.(Y & O) <= Fv[D, CY A f(An,v)) € O] <
WD, CYAnv)eW] <= neX. SoXa0<.YaO.

To see that this embedding is onto, observe that every enumeration degree above O

contains a set of the form X @ O. O

To see how this gives us Selman’s theorem recall that every enumeration degree a
above O is uniquely determined by the class of total degrees above a. This means that
every che-degree is uniquely determined by the class of degrees above it that map to a
total enumeration degree. If an enumeration degree above O is total then it will contain
a set of the form X @ X @ O and be the image of a che-total degree.

Note that there are che-total degrees that get mapped to non-total e-degrees. For

instance O is not total.
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