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Abstract

We present several results related to van Douwen’s Problem, which asks whether there
is homogeneous compactum with cellularity exceeding ¢, the cardinality of the reals. For
example, just as all known homogeneous compacta have cellularity at most ¢, they satisfy
similar upper bounds in terms of Peregudov’s Noetherian type and related cardinal
functions defined by order-theoretic base properties. Also, assuming GCH, every point
in a homogeneous compactum X has a local base in which every element has fewer
supersets than the cellularity of X.

Our primary technique is the analysis of order-theoretic base properties. This anal-
ysis yields many results of independent interest beyond the study of homogeneous com-
pacta, including many independence results about the Noetherian type of the Stone-Cech
remainder of the natural numbers. For example, the Noetherian type of this space is at
least the splitting number, but it can consistenly be less than the additivity of the mea-
ger ideal, strictly between the unbounding number and the dominating number, equal to
¢ and greater than the dominating number, or equal to the successor of ¢. We also prove
several consistency results about Tukey classes of ultrafilters on the natural numbers
ordered by almost containment. We also characterize the spectrum of Noetherian types
of ordered compacta and mostly characterize the spectrum of Noetherian types of dyadic
compacta. Also, we show that if every point in a compactum has a well-quasiordered
local base, then some point has a countable local m-base.

Our secondary technique is an amalgam, a new quotient space construction that

allows us to transform any homogeneous compactum into a path connected homogeneous
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compactum without reducing its cellularity, as well as construct the first ZFC example
of homogeneous compactum that is not homeomorphic to a product of dyadic compacta
and first countable compacta. We also use amalgams to prove results of independent
interest about connectifications. For instance, every countably infinite product of infinite

sums of metric spaces has a metrizable connectification.
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Chapter 1

Introduction

1.1 Van Douwen’s Problem

The original motivation for this entire dissertation was Van Douwen’s Problem, an open

problem in set-theoretic topology.

Definition 1.1.1. A homeomorphism is a continuous bijection with continuous inverse.
Given a topological space X, let Aut(X) denote the group of autohomeomorphisms of

X. A space X is homogeneous if for every p,q € X, there exists h € Aut(X) such that

h(p) = q.
Definition 1.1.2. A compactum is a compact Hausdorff space.

Question 1.1.3 (Van Douwen’s Problem). Is there a homogeneous compactum X and a
family F of pairwise disjoint open subsets of X such that F has greater cardinality than

R?

This problem has been open (in all models of ZFC) for over thirty years [47]. To get
an idea of why problems about homogeneous compacta can be so hard, ask, given an
arbitrary list (X;);e; of homogeneous compacta, what can we do with them to produce a
bigger homogeneous compacta? In general, all we know how to do is form products like

[Lic; Xi- (Actually, Chapter 2 describes a method for producing homogeneous quotients



of certain products of homogeneous compacta, but this method does not help us build
an X solving Van Douwen’s Problem, as we shall see in Chapter 3.)

This dissertation is mostly self-contained in the following sense. Before it starts
using a definition, lemma, or theorem well-known amongst those who study set the-
ory, general topology, and cardinal functions in topology, but perhaps not well-known
amongst mathematicians in general, that definition, lemma, or theorem is usually ex-
plicitly stated. However, this first, introductory chapter is necessarily concise. For a full
introduction to the above three topics, see Kunen [40], Engelking [20], and Juhdsz [35],
respectively.

Four of the chapters of this dissertation have already been published as journal arti-
cles. Excepting very minor modifications, Chapter 2 is [48], Chapter 3 is [49], Chapter 5

is [50], and Chapter 6 is [51].

1.2 Ordinals and cardinals

Definition 1.2.1. A set x is transitive if z € y € x always implies z € x.

Definition 1.2.2. A well-ordering is a linear ordering with no strictly descending infinite
sequences. Equivalently, a set is well-ordered if every subset has a minimum. An ordinal
is a transitive set that is well-ordered by the membership relation €. Let On denote the
class of ordinals. (We use “class” to denote collections of sets that might be “too big”

to be sets themselves. The ordinals are indeed “too big” to be a set.)

The class of ordinals is itself well-ordered by inclusion, and strict inclusion is equiv-
alent to membership, so an ordinal is the set of its predecessors. Every well-ordered set

is isomorphic to an ordinal.



We identify the natural numbers N with w, which denotes the least infinite ordinal,

which is also the set of all finite ordinals.

Definition 1.2.3. A cardinal is an ordinal from which there is no bijection to a lesser
ordinal. For every set A there is a unique cardinal |A| from which there are bijections

to A. This cardinal is also called the cardinality or the size of A. A set A is countable

if |A] <w.

The cardinals inherit the well-ordering of the ordinals. Moreover, there is a unique
order isomorphism from On to the class of infinite cardinals; we denote it by a +— w,.
In particular, wy is w and w; is the least cardinal greater than w (and ws is the least
cardinal greater than wy, and...).

Given sets A and B, we let B4 denote the set of all maps from A to B. However,
when A and B are cardinals, we also abbreviate ‘BA’ by BA. If a is an ordinal, then
B<* denotes |J B B#. We analogously define B<*. However, for cardinals x and \, we
abbreviate ‘/i</\| by £<* when there is no danger of confusion. If  is a cardinal, then
[B]* denotes {E C B : |E| = k} and [B]~" denotes |J,_,[B]*. We analogously define
B~

Unless otherwise indicated, ordinals are given the order topology. Also, given a space
X and a set A, the set X4 is given the product topology (equivalently, the topology of

pointwise convergence).

Definition 1.2.4. Let ¢ denote the cardinality of the real line, which is also the cardi-

nality of the Cantor space 2“.

Definition 1.2.5. The cofinality cf a of an ordinal « is the least ordinal § such that

there is amap f:  — « such that for every v < « there exists 6 < 3 such that v < f(9).



An ordinal « is regular if a = cf . Non-regular ordinals are said to be singular.
All regular ordinals are cardinals.

Definition 1.2.6. Given an ordinal «a, let o + 1 and a™ respectively denote the least
ordinal greater than « and the least cardinal greater than «. (In particular, wg = W41
for all # € On.) Ordinals of the form o + 1 and o™ are respectively called successor
ordinals and successor cardinals. A nonzero, non-successor ordinal is called a limit

ordinal. A nonzero, non-successor cardinal is called a limit cardinal.

For all infinite cardinals &, we have kK = k<% < kT < k4* < k® = 2. The least limit
cardinal is w; the least singular limit cardinal is w,,. Every infinite successor cardinal is

regular.

Definition 1.2.7. A weakly inaccessible cardinal is an uncountable regular limit car-
dinal. A cardinal x is a strong limit cardinal if 2<% = k. An inaccessible cardinal is a

regular uncountable strong limit cardinal.

Definition 1.2.8. Given «, € On, let o + 3 denote the unique ordinal isomorphic to
the lexicographic ordering of ({0} x ) U ({1} x ); let a8 denote the unique ordinal
isomorphic to the lexicographic ordering of 3 x . When there is no danger of confusion,

we abbreviate |kA| by kKA when k and A are cardinals.
For all infinite cardinals x and all cardinals A > 0, we have |[k+A| = |kA| = max{k, A\}.

Definition 1.2.9. Given a linear order I and a linear order J; for each ¢ € I, let
> icr Ji denote |, {7} x J; with the lexicographic ordering. Given a sequence (kq)qca

of cardinals, we will let >, k4 denote |J,c4{a} x ko| when there is no ambiguity.



1.3 General topology

Definition 1.3.1. The closure A of a subset A of a space X is the minimal closed
superset of A; the interior int A of A is the maximal open subset of A; the boundary
OA of Ais A\ int A. A subset R of a space X is reqular open if int R = R and regular
closed if int R = R. A neighborhood of a subset E of a space X is a set N C X such

that £ C int N. A neighborhood of a point p € X is a neighborhood of {p}.

Definition 1.3.2. A local base (local w-base) at a point in a space is a family of open
neighborhoods of that point (family of nonempty open subsets) such that every neigh-
borhood of the point contains an element of the family; a base (mw-base) of a space is a

family of open sets that contains local bases (local m-bases) at every point.

A base characterizes a topology because a set is open if and only if it is a union of

basic sets.

Example 1.3.3. If B is a base of X and Y C X, then {UNY : U € B} is a base of Y

(where Y is given the subspace topology).

Definition 1.3.4. A space X is:

Ty if for all p, g € X there is an open U C X such that |U N {p, q}| = 1;

T; if for all distinct p,q € X there is an open U C X such that p € U and ¢ ¢ U;

T,, or Hausdorff, if for all distinct p,q € X there are disjoint neighborhoods of p

and ¢;

Urysohn if for all distinct p,q € X there are disjoint closed neighborhoods of p

and ¢;



e regular if for all closed C' C X and p € X \ C, there are disjoint neighborhoods of

p and C
e T3 if X is regular and T7.
Every regular space has a base consisting only of regular open sets.
Definition 1.3.5. We will need terms for several kinds of maps between spaces.

e A map between spaces is continuous if all preimages of open sets are open and

open if all images of open sets are open.

e A homeomorphism is a continuous open bijection.

Spaces X and Y are homeomorphic, or X 2 Y, if there is a homeomorphism from

XtoY.

A (topological) embedding of X into Y is a homeomorphism from X to a subspace

of Y.

A continuous surjection is irreducible if all images of closed proper subsets of the

domain are proper subsets of the codomain.

e A continuous surjection is a quotient map if all preimages of non-open sets are not
open. A space Y is a quotient of a space X if there is a quotient map from X to

Y.

Definition 1.3.6. Given a space X and an equivalence relation E on X, the quotient
topology of the set X/FE of F-equivalence classes is defined by declaring subsets A of

X/E to be open if (and only if) [ J A is open in X.



Given X and E as above, the quotient topology is the unique topology for which the

map defined by x — z/FE is a quotient map.

Definition 1.3.7. Given spaces X and Y, let C'(X,Y) denote the set of continuous

maps from X to Y; let C'(X) denote C'(X,R).
Definition 1.3.8. A space X is:

o completely regular if for all closed C' C X and p € X \ C, there is an f € C(X)

such that f(p) =0 and f[C] = {1};
e Ty if X is completely regular and 77;

e normal if for all disjoint closed subsets A, B C X there are disjoint neighborhoods

of A and B;
e T, if X is normal and 7.

The Urysohn Theorem states that for all normal spaces X, if A and B are disjoint

closed subsets of X, then there is an f € C(X) such that f[A] = {0} and f[B] = {1}.
Definition 1.3.9. A space X is:

o r-compact if every open cover of X has a subcover of size less than x;

Lindelof if X is wi-compact;

compact if X is w-compact;

e a compactum if X is compact and T5;

a compactification of a T35 space Y if X is a compactum with a dense subspace

homeomorphic to Y;



e locally k-compact if for every open U C X and p € U, there is a k-compact

neighborhood V' of p such that V' C U,

e locally compact if X is locally w-compact.
All compacta are T;. Continuous images of k-compact spaces are k-compact.

Definition 1.3.10. Given two topologies S and 7 on a set X, we say S is finer than
T, or T is coarser than S, if S O 7T or, equivalently, if the identity map from (X, S) to

(X, T) is continuous.

Every continuous bijection from a compact space to a Hausdorff space is a homeo-
morphism. In particular, if a compact topology is finer than a Hausdorff topology, then
the topologies are identical.

Given a T35 space X, there is a subset F of C(X, [0,1]) that separates points and
closed sets, i.e., for every closed C' C X and p € X \ C, we have f(p) ¢ m for some
f € F. Given any F C C(X) that separates points and closed sets, there is a topological
embedding Ar: X — R” given by Az(2)(f) = f(x). Given any two F,G C C(X,]0,1])
that separate points and closed sets, the closures of Az[X] of Ag[X] in [0,1]7 and [0, 1]9
are homeomorphic and each may be called the Cech-Stone compactification 8X of X,

which is, up to homeomorphism, the unique compactification B of X such that every

continuous map from X to a compactum Y extends to a continuous map from B to Y.
Definition 1.3.11. A space X is:
e connected if its only clopen subsets are () and X;

e path-connected if for all p,q € X there exists f € C(X, [0, 1]) such that f(0) = p

and f(1) = ¢;



e totally disconnected if all connected subspaces of X are singletons;

e zero-dimensional if every open cover U has a pairwise disjoint open refinement,
meaning there is a pairwise disjoint open cover V such that every V' € V is a subset

of some U € U.

A Tj space X has small inductive dimension 0, or ind X = 0, if it has a base consisting
only of clopen sets; X has small inductive dimension < n+1, orind X < n+1, if X has
a base A such that every U € A satisfies ind 09U < n; X has small inductive dimension

n+1l,orindX =n+1,ifindX <n+1 and ind X £ n.

Continuous images of (path-)connected spaces are (path-)connected. A compactum

is totally disconnected if and only if ind X = 0 if and only if it is zero-dimensional.

Definition 1.3.12. Let (B, <,0,1,A,V,’) be a boolean algebra (where a < b if and

only if a Vb =b).

o A subset S of B is a semifilter of Bif 0 SandVse SVt>s teS.

A semifilter F' of B is a filter of B if Vo € [F]¥ Ao € F.

A filter U of B is an ultrafilter of BifVbe B (be U or b/ € U).

A subset U of the power set algebra P(I) of a set I is an ultrafilter on I if U is an

ultrafilter of P(I).

An ultrafilter U on a set I is nonprincipal if {i} ¢ U for all i € I.

A filter is an ultrafilter if and only if it is a maximal filter. An ultrafilter on a set is

nonprincipal if and only if all its elements are infinite.
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The category of boolean algebras is dual to the category of totally disconnected
compacta. This is Stone duality; let us spell out what it means. Given a totally discon-
nected compactum X, let Clop(X) denote the algebra of clopen subsets of X. Given a
boolean algebra B, let Ult(B) denote the set of ultrafilters of B topologized by declaring
{{U € Ult(B) : a € U} : a € B} to be a base of Ult(B). The space Ult(B) is always a
totally disconnected compactum. Moreover, X is homeomorphic to Ult(Clop(X)) and
B is isomorphic to Clop(Ult(B)). Given a continuous map f: X — Y between com-
pacta, there is a homomorphism from Clop(Y') to Clop(X) given by U — f~'U. Given
a homomorphism ¢g: A — B between boolean algebras, there is a continuous map from
Ult(B) to Ult(A) given by U +— g~ 'U.

In particular, Clop(fw) is isomorphic to P(w), so we declare Sw to be the space of
ultrafilters on w. We then identify each n < w with the principal ultrafilter {E£ Cw :n €
E}. This makes fw \ w the compact subspace of nonprincipal ultrafilters on w, which is
naturally homeomorphic to the space of ultrafilters of the quotient algebra P(w)/[w]<¥.

We will sometimes abbreviate fw \ w by w*.

Definition 1.3.13. An ultrafilter U on a set I is uniform if |A| = |I| for all A € U. For
all infinite cardinals #, let 3x denote Ult(P(x)), which is a Cech-Stone compactification
of k with the discrete topology. Let u(x) denote the subspace of uniform ultrafilters on

K.

Definition 1.3.14. A set is nowhere dense if it is contained in the complement of a
dense open subset. A set is meager if it is contained in a countable union of nowhere

dense sets.
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1.4 Cardinal functions in topology

Definition 1.4.1. Given a space X, let the weight of X, or w(X), be the least k > w
such that X has a base of size at most k. Given p € X, let the character of p, or
X(p, X), be the least k > w such that there is a local base at p of size at most k. Let the
character of X, or x(X), be the supremum of the characters of its points. Analogously
define w-weight and w-character, respectively denoting them using 7 and 7.

A space is first countable if x(X) = w. A space is second countable if w(X) = w.

Example 1.4.2. We have w(X) = max{w, |Clop X|} for all totally disconnected com-

pacta X.

Arhangel’skii’s Theorem states that every compactum X has size at most 2X(X). In
particular, first countable compacta have size at most ¢. The Cech-Pospisil Theorem
states that if X is a compactum and minyex x(p, X) > £ > w, then X > 2%. Therefore,
if X is an infinite homogeneous compactum, then | X| = 2x(X),

For every Tj 5 space X, the weight of X is also the least K > w such that X embeds
into [0, 1]* and the least k > w such that some F € [C'(X)]" separates points and closed
sets.

A space X is metrizable if it has a metric d such that {{q: d(p,q) <27} :n < w}
is a local base at p, for all p € X. A compactum is metrizable if and only if it is
second countable. The Nagata-Smrinov metrization theorem states that a T3 space X
is metrizable if and only if it has a base that is o-locally finite, meaning X has a base
B = U, Bn such that for all n < w and p € X, there is a neighborhood of p that
intersects only finitely many elements of B,,.

If X is a compactum, A is a base of X, and B is a family of open subsets of X, then
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B is a base of X if and only if, for all U,V € A, if U C V, then there is a finite F C B
such that U C |JF C V. This fact will be used repeatedly in Chapter 3 and will be

used in the proof of the following theorem.

Theorem 1.4.3. If g: X — Y is a continuous surjection and X and Y are compacta,

then w(X) > w(Y).

Proof. Let A be a base of X and let B be a base of Y. For every pair U,V € B such that
U C V, there is, by compactness, a finite Fy;y C A such that ¢7'U C |J Fyy C g V.
Let C be the set of all sets of the form intg[|JFyy]. Then C is a base of Y and

€] < [A=] < max{[A], w} < w(X). 0

If X is a product space [[,.; Xi, then w(X) = >, w(X;), 7(X) = > .., 7(X;),
X(X) = 2 ier x(X3), and mx(X) = 32 mx(X).

The following are two weakenings of the notion of base.

el

Definition 1.4.4. A family .¥ of open subsets of a space X is a subbase of X if the set
of finite intersections of elements of . is a base of X. A family of subsets NV of a space
X is a network of X if for every open U C X and p € U, there exists N € N such that

pe N CU.

A map f: X — Y is continuous if and only if there is a subbase . of Y such that

f~1S is open for all S € .7.

Example 1.4.5. Given a product space [[,.; X; and .7 is a subbase of X; for each

iel
i € I, the set of sets of the form 7; 'S = {p € [[,.; : p(i) € S} fori € [ and S € .7 is

a subbase of [[..; X;.
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The notion of a local base at a point naturally generalizes to neighborhood bases of

sets.

Definition 1.4.6. A neighborhood base of a subset E of a space X is a family of open
neighborhoods of E such that every neighborhood of F contains an element of the family.
The character x(E, X) of F in X is the least K > w such that E has a neighborhood

base of size at most x.
The following two cardinal functions are close relatives of character.

Definition 1.4.7. The pseudocharacter ¥(E, X)) of a subset E of a T} space X is least
k > w such that E is the intersection of a family of at most k-many open sets. We say
E is Gs if ¢(F, X) = w. The pseudocharacter 1(p, X) of a point p € X is ¢ ({p}, X).
The pseudocharacter ¢(X) of X is sup,cx ¥(p, X).

The tightness t(p, X) of a point p € X is the least K > w such that for every A C X,

if p € A, then p € B for some B € [A]=*. The tightness t(X) of X is sup,.x t(p, X).

We always have ¢(E, X) < x(E,X) and t(p, X) < x(p, X). Moreover, if X is a

compactum and E is closed, then ¢(FE, X) = x(E, X).

Definition 1.4.8. A zero subset of a space X is a set of the form f~'{0} for some

f € C(X). A subset of X is cozero if it is the complement of a zero set.

Every zero set is a closed Ggs set. Moreover, if X is a compactum, then closed Gy

subsets of X are zero sets.

Definition 1.4.9. The cellularity ¢(X) of a space X is the least k > w such that every
pairwise disjoint family of open subsets of X has size at most k. A space is ccc if its

cellularity is w.
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A regular cardinal k is a caliber of a space X if for every k-sequence (U, )a<x of open

subsets of X there exists I € [k]* such that (,.; U, is not empty.

ael
The density d(X) of a space X is the least £ > w such that X has a dense subset of

size at most k. A space X is separable if d(X) < w.

Clearly, ¢(X) < d(X) < 7(X) < w(X) and ¢(X) < & for all calibers k of X.
Moreover, d(X)", 7(X)", and w(X)™T are all calibers of X. Also notice thatif f: X — Y
is a continuous surjection, then ¢(Y) < ¢(X), d(Y) < d(X), and every caliber of X is a
caliber of Y.

If c([[ic, Xi) < A for all o € [I]<, then c¢([[;c; Xi) < A If & is a caliber of Xj
for all @ € I, then & is a caliber of [[,.; X;. Every known homogeneous compacta H
is a continuous image of a product of compacta each with weight at most ¢; hence,

¢t is a caliber of H. This allows us to uniformly bound the cellularities of all known

homogeneous compacta by c.

1.5 Order theory

This dissertation investigates several cardinal functions defined by order-theoretic base
properties. Just like cellularity, these functions have uniform upper bounds when re-

stricted to the class of known homogeneous compacta.

Definition 1.5.1. A quasiorder is a set with a transitive reflexive binary relation (de-
noted by < unless otherwise indicated). A directed set is a quasiorder in which every
finite set has an upper bound; a k-directed set is a quasiorder in which every set of size
less than k has an upper bound. A partially ordered set, or poset, is a quasiorder such

that p < ¢ < p always implies p = q.
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Definition 1.5.2. Given a subset F of a quasiorder ), let 1o E' = {geQ:Fec Fe<gq
and o FE={¢€Q:Jdec Eqg<e Givenqe Q,let 15q=To1q} and |oq = lo{q}.
A subset C' of a quasiorder Q is cofinal if Q) = |5 C. The cofinality of Q is the smallest

cardinal x such that () has a cofinal subset of size k.
Notice that this definition agrees with Definition 1.2.5 for ordinals.

Definition 1.5.3. A quasiorder is well-founded if every subset contains a minimal ele-
ment. A well-founded quasiorder is well-quasiordered if it does not contain an infinite

set of pairwise incomparable elements.
Every quasiorder has a well-founded cofinal subset.

Definition 1.5.4. Given a quasiorder (@), <), let Q°° denote (Q,>). A subset D of a

quasiorder () is dense if D is cofinal in QQ°P.

Definition 1.5.5. Given a cardinal k, define a poset to be k-like (k°P-like) if no element
is above (below) k-many elements. Define a poset to be almost k°P-like if it has a k°P-like

dense subset.

In the context of families of subsets of a topological space, we always implicitly order

by inclusion. Consider the following order-theoretic cardinal functions.

Definition 1.5.6. Given a space X, let the Noetherian type of X, or Nt(X), be the
least k > w such that X has a base that is x°P-like. Analogously define Noetherian
m-type in terms of m-bases and denote it by 7 Nt(X). Given a subset E of X, let the
local Noetherian type of E in X, or xNt(E,X), be the least kK > w such that there
is a k°P-like neighborhood base of E. Given p € X, let the local Noetherian type of

p, or xNt(p, X), be xNt({p}, X). Let the local Noetherian type of X, or xNt(X), be
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the supremum of the local Noetherian types of its points. Let the compact Noetherian
type of X, or xxgNt(X), be the supremum of the local Noetherian types of its compact

subsets. We call Nt, tNt, xNt, and xg Nt Noetherian cardinal functions.

Noetherian type and Noetherian 7-type were introduced by Peregudov [54]. Preced-
ing this introduction are several papers by Peregudov, Sapirovskii and Malykhin [42, 52,
53, 55] about min{ Nt(-),ws} and min{wNt(:),ws} (using different terminologies). Also,
Dow and Zhou [16] showed that fw \ w has a point with local Noetherian type w. (An
easier construction of such a point will be given in the proof of Theorem 3.5.15, which
is a generalization of a construction of Isbell [32].)

It is also reasonable to define an order-theoretic analog of m-character.

Definition 1.5.7. Let the local Noetherian m-type mxNt(p, X ) of a point p in a space X
denote the least k > w such that p has a k°P-like local m-base. Let the local Noetherian

m-type mxNt(X) of X denote the supremum of the local Noetherian 7-types.

However, it is not known whether there is a space X such that myNt(X) # w.

1.6 Models of set theory

Definition 1.6.1. We will need some model theory.

e A language is a set of constant symbols, n-ary function symbols, and n-ary relation

symbols (for each n < w).

e Given a language £, a (first order) L-structure or L-model M is a list consisting
of set M, the universe of M, and interpretations of each symbol in £: an element

cM € M for each constant symbol ¢ € £, a relation RM C M™ for each n-ary
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relation symbol R € £, and a function FM: M™ — M for each nm-ary function

symbol F' € L. We will often abbreviate M by M.

Given languages £ C L', an L'-structure M’ is an expansion of an L-structure M

if M = M’ and M and M’ agree on their interpretations of symbols in L.

Given £-models M and N, we say M is a submodel of N if M C N, M = ¢V,
FM = FN | M™ and RM = RN N M™ for all constant, function, and relation

symbols ¢, F, R € L.

An L-term with parameters from a set A is an expression built using function
symbols in £, constant symbols in £, elements of A acting as additional constant

symbols, and variable symbols.

An atomic L-formula with parameters from a set A is a formula of the form
R(to, ... ,tn_1) or tg = t; where R is an n-ary relation symbol in £ and tg, ..., t, 1

are L-terms with parameters from A.

An L-formula with parameters from a set A is a logical formula built using exis-
tential quantifiers, universal quantifiers, conjunctions, disjunctions, implications,

negations, bi-implications, and £-terms with parameters from A.

An L-structure M interprets an L-formula by using its interpretations of all sym-
bols in £ and interpreting quantifications dx and Vx by dv € M and Vo € M,

respectively.

An L-structure M satisfies an L-formula, or M |= L, if its interpretation of that

formula is a true statement.
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e An subset S of M" is definable from a subset E of M if M satisfies a formula

©(vo, - . ., V1) with variables v, ..., v,_1 and parameters from E such that for all

ag, .. .,a,—1 € M, we have M |= ¢(ag, ..., a,_1) if and only if (a;);<, € S.
e An element a of M is definable from E if {a} is definable from E.

e A submodel M of an £L-model N is an elementary submodel of N, or M < N, if

M and N satisfy the same L-formulae with parameters from M.

The downward Lowenheim-Skolem Theorem states that for every £-model M and
A C M, there is an elementary submodel N such that A C N and |N| < |A||L|w.

The language of set theory is just a single binary relation symbol: {€}. The standard
list of axioms of set theory is denoted by ZFC. This list is infinite, but has a finite
description. (There is a simple computer algorithm that can decide whether an arbitrary
{€}-formula is one of the ZFC axioms.) The exact contents of ZFC are not important
here, but it should be noted that these axioms are strong enough for the formalization

of almost all of mathematics in the language of set theory.

Definition 1.6.2. Given a regular infinite cardinal 6, let Hy denote the class of all sets
x hereditarily smaller than 6, i.e., those = for which |z| < 0, |y| < @ for all y € x, |z] < 6

forall zeyex, lw<fforalwezeyecu...

The class Hy is actually a set of size 2<¢. Moreover, if 6 is regular and uncountable,
then (Hy, €) satisfies every axiom of ZFC except possibly the power set axiom, which
asserts that for every set A, there is a set P(A) = {B : B C A}. (Hy satisfies all of ZFC
if and only if # is inaccessible.) However, proofs of statements about a fixed object A

almost always talk only about sets of size at most 214! or 2214 (or occasionally some other



19

upper bound). Such proofs are valid in Hy for sufficiently large regular §. Henceforth,
will denote a sufficiently large regular cardinal.

We will use elementary submodels of the {€}-structure Hy (with the symbol “€”
interpreted as actual membership) to greatly simplify and shorten “closing off” argu-
ments that appear in many of our proofs. Sometimes arbitrary elementary submodels
of Hy will not be sufficiently closed off for our purposes. One easy fix is to add constant
symbols for a small number of objects that we care about. For example, it sometimes
suffices simply to expand (Hy, €) to (Hy, €,C(X)) for some space X that we want our

b

elementary substructures to “know” about. When this trick does not suffice, we will use

elementary chains.

Definition 1.6.3. A sequence of models (M,)q<y such that M, < Mz foralla < § <n
is an elementary chain. An elementary chain (M,)a<, is continuous if M, = Uﬁ<a Mg

for all limit @ < 7. A continuous elementary chain of {€ }-models is a continuous €-chain

if M, € Mg for all a < B <.

Given an elementary chain (Ma)a<,, we have M, < J,_, Mg for all @ < n. If we

also have M, < N for all & < n, then |J,,., My < N. If (M,)a<y is a continuous €-chain

a<n
of elementary submodels of Hy, then n C Ua<77 M,. If Ae M < Hy and |A| C M, then
ACM.

Using elementary chains, one can prove that if Kk = ¢fx > w and A is a set of size
less than k, then there exists M < Hy such that |[M| <k, AC M, and M Nk € k. The
last relation is equivalent to the more useful M N [Hy|<" = M N [M]<", which says that

if B € M and |B| < k, then B C M.
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1.7 Forcing

Definition 1.7.1. The Continuum Hypothesis, or CH, is the assertion that 2¥ = wy.
The Generalized Continuum Hypothesis, or GCH, is the assertion that 2% = g™ for all

infinite cardinals k.

Godel proved that ZFC does not refute GCH. Cohen invented the technique of forcing
to prove that ZFC also does not prove CH. In other words, GCH and —CH are both
consistent with ZFC (but not with each other). Since then a flood of consistency results
have been proven using forcing. In Chapter 5, we will extensively use forcing to prove
that many (often mutually inconsistent) statements about the values of Noetherian

cardinal functions for fw \ w are consistent with ZFC.

Definition 1.7.2. A mazimum of a quasiorder () is an element ¢ € () such that p < ¢
for all p € Q. A forcing is a quasiorder with a distinguished maximum. This maximum

is typically denoted by 1.

In the context of forcing, a boolean algebra B refers to the forcing B \ {0}.

Given any finite list of ZFC axioms, ZFC proves that there is a countable transitive
set M such that (M, €) satisfies them. This is all that one needs to prove all of our
consistency results, but for simplicity we posit the existence of a countable transitive
model (M, €) of all of ZFC. There is no danger in doing so because every ZFC proof,
being finite, uses only a finite part of ZFC. (In any case, to get an actual countable
transitive model of ZFC, one need only assume the existence of an inaccessible cardinal.
This is a very mild assumption, the weakest in a grand hierarchy of “large cardinal

axioms.”)
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Definition 1.7.3. Given a subset £ of a quasiorder (), let |, E' denote the set of ¢ € )
for which ¢ has a lower bound in E. A subset F' of a quasiorder @ is a filter if F' = 1y F’
and every finite subset of F' has a lower bound in F'. A filter G of a quasiorder () is

Q-generic over a class M if GG intersects every dense subset D of () for which D € M.

For every quasiorder () and countable set M, one can easily show that there is a
(Q-generic filter over M. If M is also a transitive model of ZFC, then one can say much

more.

Definition 1.7.4. Given a transitive model (M, €) of ZFC and a set E, let M|[E] denote

the intersection of all transitive models (N, €) of ZFC for which N O M U {E}.

Theorem 1.7.5. Let (M, €) be a countable transitive model of ZFC, P a forcing such
that P € M, and G a P-generic filter over M. Then (M[G], €) is a countable transitive

model of ZFC with the same ordinals as M. We call M|[G] a P-generic extension of M.
We can more usefully describe M[G] through names.

Definition 1.7.6. Given M, P, and G as above, the set M¥ of P-names in M is defined
by €-recursion as follows. If o € M and all elements of o are pairs of the form (7, p)
where p € P and 7 is a P-name in M, then o is a P-name in M. The interpretation og
of a P-name o by G is recursively defined as {7 : (7,p) € 0 and p € G}. Every z € M
has a canonical name ¥ recursively defined as {(y,1) : y € z}; hence, 5 = x. The

P-forcing language in M is the set of all {€}-formulae with parameters from MF.

Theorem 1.7.7 (The Forcing Theorem). Given M, P, and G as above, M |G| = {0 :
o € M®}. Moreover, there is a binary relation |- that is definable in M, has domain P,

has codomain consisting of the P-forcing language in M, and has the following properties.
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MIG| cp(ag)), . ,08171)) if and only if p - p(ac©@, ... o™V for some p € G.

1IF ¢ if ¢ is a theorem of ZFC.

IfplF @ and p - @ — ), then plF .

plF @AY if and only if p IF ¢ and p 1= 1.

If ¢ <pandpl- @, then q - .

p IF = if and only if q I ¢ for all ¢ < p.

plF 3z o(c@, ... 0™ 2) if and only if pIF o(c©, ... 0™V 1) for some 7.
We call I+ the forcing relation.

In Chapter 5 and sometimes in this section, instead of talking about generic exten-
sions of countable models, we will use a convenient shorthand. In set theory, V' denotes
the class of all sets. However, in the context of forcing we will implicitly use V, also
referred to as the ground model, to denote a countable transitive model of ZFC. (Among
the advantages of this shorthand is that we can speak directly about an uncountable
forcing P, as opposed to the interpretation of a definition of P by some countable tran-
sitive model M.) The justification for this convention is that all of the implications in

our theorems and proofs are ZFC implications, and as such they are valid in any model

of ZFC.

Definition 1.7.8. We say elements p and ¢ of a forcing P are incompatible and write
p L q if there is no r € P such that p > r < ¢q. We say a subset A of P is an antichain
if p L ¢ for all distinct p,q € A. We say P is ccc if all its antichains are countable. We

say a subset L of P is linked if no two elements of L are incompatible. We say P has
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property (K) if every uncountable subset of P contains an uncountable linked set. We
say a subset C of P is centered if every finite subset of C' has a lower bound in P. We

say P is o-centered if it is the union of some countable family of centered sets.

Every o-centered forcing has property (K); every forcing with property (K) is cce. If P
is a ccc forcing and G is a P-generic over V', then V[G] preserves cardinals and cofinalities,
meaning that if @ € On, then the V-interpretation and V[G]-interpretation of |«| and
cf o are identical. We symbolically denote these identities by writing |a|V%! = |a| and
(cf)Vl¢ = cf a. Moreover, if A € V[G] and A is an infinite subset of V, then there
is a set B € V such that A C B and |A| = |B|. If P also has a dense subset of size
k, then |M|VIEl < (kA)* for all cardinals A and infinite cardinals g. This is because
if Pis ccc and D C P is dense, then p IF ¢ C B implies that p IF ¢ = 7 for some

7= {{b} x A, : b € B} where each A, is a countable antichain contained in D.

Definition 1.7.9. Martin’s Azxiom, or MA, says that for every ccc forcing P and every
family D of fewer than ¢-many dense subsets of P, there is already in V' a filter of P that

meets every dense set in D.

CH implies that D as above must be countable, so CH implies MA. Morever, Solovay
and Tennenbaum proved that if w < kK = k<%, then V[G] = MA + ¢ = & for some ccc

generic extension V|G|, so MA does not imply CH.
Definition 1.7.10. A map f: P — Q between forcings is:

e order preserving if p < q implies f(p) < f(q);

e an order embedding if p < ¢ is equivalent to f(p) < f(q);

e incompatibility preserving if p L ¢ implies f(p) L f(q);
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e a reduction of a map g: Q — P if Vp € P Vq < f(p) 9(q) L p;

e a complete embedding if it is order preserving, is incompatibility preserving, and

has a reduction;

e a dense embedding if it is order preserving, is incompatibility preserving, and has

dense range.

Every order embedding with dense range is a dense embedding; every dense em-
bedding is a complete embedding. Every complete embedding j: P — Q induces an
embedding of names, which in turn induces an embedding of forcing languages. If we
call all these embeddings j, then, for every p € P and every atomic ¢ in the P-forcing
language, p Ik ¢ if and only if j(p) IF j(p). Moreover, if H is Q-generic, then j~'H is

P-generic and V[j~'H] C V[H]. If j is a dense embedding, then V[j'H] = V[H].

Definition 1.7.11. Let Fn(A, B, k) denote the set of partial functions f from A to B
such that |[dom f| < k. Let Fn(A, B) denote Fn(A, B, w). Unless otherwise indicated,

sets of this form are ordered by D.

Definition 1.7.12. A subset of ¢ of w is Cohen over V' if the indicator function y. of ¢

in 2¢ is the union of a generic filter of Fn(w, 2); such a c is also called a Cohen real.

There is a dense embedding from Fn(w, 2) to B/M where B is the Borel algebra of
2¢ and M is the meager ideal, i.e., the set of meager elements of B. It follows that ¢
as above is Cohen over V' if and only if x. avoids every meager set in V. Moreover, for
every k > w there is a dense embedding from Fn(k, 2) to B,/ M, where B, the Borel
algebra of 2% and M, is its meager ideal. (Cohen proved that if G is Fn(w,, 2)-generic,
then V|G| | -CH.) It is also useful to know that Fn(x, 2) has property (K) and that

if I C J C k, then the identity map is a complete embedding of Fn(/, 2) into Fn(J, 2).
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Definition 1.7.13. Given A C [w]|¥ with the SFIP, define the Booth forcing for A to
be [w]<¥ x [A]=¥ ordered by (o9, Fy) < (o1, F1) if and only if Fy O F and 01 C 0y C
01U F1. Define a generic pseudointersection of A to be |J, g o where G is a generic

filter of [w]|<¥ x [A]<.

If o9 = oy, then (og, Fy) > (00, Fo U F1) < (01, F1), so Booth forcing is always

o-centered.

Definition 1.7.14. Hechler forcing, which is denoted by D, consists of pairs of the form
(s, f) € Fn(w, w) x w* where (¢, f') < (s, f) if s Ds, f/(n) > f(n) for all n < w,
and s'(n) > f(n) for all n € dom(s’ \ s). If G is a generic filter of D, then the generic
dominating real or Hechler real g = U<S’f>€Gs € w* dominates w* NV, meaning that

every f € w* NV is eventually dominated by g.
If s =4, then (s, f) > (s,max{f, f'}) < (¢, f), so D is o-centered.

Definition 1.7.15. A subset r of w is random over V' if its indicator function x, avoids
every FF € V such that E is a Borel subset of 2 with Haar measure zero; a random 7 is

also called a random real.

If B is the Borel algebra of 2¢ and N is the so-called null ideal consisting of ze-
ro-measure elements of B, then every (B\ N )-generic filter G is such that (|G = {«} for
some random real z. (There is a natural dense embedding from B\ N to B/N.) Since
2“ has finite Haar measure, it cannot contain uncountably many pairwise disjoint Borel
sets each with positive measure. Hence, B\ N is ccc.

In contrast with Hechler forcing, every element of w® in a (B '\ N)-generic extension

of V is eventually dominated by some element of w* NV.
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Definition 1.7.16. The product P x ) of two quasiorders P and () is defined by

(Po, q0) < (p1,q1) iff po < p1 and go < ¢y

Given forcings P,Q € V, there are complete embeddings ¢ and j from P and Q to
P x Q given by i(p) = (p, Llg) and j(q) = (1p,q). Moreover, if G is a (P x Q)-generic
filter, then G = i 'G x j7'G, i7'G is P-generic over V[j7'G], j7'G is Q-generic over
V[i7'G), and V[i"'G][j7'G] = V[ 'G][i"'G] = V[G]. Furthermore, if P and Q both

have property (K), then so does P x Q.

Definition 1.7.17. Given a forcing P and P-names Q, <g, 1g such that 1o € domQ
and 1p forces Q, <@, and 1g to form a forcing, define the two-step iterated forcing P*Q

as the set of all pairs (p,q) € P x domQ for which p I- ¢ € Q, with the ordering given

by (0',¢') < (p,q) if p <pand p' k¢ <gq.

Given P and Q as above, there is a complete embedding ¢: P — P x Q given by
i(p) = (p, 1g). Moreover, if K is (P x Q)-generic over V, then G = i~ 'K is P-generic
over V and H = {q¢ : Ip € P (p, q) € K} is Qg-generic over V|G|, and V[G]|[H] = V[K].

Next, we define a transfinite generalization of the two-step iteration.

Definition 1.7.18. Finite support iterations are recursively defined as follows. Given
a successor ordinal o + 1 and a finite support iteration (Pg)s<q, we say that(Pg)s<a+1
is a finite support iteration if P, is a quasiordered set of functions all with domain
a + 1 and there is an order isomorphism from some two-step iteration P, x Q, to P,
given by (p,q) — pU {(a,q)}. Given a limit ordinal 7 and a sequence (Pg)s<, such
that (P,),<p is a finite support iteration for all 5 < n, we say that (Ps)s<, is a finite

support iteration if P, is a quasiordered set of functions all with domain 7 and there is
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a bijection A from (J,;_, Pg to P, given by Ps > p — p U (L¢)g<c<y, such that b | Pp is

an order embedding for all 3 < 7.

If (Ps)s<~ is a finite support iteration as above, then every p € P, satisfies p(d) = 1
for all but finitely many 6 < . We call the set of these finitely many d < ~ the support
of p, or supp(p). Also, for all ( < § < ~ there is a complete embedding from P; to Ps
given by p — pU(L,)¢<y<s. Indeed, this map has a natural reduction given by ¢ — ¢ [ ¢.

If (Ps)s<~ is a finite support iteration as above and 1p, forces Qs to be ccc (have
property (K)) for all § < v, then P, is ccc (has property (K)). Conversely, if P, is ccc,

then 1p, forces Qs to be ccc for all § < .

1.8 Combinatorial set theory

Lemma 1.8.1 (Pigeonhole Principle). If f: A — B and max{|B|,k} < |A|, then f is
constant on a set of size k. If f: A — B and |B| < cf|A|, then f is constant on a set

of size |A|.

Definition 1.8.2. A subset C' of a limit ordinal 7 is closed unbounded, or club, if it is
closed (in the order topology) and is a cofinal subset of 7. A subset S of a limit ordinal
n is stationary if it intersects every club subset of 7. A subset & of a set of the form [A]¥

@ C) and every increasing w-sequence

is closed unbounded, or club, if £ is cofinal in ([A]
(En)n<w € €Y has union in €. A subset S of a set of the form [A]“ is stationary if it

intersects every club subset of [A]“.

For all regular infinite cardinals k < A, the set {a& < A : cfa = K} is a stationary
subset of A, the set {sup(M NA): M < Hyg A |M| < A} is a club subset of A\, and the set

{M : M < Hy A\ |M| = w} is a club subset of [Hy|“.
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If S is a stationary subset of a regular uncountable cardinal x, then S can be parti-
tioned into k-many disjoint stationary subsets of k. If C is a family of fewer than x-many
club subsets of a regular uncountable cardinal «, then (| C is a club subset of k. If C is

a countable family of club subsets of [A]“ for some A, then () C is a club subset of [A]“.

Lemma 1.8.3 (Pressing Down Lemma). If S is a stationary subset of a regular un-
countable cardinal k, and f: S — Kk is regressive, i.e., f(a) < a for alla € S, then there

1s a stationary T C k such that T ' C S and f | T is constant.

Definition 1.8.4. A set F is a A-system if there is some r such that a Nb = r for all

distinct a,b € E. Such an r is called the root of E.

Lemma 1.8.5 (A-System Lemma). If E is a set of finite sets and |E| > k = cfk > w,

then there exists a A-system D € [E]".

Definition 1.8.6. Given a stationary subset S of a regular uncountable cardinal x, let
O(S) denote the statement that there is a sequence (Z,)aecs such that for every A C &
there is a stationary 7' C k such that T'C S and ANa = =, for all & € T. Let { denote

<>(w1)-

Jensen first defined ¢ and proved its consistency with ZFC. ZFC proves that ¢

implies CH, but does not prove the converse.

Definition 1.8.7. A Suslin line is a linear order that is ccc with respect to the order

topology yet is not separable.

ZFC~+ GCH neither proves nor refutes the existence of Suslin lines. ZFC+MA +—-CH

refutes the existence of Suslin lines. ZFC + ¢ implies the existence of Suslin lines.
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Definition 1.8.8. A pseudointersection of a subset A of [w]* is an = € [w]* such that

|z \ a| < w for all @ € A. A subset A of [w]“ has the strong finite intersection property,

or SFIP, if | o| = w for all o € [A]<¥.

Every countable A as above has a pseudointersection if it has the SFIP. MA implies

that this implication is also true for all A € [[w]“]<".

Definition 1.8.9. A forcing P is proper if for every uncountable A € V and for every
stationary S C [A]* such that & € V, we have that S remains a stationary subset of
[A]“ in V[G] for every P-generic filter G. The Proper Forcing Axziom, or PFA, asserts
that for every proper forcing P and every family D of w;-many dense subsets of P, there

is already in V' a filter of P that meets every dense set in D.

ZFC proves that PFA implies M A + ¢ = w9, but does not prove the converse. As-

suming sufficiently strong large cardinal axioms, PFA is consistent with ZFC.
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Chapter 2

Amalgams

2.1 Introduction

M. A. Maurice [44] constructed a family of homogeneous compact ordered spaces with
cellularity ¢. All these spaces are zero-dimensional. Indeed, it is easy to see that no com-
pact ordered space with uncountable cellularity can be path-connected. The cone over
any of Maurice’s spaces is path-connected but not homogeneous or ordered. However,
there is a path-connected homogeneous compactum with cellularity ¢ which, though not
an ordered space, has small inductive dimension 1; we construct such a space by gluing
copies of powers of one of Maurice’s spaces together in a uniform way. Moreover, this
space is not homeomorphic to a product of dyadic compacta and first countable com-
pacta. To the best of the author’s knowledge, there is only one other known construction,
due to van Mill [46] (and generalized by Hart and Ridderbos [27]), of a homogeneous
compactum not homeomorphic to such a product, and the homogeneity all spaces so
constructed is independent of ZFC.

The above amalgamation technique also can be used to construct new connectifi-
cations, where a connected (path-connected) space Y is a connectification (pathwise
connectification) of a space X if X can be densely embedded in Y, and the connectifica-

tion is proper if the embedding can be chosen not to be surjective. Whether a space has
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a connectification is uninteresting unless we restrict to connectifications that are at least
T5. For a broad survey of connectification results, see Wilson [71]. Our focus will be on
which T; (T3, T35, metric) spaces have Ty (T3, T35, metric) connectifications or pathwise
connectifications. Only partial characterizations are known. For example, Watson and
Wilson [70] showed that a countable T, space has a T connectification if and only if it
has no isolated points. Emeryk and Kulpa [19] proved that the Sorgenfrey line has a T
connectification, but no T3 connectification. Alas et al [1] showed that every separable
metric space without nonempty open compact subsets has a metric connectification.
Gruenhage, Kulesza, and Le Donne [26] showed that every nowhere locally compact
metric space has a metric connectification.

There are only a handful of results about pathwise connectifications. For example,
Fedeli and Le Donne [22] showed that a nonsingleton countable first countable T3 space
has a T, pathwise connectication if and only if it has no isolated points. Druzhinina
and Wilson [17] showed that a metric space has a metric pathwise connectification if
its path components are open and not locally compact; similarly, a first countable T5
(T3) space has a Ty (T3) connectification if its path components are open and not locally
feebly compact. See also Costantini, Fedeli, and Le Donne [13] for some results about
pathwise connectifications of spaces adjoined with a free open filter.

Suppose i € {1,2,3,3.5} and X has a proper T; connectification. Then X x Z has a
proper T; connectification for all T; spaces Z. Thus, given one proper connectification,
this product closure property gives us a new connectification. We omit the easy proof of
this fact here because we shall prove much stronger amalgam closure properties, which
in many cases are also valid for pathwise connectifications. The reals are a pathwise

connectification of the Baire space w* because w* = R\ Q. By applying amalgam closure
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properties to this particular connectification, we shall prove the following theorem.

Theorem 2.1.1. If i € {1,2,3,3.5}, then every infinite product of infinite topological
sums of T; spaces has a T; pathwise connectification. Fvery countably infinite product of

infinite topological sums of metrizable spaces has a metrizable pathwise connectification.

The previously known result most similar to Theorem 2.1.1 is due to Fedeli and Le
Donne [21]: a product of T, spaces with open components has a T, connectification if

and only if it does not contain a nonempty proper open subset that is H-closed.

2.2 Amalgams

Definition 2.2.1. Given a topological space X, let S(X) denote the set of all subbases

of X that do not include 0.

Let X be a nonempty Tp space and let . € S(X). For each S € ., let Ys be a
nonempty topological space. The amalgam of (Ys : S € .#) is the set Y defined by

v=J [] v

peX peSeY

We say that X is the base space of Y. For each S € ., we say that Ys is a factor of Y.
Every amalgam has a natural projection 7 to its base space: because X is T, we may
define m: Y — X by 7 {p} = [[,eges Ys for all p € X. Amalgams also have natural
partial projections to their factors: for each S € ., define m5: 7715 — Y5 by y — y(9).

Consider sets of the form 7T§1U where S € . and U open in Yg. We say such sets
are subbasic and finite intersections of such sets are basic. We topologize Y by declaring
these basic sets to be a base of open sets. Let us list some easy consequences of this

topologization.
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e For all S € .7, the map mg is continuous and open and has open domain.
e The map 7 is continuous and open.
o If |[Yg|=1forall Se ., thenY = X,

e For each p € X, the product topology of Hpe se.v Ys is also the subspace topology

inherited from Y.

e Suppose, for each S € ¥, that Zg is a subspace of Ys. Then the topology of the

amalgam of (Zg : S € ) is also the subspace topology inherited from Y.
e Suppose, for each S € ., that .#5 is a subbase of Yg. Then the set
{rg!'T:S €. and T € Fs}
is a subbase of Y.

Throughout this chapter, X, ., and (Ys)ges will vary, but Y will always denote
the amalgam of (Yg)gco.
Up to homeomorphism, an amalgam is a quotient of the product of its base space

and its factors. Specifically, the map from X x [[¢., Ys to Y given by
(Z,y) —y{SeS:2eS}

is easily verified to be a quotient map.

We say that a class A of nonempty Ty spaces is amalgamative if an amalgam is al-
ways in A if its base space and all its factors are in A. Therefore, any class of nonempty
Ty spaces closed with respect to products and quotients is amalgamative. In particu-
lar, amalgams preserve compactness, connectedness, and path-connectedness. The next

theorem says that several other well-known productive classes are also amalgamative.
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Theorem 2.2.2. The classes listed below are amalgamative provided we exclude the
empty space. Conwversely, if an amalgam is in one of these classes, then its base space

and all its factors are also in that class.
1. Ty spaces
2. T spaces
3. Ty spaces
4. 13 spaces
5. 155 spaces
6. totally disconnected Ty spaces
7. Ty spaces with small inductive dimension 0

Proof. For (1)-(3), suppose yo and y; are distinct elements of Y. If w(yo) = 7(y1), then
there exists S € domy, = domy; such that yo(S) # y1(S); whence, if Uy and U are
neighborhoods of yo(S) and y;(S) witnessing the relevant separation axiom for yg(.5)
and y1(.5), then 7r§1U0 and 7T§1U1 witness the the same separation axiom for y, and ;.
If 7(yo) # 7(y1), then let Uy and U; be neighborhoods of 7(yy) and 7(y;) witnessing the
relevant separation axiom for m(yo) and m(y;). Then 7~ 'Uy and 7~ 'U; witness the same
separation axiom for yy and y;.

For (4) and (5), suppose C'is a closed subset of Y and y € Y \ C. Then there exist
n < w and (S;)i<, € (domy)™ and (U;);<, such that U; is an open neighborhood of

y(S;) for all i < n and nglUi is disjoint from C'. For each i < n, let V; be an open

<n

neighborhood of y(S;) such that V; C U;. Let U be an open neighborhood of 7(y) such
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that U C i<y Si- Set V = U NN ngjm. Then V' is an open neighborhood of y

<n

and we have

whence, V is disjoint from C.
Now suppose there is a continuous map f: X — [0, 1] such that f(7(y)) = 1 and
fIX \ U] = {0}. For each i < n, likewise suppose there is a continuous map f;: Ys, —

0,1] such that f;(y(S;)) = 1 and f[Ys, \ U;] = {0}. Define g: (._, 7 'S; — [0,1] by

i<n
z = f(7(2))fo(2(S0)) -+ fae1(2(Sn-1)). Define h: 771 (X \U) — [0,1] by z + 0. By
the pasting lemma, g U h is continuous and separates y and C'.

For (6), suppose C' is a nonempty connected subset of Y and X and Ys are totally
disconnected for all S € .. Then 7[C] is connected; whence, 7[C] = {p} for some
p € X. For each S € .77, if p € S, then 7g[C] is connected; whence, |rs[C]| = 1. Thus,
|IC| = 1.

For (7), suppose S € . and U open in Yg and y € mg'U. Let V be a clopen
neighborhood of y(S) contained in U. Then 7T§1V is clopen in 771S. Let W be a clopen
neighborhood of 7(y) contained in S. Then 7#~!W N 75'V is a clopen neighborhood of
y contained in 7T§1U .

For the converse, first note that each of the classes (1)-(7) is closed with respect to

subspaces. Second, Ys can be embedded in Y for all S € . because ] Ys is a

peESEY
subspace of Y for all p € X. Finally, X can be embedded in Y because the amalgam of

({f(9)})ses is homeomorhpic to X for all f € [[g., Ys. O

A countable product of metrizable spaces is metrizable; the next theorem is the

analog for amalgams.
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Theorem 2.2.3. Suppose X and Ys are metrizable for all S € . and there is a count-

able 7 C .7 such that |Yg| =1 for all S € '\ . ThenY is metrizable.

Proof. Since Y is T3 by Theorem 2.2.2; it suffices to exhibit a o-locally finite base for

Y. Foreach T' € .7, let |J, __ Ur, be a o-locally finite base for Yz; let |, __ U, be a

n<w n<w

o-locally finite base for X. For each n < w and 7 € Fn(7, w), set U, , = {U € U, :
U C (dom T} and

Vor = {w‘lU N () #'Ur:U €Uy, and (VT € dom7)(Ur € uT,T(T))}.

TedomT

Then U, ., U, cpn(7,w) Vnr i easily verified to be a o-locally finite base for Y. O

In general, productiveness is logically incomparable to amalgamativeness: the class
of finite Ty spaces is amalgamative but only finitely productive; the class of powers of
2 is productive but not amalgamative. However, all amalgamative classes are finitely
productive because if X € . and |Ys| =1 for all S € .\ {X}, then Y =2 X x Y.

Given Theorem 2.2.2, it is tempting to conjecture that amalgams are really subspaces
of products in disguise. This conjecture is false. To see this, consider the class of
nonempty Urysohn spaces. This class is closed with respect to arbitrary products and

subspaces, yet, as demonstrated by the following example, this class is not amalgamative.

Example 2.2.4. Let X = Q with the topology generated by {Q \ K} and the order
topology of Q where K = {27 : n < w}. Then X is Urysohn. Let Q \ K € .¥ and, for
all S € .7, let |Ys| = 1if S # Q\ K. Set Yy x = 2 (with the discrete topology). Then all

the factors of Y are Urysohn. For each i < 2, define y; € Y by {y;} = 7~ 1{0} ﬂw@\lK{z}

Suppose Uy and U; are disjoint closed neighborhoods of yy and y;, respectively. Then

7[Up] and 7[U;] are neighborhoods of 0. Therefore, 27" € w[Up] N w[U;] for some n < w.
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If 27" € S € ., then |Yg| = 1; hence, {7715 : 2™ € S € .} is a local subbase for y,
where {y,} = 771{27"}. Since 27" € 7[Uy] N w[U;], every finite intersection of elements
of this local subbase will intersect U, and U;. Hence, y, € Uy N U; = Uy N Uy, which is

absurd. Therefore, Y is not Urysohn.

Question 2.2.5. A space is said to be realcompact if it is homeomorphic to a closed

subspace of a power of R. Is the class of nonempty realcompact spaces amalgamative?

Despite Example 2.2.4, there is a sense in which Y is almost homeomorphic to a
subspace of the product of its factors. For each S € .7, let Zg be Yy with an added
point gs whose only neighborhood is Zg. Then Y is easily seen to be homeomorphic to

the set

U{ze HZS:(VSey)(z(S)ZQS©p¢S)}

peX Ses

with the subspace topology inherited from [[g. ., Zs. Moreover, this result still holds if
we make ¢g isolated for all clopen S € .&.
Let us make some auxiliary definitions relating amalgams to continuous maps and

subspaces.

Definition 2.2.6. Suppose, for each S € ., that Zg is a nonempty space and fg: Yg —
Zg. Let Z be the amalgam of (Zg)sc». Then the amalgam of (fs)scs is the map f

defined by

f=U II s

peX peSey

In the above definition, it is immediate that f is a map from Y to Z. Moreover, if
fs is continuous for each S € ./, then f is a continuous map from Y to Z. Similarly,

an amalgam of homeomorphisms is a homeomorphism.
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Definition 2.2.7. Suppose W is a subspace of X. The reduced amalgam of (Ys)secs
over W is the space Z defined as follows. Set 7 = {SNW : S € .} \ {0}. Then
T € S(W). Given Sy, 5 € ., declare Sy ~ Sy if SyNW =S, NW. For each T € .7,
let £(7") be the unique & that is an equivalence class of ~ for which W N (& =T. For

all T € 7, set Zr = [[gc () Ys. Let Z be the amalgam of (Zr)res.

In the above definition, Z is homeomorphic to UpeW Hpe se.s Ys with the subspace

topology inherited from Y.

2.3 Connectifiable amalgams

Theorems 2.2.2 and 2.2.3 demonstrate similarities between products and amalgams. Of
course, amalgams would not be very interesting if there were no major differences be-
tween them and products. Such differences arise for connectedness: unlike a product, an
amalgam can be connected even if all its factors are not; connectedness of the base space
is sufficient in most cases. Path-connectedness of an amalgam with a path-connected
base space is harder to guarantee, but not by much. Some new positive connectification

results fall out as corollaries.

Theorem 2.3.1. Suppose X is connected (path-connected) and there is a finite E C X
such that for all S € . we have E Z S or Ys is connected (path-connected). Then'Y is

connected (path-connected).

Proof. Proceed by induction on |E|. If E = (), then Y is connected (path-connected)
because it is a quotient of the product of its base space and its factors, all of which are

connected (path-connected).
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Now suppose E # () and the theorem holds for all smaller E. Choose e € E and
set ' = E\ {e}. For each S € .7, set Zg = Y if e € S and choose Zg € [Yg]! if
e ¢ S. Hence, if B/ C S € ., then Zg is connected (path-connected) because either
E C S, which implies Zg connected (path-connected) by assumption, or e ¢ S, which
implies |Zs| = 1. Let Z be the amalgam of (Zg)sc». By the induction hypothesis,
Z is a connected (path-connected) subspace of Y. Suppose y € Y and choose [ €
[Iscr Ys extending y. Let I be the amalgam of ({f(S)})scs». Then y € F = X and
(f(S))eeses € F' N Z; hence, the component (path component) of y contains Z. Since

y was chosen arbitrarily, Y is connected (path-connected). O

Example 2.3.2. Suppose X = [0,1] and .¥ = {U C [0,1] : U open} and |Yg| =1 for
all S € #\{[0,1)}. Then Y is homeomorphic to the cone over Y,). If 1 € S € .7,
then |Ys| = 1; hence, Theorem 2.3.1 implies Y is path-connected. Thus, Theorem 2.3.1

may be interpreted as constructing a class of generalized cones.

Corollary 2.3.3. Suppose i € {1,2,3,3.5} and X has a proper T; connectification X
and Ys is T} for all S € .. Then'Y has a proper T; connectification Y. Moreover, if X

18 path-connected, then we may choose Y to be path-connected.

Proof. Fix p € X\ X. For each S € ., let ®(S) be an open subset of X \ {p} such that
®(S)N X = S. Extend ®[.#] to some .¥ € S(X). For all S € .7, set Ya(s) = Ys. For
all S € .\ ®[.7], set Y = 1. Let Y be the amalgam of (Ys)g_ ;. By Theorem 2.2.2, Y
is Tj; by Theorem 2.3.1, Y is connected, for |Yg| =1ifpe S € . Define f: Y — Y as
follows. Given y € Y, let 7(f(y)) = 7(y); set f(y)(P(S)) = y(S) for all S € domy; set
f(y)(S) =0 for all S € .7\ ®[dom y] such that 7(y) € S. Then f is an embedding of ¥

into Y with dense range 7' X; hence, Y is a proper T} connectification of Y. Finally,
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by Theorem 2.3.1, Y is path-connected if X is. O

The previously known result most similar to Corollary 2.3.3 is due to Druzhinina
and Wilson [17]: if all the path components of a Ty (T3, metric) space are open and have
proper pathwise connectifications, then the space has a Ty (13, metric) proper pathwise

connectification.

Proof of Theorem 2.1.1. Every infinite product is an infinite product of countably infi-
nite subproducts; every infinite topological sum is a countably infinite topological sum
of topological sums. Moreover, products preserve the property of having a T; pathwise
connectification; topological sums preserve the T; axiom and metrizability. Therefore,
we only need to prove the theorem for all countably infinite products of countably infi-
nite topological sums. Set X = w* with the product topology. For each m,n < w, let
Zpmn be a nonempty T; space and let Sy, = {p € X : p(m) = n}; set Ys, . = Znn.
Set & = {Smn:m,n <w} € S(X). Then Y =[] _ D, . Zmnn is witnessed by the
map ((Y(Sm,n(y)(m)))m<w)yey- Since X = R\ Q, there is a proper metrizable pathwise
connectification of X, namely a copy of R. By Corollary 2.3.3, Y has a proper T; path-
wise connectification. For the metrizable case, construct a connectification Y of Y as
in the proof of Corollary 2.3.3, with X chosen to be homeomorphic to R. Since .7 is

countable, the space Y is metrizable by Theorem 2.2.3. ]

If we care about connectedness but not path-connectedness, then Theorem 2.3.1 and

Corollary 2.3.3 can be considerably strengthened.

Theorem 2.3.4. Suppose X is connected and either X ¢ . or Yx is connected. Then

Y is connected.
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Proof. Let yo,11 € Y. It suffices to show y; is in the closure of the component of yq. Let U
be a basic open neighborhood of ;. Then there exist n < w and (S;);<, € (domy;)™ and

(U;)i<n such that U; is an open neighborhood of y;(.S;) for all i < nand U = 7T§2,1 U,.

i<n
Then there exists E C X such that E is finite and E € S for all S € {S; :i <n}\{X}.
Choose f € [[gcy Ys extending y. For each S € .7, set Zg = Y if Yy is connected or
S € {S; :i < n}; otherwise, set Zg = {f(S5)}. Let Z be the amalgam of (Zs)sc.». Then
Z is connected by Theorem 2.3.1. Moreover, yo € Z and Z NU # (). Thus, y; is in the

closure of the component of . O

Corollary 2.3.5. Suppose i € {1,2,3,3.5} and X has a T; connectification and Ys is
T; for all S € 7. Further suppose X has a proper T; connectification or X & . or Yx

is connected. Then'Y has a T; connectification.

Proof. If X has a proper T; connectification, then so does Y by Corollary 2.3.3. If
X is T; and connected but has no proper 7T; connectification, then Y is connected by

Theorem 2.3.4. ]

2.4 A new homogeneous compactum

Definition 2.4.1. We say that a homogeneous compactum is exceptional if it is not

homeomorphic to a product of dyadic compacta and first countable compacta.

In the previous section, we constructed a machine for strengthening connectifica-
tion results. Next, we construct a machine that takes a homogeneous compactum and
produces a path-connected homogeneous compactum. Applying this machine to a partic-

ular homogeneous compactum with cellularity ¢, we get a path-connected homogeneous
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compactum with cellularity ¢. Moreover, more careful analysis of the latter space’s
connectedness properties shows that it is exceptional.

All compact groups are dyadic (Kuz'minov [41]), and most other known examples of
homogeneous compacta are products of first countable compacta (see Kunen [37] and
van Mill [46]). Besides the exceptional homogeneous compactum we shall construct,
there is, to the best of the author’s knowledge, only one known construction of an
exceptional homogeneous compactum, and its soundness is independent of ZFC. In [46],
van Mill constructed a compactum K satisfying 7(K) = w (where 7(-) here denotes
m-weight) and x(K) = w;. Clearly, x(Z) = w < 7(Z) for all first countable spaces Z.
Moreover, Efimov [18] and Gerlits [24] independently proved that mx(Z) = w(Z) for
all dyadic compacta Z. Hence, x(Z) < w(Z) for all Z homeomorphic to products of
dyadic compacta and first countable compacta; hence, K is not homeomorphic to such a
product. Under the assumption p > w; (which follows from MA 4+—-CH), van Mill proved
that K is homogeneous. However, van Mill also noted that all homogeneous compacta
7 satisfy 2X(9) < 27(%) as a corollary of a result of Van Douwen [15]. In particular, if

2¢ < 2 then K is not homogeneous.

Remark 2.4.2. Hart and Ridderbos’ [27] generalization of van Mill’s construction pro-
duces only compacta that have the properties of K listed above. However, van Mill’s K
is infinite dimensional, while Hart and Ridderbos produce a zero-dimensional example.
It is not clear whether there is a consistently homogeneous compactum Z satisfying
0 <indZ <w and 7(Z) < x(Z). Our machine for producing path-connected homoge-
neous compacta will get us 0 < ind Z < w, but it will also be easy to see that it entails

mx(Z) > c.

Definition 2.4.3. Given a group G acting on a set A with element a, let the stabilizer



43

of a in G denote {g € G : ga = a}.

Definition 2.4.4. Given a topological space Z, let Aut(Z) denote the group of auto-
homeomorphisms of Z. Let Aut(Z) act on Z in the natural way: gz = g(z) for all z € Z
and g € Aut(Z). Let Aut(Z) act on P(P(Z)) such that g€ = {g[E] : £ € £} for all
E CP(Z) and g € Aut(2).

Lemma 2.4.5. Let G be the stabilizer of .7 in Aut(X). Suppose Z is a homogeneous
space and Ys = Z for all S € .. Further suppose G acts transitively on X. Then 'Y is

homogeneous.

Proof. Let yo,y1 € Y. Choose g € G such that g(m(yg)) = 7(y1). Define f: Y — Y as
follows. Given y € Y, let 7(f(y)) = g(mw(y)) and f(y)(gS) = y(S) for all S € domy.
Then f € Aut(Y) because f[rg'U] = m,gU and f~!(ng'U) = 71';_115(] for all S € .7
and U open in Z. Since yi, f(yo) € Z9™¥ there exists (hg)ser € Aut(Z)” such that
(HSedomy1 hs)(f(vo)) = y1. Let h be the amalgam of (hs)ses. Then h € Aut(Y) and

h(f(yo)) = y1. Thus, Y is homogeneous. O

Lemma 2.4.6. Suppose X and Ys are T3 and indYs =0 for all S € .. Then indY =

ind X.

Proof. Set n = ind X. By (7) of Theorem 2.2.2, we may assume n > 0. We may also
assume the lemma holds if X is replaced by a T3 space with small inductive dimension
less than n. First, Y is T3 by Theorem 2.2.2. Next, given any f € [[g., Ys, the
amalgam of ({f(S)})ses is homeomorphic to X; hence, indY > n. Let y € Y and let

U be an open neighborhood of y. Then y € Vo C U where Vi =

-1
iem T, Ui for some

m < w and (S;)i<m € (domy)™ and (U;);<m such that U; is a clopen neighborhood of
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y(S;) for all i < m. Let W be an open neighborhood of 7(y) such that W C (,_,. S;
and indOW < n. Set Vi = VonatW.

It suffices to show that ind 9V} < n. Set Vo = 77 10W. Then 0V, = V, N Vs; hence,
it suffices to show that ind V, < n. Let Z be the reduced amalgam of (Yg)ge s over OW.
Then Z = V5 and ind Z = ind OW because ind OW < n and every factor of Z, being a

product of factors of Y, has small inductive dimension 0. n

Theorem 2.4.7. There is a path-connected homogeneous compact Hausdorff space Y
with cellularity ¢, weight ¢, and small inductive dimension 1. Moreover, Y is not home-
omorphic to a product of compacta that all have character less than ¢ or have cf(c) a

caltber. In particular, Y is exceptional.

Proof. Let X be the unit circle {(z,y) € R?: 224+y* = 1}. Let .¥ be the set of open semi-
circles contained in X. Let v be an indecomposable ordinal (i.e., not a sum of two lesser
ordinals) strictly between w and w;. For each S € ., let Yy be 27 with the topology in-
duced by its lexicographic ordering. It is easily seen that Yy is zero-dimensional compact
Hausdorff and w(Ys) = ¢(Ys) = ¢. Moreover, Ys is homogeneous [44]. Since |.7| = ¢, we
have w(Y) = ¢(Y) = ¢. Moreover, Y is compact Hausdorff by Theorem 2.2.2. Since no
S € . contains a pair of antipodes, Y is path-connected by Theorem 2.3.1. The stabi-
lizer of . in Aut(X) contains all the rotations of X and therefore acts transitively on X;
hence, Y is homogeneous by Lemma 2.4.5. Also, by Lemma 2.4.6, indY =ind X = 1.
Seeking a contradiction, suppose Y is homeomorphic to a product of compacta that
all have character less than ¢ or have cf(c) a caliber. Then there exist a compactum Z
with cf(c) a caliber, a sequence of nonsingleton compacta (W;);es all with character less

than ¢, and a homeomorphism ¢ from Z x [[..; W; to Y. Clearly, W; is path-connected

el

for all i € I. Choose p € X. Then ¢ '7m~{p} is a Gs-set; hence, there exist a nonempty
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Zy € Z and J € [I]=* and ¢ € [[,;c, W; such that Zy x {q} x [[,cp, Wi € ¢~ 'n{p}.
Since 7 {p} = [l g Ys, which is zero-dimensional, Zy x {q} x [Licns Wi is also
zero-dimensional; hence, [],. nJ W; is also zero-dimensional. Hence, W; is not connected

for all i € I'\ J; hence, I = J; hence, I is countable. Set W = [[..; W;. Then x(W) < ¢

i€l
because cf(¢) > w.

Let H C X be an open arc subtending 7/2 radians. Set .7 ={S € .¥/ : H C S}.
Then |.7| = ¢. Choose a nonempty open box UxV C ZxW such that UxV C o 'n 'H

and U = | U, where U, is open and U,, C U,+1 for all n < w. Choose r € V and

n<w
set kK = x(r, W) < ¢. Let (V,)a<x enumerate a local base at r. By compactness, we may
choose, for each o < K and n < w, a finite set o, , of basic open subsets of ¥ such that
U, x{r}Co 'l Ona C Unp1 x Vi Set G = U, ., Nacr U Tna- Since & < ¢, there exist
nonempty #Z € .7 and E C ,cy [ eses\2 Ys such that G = E x [[g, Ys. Hence,
¢(@) = ¢. Since p'G = U x {r}, we have ¢(U) = ¢. Since U is an open subset of Z, we

have ¢(Z) > ¢, which yields our desired contradiction, for cf(c) € cal(Z). O

Remark 2.4.8. If there is a homogeneous compactum with cellularity x > ¢ (that is,
if Van Douwen’s Problem (see Kunen [37]) has a positive solution), then the proof of
Theorem 2.4.7 is easily modified to produce a path-connected homogeneous compactum
with cellularity .

It is also easy to modify the above proof so that the unit circle is replaced with an
n-dimensional sphere or torus, thereby producing a Y as in Theorem 2.4.7 except it is
n-dimensional. The unit circle can also be replaced by its wth power so as to produce a

Y as in Theorem 2.4.7 except it is infinite dimensional.
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Chapter 3

Noetherian types of homogeneous

compacta and dyadic compacta

3.1 Introduction

Van Douwen’s Problem (see Kunen [37]) asks whether there is a homogeneous com-
pactum of cellularity exceeding ¢. A homogeneous compactum of cellularity ¢ exists by
Maurice [44], but Van Douwen’s Problem remains open in all models of ZFC.

By Arhangel’skii’s Theorem, first countable compacta have size at most ¢; dyadic
compacta (such as compact groups [41]) are ccc. Since the cellularity of a product space
equals the supremum of the cellularities of its finite subproducts (see p. 107 of [35]), all
nonexceptional homogeneous compacta have cellularity at most ¢. To the best of the
author’s knowledge, there are only two classes of examples of exceptional homogeneous
compacta; these two kinds of spaces have cellularities w and c.

(In particular, Hart and Kunen [28] have observed that by a result of Uspenskii [69],
not only is every compact group dyadic, but every space (such as a compact quasigroup)
that is acted on continuously and transitively by some w-bounded group is Dugundji,
which is stronger than being dyadic.)

We investigate several cardinal functions defined in terms of order-theoretic base
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properties. Just like cellularity, these functions have upper bounds when restricted to
the class of known homogeneous compacta. Moreover, GCH implies that one of these

functions is a lower bound on cellularity when restricted to homogeneous compacta.

Observation 3.1.1. Every known homogeneous compactum X satisfies the following.

1. Nt(X) <ct.

2. TNt(X) < wy.
3. xNt(X) = w.

We justify this observation in Section 3.2, except that we postpone the case of ho-
mogeneous dyadic compacta to Section 3.3, where we investigate Noetherian cardinal
functions on dyadic compacta in general. The results relevant to Observation 3.1.1 are

summarized by the following theorem.

Theorem 3.1.2. Suppose X is a dyadic compactum. Then mNt(X) = xgNt(X) = w.

Moreover, if X is homogeneous, then Nt(X) = w.

Also in Section 3.3, we generalize the above theorem to continuous images of products

of compacta with bounded weight; we also prove the following:

Theorem 3.1.3. The class of Noetherian types of dyadic compacta includes w, excludes
wr, includes all singular cardinals, and includes k* for all cardinals k with uncountable

cofinality.

Section 3.4 generalizes our results about dyadic compacta to the proper superclass

of k-adic compacta.
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Finally, in Section 3.5, we prove several results about the local Noetherian types of

all homogeneous compacta, known and unknown, including the following theorem.

Theorem 3.1.4 (GCH). If X is a homogeneous compactum, then x Nt(X) < ¢(X).

3.2 Observed upper bounds on Noetherian cardinal
functions

First, we note some very basic facts about Noetherian cardinal functions.

Definition 3.2.1. Given a subset E of a product [[,.; X; and o € [I]<¥, we say that

E has support o, or supp(E) = o, if E = 7, 'n,[E] and FE # n-'m [E] for all 7 C 0.

Theorem 3.2.2. Given a point p and a compact subset K of a product space X =

[Lic; Xi, we have the following relations.
Nt(X) < sup Nt(X;)
iel

TNt(X) < supTNt(X;)

el

xNt(p, X) < sup xNt(p(i), X;)

icl

XNH(EK, X) < sup xNt(m,[K], mo[X])

oe[I]<w
Proof. See Peregudov [54] for a proof of the first relation. That proof can be easily
modified to demonstrate the next two relations. Let us prove the last relation. For
each o € [I]<¥, set k, = XNt(7,|K], 7,[X]) and let A, be a k2-like neighborhood base
of m,[K]. For each o € [I]<%, let B, denote the set of sets of the form 7 'U where

U € A, and supp(U) = o. Note that if U € A, and supp(U) C o, then there exists

=
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7 Coand V € A, such that 7'V C 7, 'U. Moreover, for any minimal such 7, we have
'V e B;.

Set B = er[1]<w B,. By compactness, B is a neighborhood base of K. Moreover, if
o,7 € [I]<¥ and B, 2 U CV € B,, then ¢ = supp(U) 2 supp(V') = 7; hence, given U,
there are at most (sup,c, k,)-many possibilities for V. Thus, B is (sup,e(j<« £ )°P-like

as desired. ]
Lemma 3.2.3. Every poset P is almost |P|°P-like.

Proof. Let k = |P| and let (py)a<x enumerate P. Define a partial map f: k — P as
follows. Suppose o < x and we have a partial map f,: a« — P. If ran f, is dense in
P, then set f,i1 = fo. Otherwise, set § = min{d < k : ps 2 ¢ for all ¢ € ran f,} and
let fao11 be the smallest map extending f, such that f,.i(a) = ps. For limit ordinals
v < kK, set fy =, ., fa. Then f, is nonincreasing; hence, ran f,; is £°-like. Moreover,

ran f, is dense in P. O]

Theorem 3.2.4. For any space X with point p, we have

xNt(p, X) < x(p, X),

TNHX) < 7(X),

o Nt(X) <w(X)*, and

X Nt(X) <w(X).

Proof. The first two relations immediately follow from Lemma 3.2.3; the third relation
is trivial. For the last relation, note that if K is a compact subset of X, then it has a

neighborhood base of size at most w(X); apply Lemma 3.2.3. ]
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Given Theorem 3.2.2, justifying Observation 3.1.1 for Nt(-), 7Nt(-), and yxNt(-)
amounts to justifying it for first countable homogeneous compacta, dyadic homogeneous
compacta, and the two known kinds of exceptional homogeneous compacta. The first
countable case is the easiest. By Arhangel’skii’s Theorem, first countable compacta have
weight at most ¢, and therefore have Noetherian type at most ¢*. Moreover, every point
in a first countable space clearly has an w°P-like local base. The only nontrivial bound

is the one on Noetherian 7-type. For that, the following theorem suffices.

Definition 3.2.5. Give a space X, let msw(X) denote the least x such that X has a

m-base A such that (B = 0 for all B € [A]*".

Theorem 3.2.6. If X is a compactum, then tNt(X) < wsw(X)T < t(X)T < x(X)T.

Proof. Only the second relation is nontrivial; it is a theorem of Sapirovskif [60]. O

For dyadic homogeneous compacta, it is trivially seen that Theorem 3.1.2 implies
Observation 3.1.1; we will prove this theorem in Section 3.3. Now consider the two
known classes of exceptional homogeneous compacta. They are constructed by two

techniques, resolutions and amalgams. First we consider the exceptional resolution.

Definition 3.2.7. Suppose X is a space, (Y,),ex s a sequence of nonempty spaces, and
(fp)pex € [Lyex C(X \{p},Y},). Then the resolution Z of X at each point p into Y, by
fp is defined by setting Z = | x({p} x Y}) and declaring Z to have weakest topology
such that, for every p € X, open neighborhood U of p in X, and open V' C Y, the set

U ®V is open in Z where

veV={pxV)u |J (g x¥).

qeunfpy v
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The resolution of concern to us in constructed by van Mill [46]. It is a compactum
with weight ¢, m-weight w, and character w;. Moreover, assuming MA + —-CH (or just
p > wi), this space is homogeneous. (It is not homogeneous if 2 < 2“1.) Clearly, this
space has sufficiently small Noetherian type and 7-type. We just need to show that it
has local Noetherian type w. Van Mill’s space is a resolution of 2¥ at each point into
Tt where T is the circle group R/Z.

Notice that T is metrizable. The following lemma proves that every metric com-

pactum has Noetherian type w, along with some results that will be useful in Section 3.3.

Lemma 3.2.8. Let X be a metric compactum with base A. Then there exists B C A

satisfying the following.
1. B is a base of X.
2. B is wP-like.
3. IfUVeEBandUCV, thenU C V.

4. For allT € [B]=¥, there are only finitely many U € B such that ' contains {V €

B:UCV}.

Proof. Construct a sequence (3,,),,«, of finite subsets of A as follows. For each n < w,
let E, be the union of the set of all singletons in |J,,_, B Let C, be the set of all

U e A for which UNE, = { and

27" > diam U < min{diamv Ve U B,, and 0 < diamV}

m<n
and U C V for all V € |,,_, B strictly containing U. Then |JC, = X \ E,. Let B,

be a minimal finite subcover of C,. Set B = |J,__ B,. To prove (3), suppose U € B,

n<w
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and V € B,,, and U C V. Then m # n by minimality of B,,. Also, 0 < diam V' because
) £ U C V. Hence, if m > n, then diamV < diam U, in contradiction with U C V.
Hence, m < n; hence, U C V.

For (1), let p € X and n < w, and let V' be the open ball with radius 27" and center
p. Then we just need to show that there exists U € B such that p € U C V. Hence, we
may assume {p} & B. Hence, p ¢ E, 1; hence, there exists U € B, such that p € U.
Since diam U < 27!, we have U C V.

For (2), let n < w and U € B,,. If U is a singleton, then every superset of U in B is
in Umgn B,,. If U is not a singleton, then U has diamater at least 27" for some m < w;
whence, every superset of U in B is in J,,,, Bi-

For (4), suppose I' € [B]<¥ and there exist infinitely many U € B such that {V €
B:U CV} CTI. We may assume I' contains no singletons. Choose an increasing
sequence (kp)n<, in w such that, for all n < w, there exists U,, € By, such that {V €
B:U, CV} CT. For each n < w, choose p, € U,. Since {U, : n < w} is infinite,
we may choose (p,)n<, such that {p, : n < w} is infinite. Let p be an accumulation
point of {p, : n < w}. Choose m < w such that 27™ < diamV for all V' € T". Since p
is not an isolated point, there exists W € B, such that p € W. Then W & I'; hence,
W does not strictly contain U, for any n < w. Choose ¢ € W \ {p} such that W
contains {x : d(p,x) < d(p,q)}; set r = d(p,q). Let B be the open ball of radius r/2
centered about p. Then there exists n < w such that 27% < r/2 and p, € B. Hence,
diam U, < r/2 and U, N B # 0; hence, U,, C W and ¢q & U,; hence, U, C W, which
is absurd. Therefore, for each I' € [B]<“, there are only finitely many U € B such that

(VeB:UCV}CT. 0

We have Nt(2¥) = Nt(T“!) = w by Lemma 3.2.8 and Theorem 3.2.2. Therefore, the
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following theorem implies that van Mill’s space has local Noetherian type w.

Lemma 3.2.9 ([46]). Suppose X, (Y,)pex, (fp)pex, and Z are as in Definition 3.2.7.
Suppose U 1s a local base at a point p in X andV is a local base at a point y in'Y,. Then

{UV (U V)yelUd x (VU{Y,})} is a local base at (p,y) in Z.

Theorem 3.2.10. Suppose X, (Y,)pex, (fp)pex, and Z are as in Definition 3.2.7. Then

xNt({p,y), Z) < N{(X)xNt(y,Y,) for all (p,y) € Z.

Proof. Set k = Nt(X)xNt(y,Y,). Let A be a xk°P-like base of X and let B be a x°P-like
local base at y in Y,; we may assume Y, € B. Set C = {U € A :p € U}. Set
D={U®V :(UV) e€C x B}, which is a local base at (p,y) in Z by Lemma 3.2.9. If
there exists U ® V' € D such that U N f;'V = (), then U ® V is homeomorphic to V;
whence, xNt({(p,y), Z) = xNt(y,Y,) < k. Hence, we may assume U N f, 'V # () for all
UV eD.

It suffices to show that D is k°P-like. Suppose U; ® V; € D for all © < 2 and
Uy@Vy CU, ®Vi. Then Vo C V; and 0 # U, ﬂfp_lvo cCU N fp_lvl. Since B is k°P-like,
there are fewer than x-many possibilities for V; given V4. Since A is a k°P-like base,
there are fewer than k-many possibilities for U; given U, and V;. Hence, there are fewer

than k-many possibilities for U; ® Vi given Uy ® V. O

Definition 3.2.11. Let p denote the least x for which some A € [[w]*]* has the strong
finite intersection property but does not have a nontrivial pseudointersection. By a
theorem of Bell [10], p is also the least x for which there exist a o-centered poset P and
a family D of k-many dense subsets of P such that P does not have a filter that meets

every set in D.
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Definition 3.2.12. Given a space X, let Aut(X) denote the set of its autohomeomor-

phisms.

Van Mill’s construction has been generalized by Hart and Ridderbos [27]. They
show that one can produce an exceptional homogeneous compactum with weight ¢ and
m-weight w by carefully resolving each point of 2“ into a fixed space Y satisfying the

following conditions.

1. Y is a homogeneous compactum.

2. w; < x(Y) <w() <p.

3. deY IneAut(Y) {n(d):n<w}=Y.
4. If yw is a compactification of w and yw \ w = Y, then Y is a retract of yw.

By Theorem 3.2.10, to show that such resolutions have local Noetherian type w, it
suffices to show that every such Y has local Noetherian type w. Theorem 3.2.15 will

accomplish this.

Theorem 3.2.13. Suppose X is a compactum and wx(p, X) = x(¢q, X) for all p,q € X.

Then xNt(p, X) = w for some p € X. In particular, if X is a homogeneous compactum

and Tx(X) = x(X), then xNt(X) = w.

The proof of Theorem 3.2.13 will be delayed until Section 3.5.

The following lemma is essentially a generalization of a similar result of Juhdsz [36].

Lemma 3.2.14. Suppose X is a compactum and w = d(X) < w(X) < p. Then there

exists p € X such that x(p, X) < 7(X).
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Proof. Let A be a base of X of size at most w(X). Let B be a m-base of X of size at
most 7(X). For each (U, V') € B? satisfying U C V, choose a closed Gs-set ®(U, V') such
that U C ®(U,V) C V. Then ran ®, ordered by C, is o-centered because d(X) = w.
Since | A| < p, there is a filter G of ran ® such that for all disjoint U,V € A some K € G
satisfies UN K = () or VN K = (). Hence, there exists a unique p € (|G. Hence, p has

pseudocharacter, and therefore character, at most |G|, which is at most 7(X). O

Theorem 3.2.15. If X is a homogeneous compactum and w = d(X) < w(X) < p, then

XNt(X) =w.

Proof. By Lemma 3.2.14, x(X) < 7(X) = mx(X)d(X) = mx(X). Hence, by Theo-

rem 3.2.13, xNt(X) = w. O

Recall the most basic definitions and notation for amalgams.

Definition 3.2.16. Suppose X is a T} space, . is a subbase of X such that () € .7,
and (Ys)ses is a sequence of nonempty spaces. The amalgam Y of (Ys : S € %) is
defined by setting YV = | cx [[,csc» Ys and declaring Y to have the weakest topology
such that, for each S € . and open U C Yg, the set 7r§1U is open in Y where 7T§1U =
{peY :S edompand p(S) € U}. Define w: Y — X by {n(p)} = (domp for all

p €Y. It is easily verified that 7 is continuous.

Theorem 3.2.17. Suppose X, .7, (Ys)ser, and Y are as in Definition 3.2.16. Then

we have the following relations for all p € Y.
Nt(Y) < Nt(X) sup Nt(Yy)
Se.s

TNt(Y) < wNt(X) sup nNt(Ys)
Ses

XNt(p,Y) < xNt(m(p), X) sup xNt(p(S),Ys)

Sedom p
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Proof. We will only prove the first relation; the proofs of the others are almost identical.
Set k = Nt(X)supge s Nt(Ys). Let A be a £°P-like base of X. For each S € ., let Bg
be a k°P-like base of Yg. Set
C = {WlUﬂ ﬂ T T(S) T € U H Bs\{Ys}and A>U C ﬂdomr}.
Sedom T FelF)<w SeF
Then C is clearly a base of Y. Let us show that C is x°P-like. Suppose 7 'U; N
Nsedom 75 7i(S) € C for all i < 2 and

T Un (] mgn(S)Cattin () 7wg'n(s).

Sedom 1o Sedom

Then Uy C U; and dom 1y 2 dom 7y and 79(.S) C 71(.S) for all S € dom 7. Hence, there

are fewer than xk-many possibilities for U; and 7 given Uy and 7. [

An exceptional homogeneous compactum Y is constructed with X = T and w(Ys) =
m(Ys) = ¢ and x(Ys) = w for all S € .. Hence, Nt(Ys) < ¢© and xNt(Ys) = w
for each S € .. Moreover, each Ys is 2] (i.e., 27 ordered lexicographically) where
v is a fixed indecomposable ordinal in w; \ (w + 1). Since cfy = w, it is easy to
construct an w°P-like m-base of this space. Hence, by Theorem 3.2.17, Nt(Y) < ¢t and
TNt(Y) = xNt(Y) = w. Thus, Observation 3.1.1 is justified for Nt(-), 7Nt(-), and
XAVE(-).

It remains to justify Observation 3.1.1 for yxNt(-). We first note that all known
homogeneous compacta are continuous images of products of compacta each of weight at
most ¢. (Moreover, any Z as in Definition 3.2.16 is a continuous image of X x[]¢., ¥s.)

Therefore, the following theorem will suffice.

Theorem 3.2.18. Suppose Y is a continuous image of a product X = [[.., X; of

iel

compacta. Then xxgNt(Y) < sup,c; w(X;)
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Before proving the above theorem, we first prove two lemmas.

Definition 3.2.19. Given subsets P and () of a common poset, define P and @) to be
mutually dense if for all py € P and ¢y € @ there exist p; € P and ¢; € @ such that

Ppo > ¢ and qo > pr.

Lemma 3.2.20. Let k be a cardinal and let P and Q) be mutually dense subsets of a

common poset. Then P is almost k°P-like if and only if Q) is.

Proof. Suppose D is a k°P-like dense subset of P. Then it suffices to construct a x°P-like
dense subset of Q. Define a partial map f from |D|t to @ as follows. Set fo = 0.
Suppose a < |D|* and we have constructed a partial map f, from « to Q). Set F =
{de D:d#%qforalqeranf,}. If E =0, then set f,11 = fo. Otherwise, choose
q € @ such that g < e for some e € E, and let f,,; be the smallest function extending
fa such that f,i1(a) = ¢. For limit ordinals v < |D|*, set f, = Ua<y fa- Set f = fipj+.

Let us show that ran f is xk°P-like. Suppose otherwise. Then there exists ¢ € ran f
and an increasing sequence (£,)a<x in dom f such that ¢ < f(&,) for all @« < k. By
the way we constructed f, there exists (da)a<x € D" such that f(£3) < dg # d, for all
a < 3 < k. Choose p € P such that p < q. Then choose d € D such that d < p. Then
d <dg # d, for all @ < 8 < k, which contradicts that D is x°P-like. Therefore, ran f is
k°P-like.

Finally, let us show that ran f is a dense subset of (). Suppose g € ). Choose p € P
such that p < q. Then choose d € D such that d < p. By the way we constructed f,

there exists r € ran f such that » < d; hence, r <q. O

Lemma 3.2.21. Suppose f: X — Y is a continuous surjection between compacta and

C' is closed in'Y. Then xNt(f1C, X) = xNt(C,Y).
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Proof. Let A be a neighborhood base of C. By Lemma 3.2.20, it suffices to show that
{f~'V : V € A} is a neighborhood base of f~'C. Suppose U is a neighborhood of
f71C. By normality of Y, we have f~'C' =, f~'V. By compactness of X, we have
f~'V C U for some V € A. Thus, {f~'V : V € A} is a neighborhood base of f~1C' as

desired. O

Proof of Theorem 3.2.18. By Lemma 3.2.21, we may assume Y = X. By Theorem 3.2.2,

we may assume [ is finite. Apply Theorem 3.2.4. O

How sharp are the bounds of Observation 3.1.17 (3) is trivially sharp as every
space has local Noetherian type at least w. We will show that there is a homogeneous
compactum with Noethian type ¢*, namely, the double arrow space. Moreover, we will
show that Suslin lines have uncountable Noetherian m-type. It is known to be consistent
that there are homogeneous compact Suslin lines, but it is also known to be consistent
that there are no Suslin lines. It is not clear whether it is consistent that all homogeneous
compacta have Noetherian 7-type w, even if we restrict to the first countable case. Also,
it is not clear in any model of ZFC whether all homogeneous compacta have compact
Noetherian type w, even if we restrict to the first countable case.

The following proposition is essentially due to Peregudov [54].
Proposition 3.2.22. If X is a space and m(X) < cfk < k <w(X), then Nt(X) > k.

Proof. Suppose A is a base of X and B is m-base of X of size 7(X). Then |A| > k;
hence, there exist U € [A]* and V' € B such that V' C (U. Hence, there exists W € A

such that W C V C MU, hence, A is not x°P-like. O

Example 3.2.23. The double arrow space, defined as ((0,1] x {0}) U ([0,1) x {1})
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ordered lexicographically, has m-weight w and weight ¢, and is known to be compact and

homogeneous. By Proposition 3.2.22, it has Noetherian type ¢*.
Theorem 3.2.24. Suppose X is a Suslin line. Then nNt(X) > w;.

Proof. Let A be a m-base of X consisting only of open intervals. By Lemma 3.2.20,
it suffices to show that A is not w°P-like. Construct a sequence (B, )<, of maximal
pairwise disjoint subsets of A as follows. Choose By arbitrarily. Given n < w and B,
choose B, 41 such that it refines B, and B, N B, C [X].

Let E denote the set of all endpoints of intervals in | J _  B,. Since X is Suslin, there

n<w
exists U € A\ [X]! such that U N E = (). For each n < w, the set |JB, is dense in X
by maximality; whence, there exists V,, € B,, such that U NV, # (). Since UNE = ),

we have U C () _, V. Thus, A is not w°P-like. O

n<w

MA + —CH implies there are no Suslin lines. It is not clear whether it further implies
every homogeneous compactum has Noetherian 7w-type w. However, the next theorem
gives us a partial result. First, we need a lemma very similar to the result that MA+—-CH

implies all Aronszajn trees are special.

Lemma 3.2.25. Assume MA. Suppose Q is an wi-like poset of size less than ¢. Then

Q is almost w°P-like or ) has an uncountable centered subset.

Proof. Set P = [Q]<“ and order P such that ¢ < 7 if and only if o N o7 = 7. A
sufficiently generic filter G of P will be such that |JG is a dense wP-like subset of Q.
Hence, if P is ccc, then @ is almost w°P-like. Hence, we may assume P has an antichain
A of size wy;. We may assume A is a A-system with root p. Since @ is wi’-like, we

may assume o N 1o p = p for all o € A. Choose a bijection (@q)a<w, from w; to A.
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We may assume there exists an n < w such that |a, \ p| = n for all & < w;. For each
a < wi, choose a bijection (aq;)icn from n to a, \ p. For each z € @ and i < n, set
E,i ={a<w 2 <gas,;ora,; <gz}. For each o < wy, since A is an antichain, we
have U;,, U; <, Fa.;j = wi. Choose a uniform ultrafilter ¢ on w;. Then we may choose
Be[(UA)\ p]“r and i < n such that E,; € Y for all z € B.

It suffices to show that B is centered. Let o € [B]<“. Set E = () ., Ez;. Then

rEo

E € U; hence, |E| = wy; hence, we may choose a € E'\ {# < wi : ag; € Too}. Then

aq; <g x for all z € 0. Thus, B is centered. O

Lemma 3.2.26. Suppose f: X — Y is an irreducible continuous surjection between

spaces and X is reqular. Then tNt(X) = nNt(Y).

Proof. Let A be a mNt(X)P-like m-base of X and let B be a mNt(Y)P-like m-base
of Y. By Lemma 3.2.20, we may assume A consists only of regular open sets. Set
C={f"'U:U e B}. Then C is 7 Nt(Y)-like. Suppose U is a nonempty open subset
of X. Then we may choose V' € B such that V' N f[X \ U] = (. Then f~'V C U. Thus,
C is a m-base of X; hence, TNt(X) < 7 Nt(Y).

Set D = {Y \ fIX\U] : U € A}. Suppose V is a nonempty open subset of Y.
Then we may choose U € A such that U C f~'V. Then Y \ f[X \ U] C V. Thus, D
is a m-base of Y. Now suppose Uy, U; € A and Uy € U,. Then Uy € U, by regularity.
By irreducibility, we may choose p € Y \ f[X \ (Uy \ Uy)]. Then p € f[X \ Ui] and
p & fIX \ Up]. Hence, Y\ fIX\Up) Z Y \ fIX \ Ui]. Thus, D is mNt(X)°P-like; hence,

TNt(Y) < nNt(X). O

Theorem 3.2.27. Assume MA. Let X be a compactum such that t(X) = w and 7(X) <

¢. Then TNt(X) =w.
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Proof. We may assume X is a closed subspace of [0, 1]* for some cardinal . By a result
of Sapirovskii [60], since ¢(X) = w, there is an irreducible continuous map f from X
onto a subspace of (¢, [0, 1]7 x {0}*\. Because of Lemma 3.2.26, we may replace our
hypothesis of #(X) = w with X C (J;¢10[0, 1" x {0}V, Set F = Fn(x, (Q N (0,1])?)
and

A= {X N () 7t (0(@)(0),0(a)(1) 0 € f} \ {0},
acdomo

which is a m-base of X. Then A witnesses that msw(X) = w. Hence, by Theorem 3.2.6

and Lemma 3.2.20, A contains an wi’-like dense subset B, and it suffices to show that

B is almost w°P-like. Seeking a contradiction, suppose B is not almost w°P-like. By

Lemma 3.2.25, B contains an uncountable centered subset C. Let the map

<Xﬂ A %1(%(04)(0)705(04)(1))>

acdomog B<wn

be an injection from w; to C. Then |U,_,,, domog| = wi. By compactness, the set

X0 () mllos(@)0),05(e)(1)]

B<wi a€domog

is nonempty, in contradiction with X C (U [0, 1)1 x {0}V, O

Concerning compact Noetherian type, we note that if there is a homogeneous com-

pactum X for which yxNt(X) > wq, then X is not an ordered space.

Definition 3.2.28. A point p in a space X is P.-point if, for every set A of fewer than

r-many neighborhoods of p, the set [].A has p in its interior. A P-point is a P,,-point.
Theorem 3.2.29. If X is a homogeneous ordered compactum, then xg Nt(X) = w.

Proof. We may assume X is infinite; hence, X has a point that is not a P-point. By
homogeneity, min X is not a P-point; hence, min X has countable character. By homo-

geneity, X is first countable. Let C be closed in X. Then X \ C'is a disjoint union of open
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intervals | J;;(a;, b;) such that (a;, b;) = U, ., [@in, bin] and (a; »)n<. is nonincreasing and

(bin)n<w is nondecreasing for all ¢ € I. Hence, { X\ i 0()s bio@)] 1 0 € Fn(1, w)}

i€dom o

is an w°P-like neighborhood base of C. O

It is worth noting that while products do not decrease cellularity, they can decrease
Nt(-), 7Nt(-), and xNt(-), as shown by the following theorem, which trivially generalizes

a result of Malykhin [42].

Theorem 3.2.30. Let p € X = [[,.; Xi where X; is a nonsingleton T\ space for all

iel

iel. Ifsup;c;w(X;) < |I|, then Nt(X) = w. If sup,c; 7(X;) < |I], then nNt(X) = w.

]f SUP;er X(p(i)aXi) < |I|7 then XNt(va) = w.

Proof. Let us prove the first implication; the others are proved very similarly. For each
i €I, let {U;p,U;1} be a nontrivial cover of X by two open sets. Let A be a base of X
of size at most |I|. Let f: A — I be an injection. Let B denote the set of all nonempty
sets of the form V' N W;(lv) [Uf(v)d'} where V € A and j < 2. Since f is injective, every

infinite subset of B has empty interior. Hence, B is an w°P-like base of X. O]

In constrast, xxNt(-) is not decreased by products when the factors are compacta.
Just as is true of cellularity, the compact Noetherian type of a product of compacta is

the supremum of the compact Noetherian types of its finite subproducts.

Theorem 3.2.31. If X =[[..; X; is a product of compacta, then

il

X Nt(X) = sup XKNt(HXi)-

oe[l]<~ 1€0

Proof. To prove “<”  apply Theorem 3.2.2. To prove “>”, apply Lemma 3.2.21. O]

Though cellularity and compact Noetherian type behave similarly for compacta,

they do not coincide, even assuming homogeneity. Given any indecomposable ordinal



63

7 strictly between w and wy, the space 2] (i.e., 27 ordered lexicographically) is homo-
geneous and compact and has cellularity ¢ by a result of Maurice [44]. However, by

Theorem 3.2.29, this space has compact Noetherian type w.

3.3 Dyadic compacta

In this section, we prove a strengthened version of Theorem 3.1.2 and generalize it to
continuous images of products of compacta with bounded weight. We also investigate
the spectrum of Noetherian types of dyadic compacta. Our approach is to start with
results about subsets of free boolean algebras and then use Stone duality to apply them
to families of open subsets of dyadic compacta.

By Lemma 3.2.3, every countable subset of a free boolean algebra is almost w°P-like.
We wish to prove this for all subsets of free boolean algebras. We achieve this by approx-
imating free boolean algebras by smaller free subalgebras using elementary submodels.
More specifically, we use elementary submodels of Hy where 6 is a regular cardinal and
Hy is the {€}-structure of all sets that hereditarily have size less than . Whenever
we use Hy in an argument, we implicitly assume that 6 is sufficiently large to make
the argument valid. As is typical with elementary submodels of Hy, we need reflection
properties. For our purposes, the crucial reflection property of free boolean algebras is

given by the following lemma.

Lemma 3.3.1. Let B be a free boolean algebra and let {B,\,V} C M < Hy. Then, for
all ¢ € B, there exists r € BN M such that, for all p € BN M, we have p > q if and

only if p > r. In particular, r > q.

Proof. Let ¢ € B. We may assume ¢ # 0. By elementarity, there exists a map g € M
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enumerating a set of mutually independent generators of B. Set G = (J{{g(4), 9(2)'} :

i € domg}. Then there exists n € [[G]<*]<¥ such that ¢ = \/__, A7 and A7 # 0 for

TEN
all 7 €n. Set r =\ __, AN(r N M). Let p € BN M; we may assume p # 1. Then there
exists ¢ € [[G N M]=¥]¥ such that p = A, ., Vo and \/o # 1 for all 0 € (. Hence,
p > qiff, for all 0 € ¢ and 7 € 5, we have \/ 0 > A 7, which is equivalent to o N7 # (),

which is equivalent to o N7 N M # (). Thus, p > ¢ if and only if p > r. ]

The above lemma is not new. Fuchino proved that the conclusion of the above lemma
is equivalent to the Freese-Nation property, a property free boolean algebras are known

to have. (See section 2.2 and Theorem A.2.1 of [31] for details.)
Theorem 3.3.2. Every subset of every free boolean algebra is almost w°P-like.

Proof. Let B be a free boolean algebra; set k = |B|. Given A C B, let TA denote the
smallest semifilter of B containing A; if A = {a} for some a, then set Ta = TA. Let @ be
a subset of B. If () is a countable, then () is almost w°P-like by Lemma 3.2.3. Therefore,
we may assume that £ > w and the theorem is true for all free boolean algebras of size
less than k.

We will construct a continuous elementary chain (M), of elementary submodels
of Hy and a continuous increasing sequence of sets (D,)a<, satisfying the following

conditions for all o < k.
1. aU{B,A\,V,Q} C M, and |M,| < |a| + w.
2. D, is a dense subset of Q N M,.
3. D, N 1q is finite for all ¢ € Q N M,,.

4. Doy N Tq= Dy NTq for all g € Q N M,.
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Given this construction, set D = |J,_.Ds. Then D is a dense subset of @ by (2).

a<r
Moreover, if & < k and d € D,, then d € Q N M, by (2); whence, d is below at most
finitely many elements of D by (3) and (4). Hence, @ is almost wP-like.

For stage 0, choose any My < Hy satisfying (1). Since @ N My C B N My, we may
choose Dy to be an wP-like dense subset of QQ N My, exactly what (2) and (3) require.
At limit stages, (1) and (2) are clearly preserved, and (3) is preserved because of (4).

For a successor stage o + 1, choose M, such that M, < M,; < Hp and (1) holds
for stage av + 1. Since Q@ N Myy1 € BN M1, there is an w°P-like dense subset E of
QN Myy1. Set Dor1 = Do U(E\T(QNM,)). Then (4) is easily verified: if ¢ € Q N M,,
then

DoiiNTg=(DaNTq)U((ENTg) \ T(QN M) = DsNTg.

Let us verify (2) for stage o + 1. Let ¢ € Q N Myyy. If ¢ € T(Q N M,), then
q € 1Do C TD4y1 because of (2) for stage a. Suppose ¢ € T(Q N M,). Choose e € E
such that e < ¢. Then e & 1(Q N M,); hence, ¢ € T(E\ 1(Q N M,)) C TDgq1.

It remains only to verify (3) for stage o+ 1. Let ¢ € Q@ N M,11. Then E N 1q is
finite; hence, by the definition of D, 1, it suffices to show that D, N Tq is finite. By
Lemma 3.3.1, there exists » € BN M, such that » > ¢ and M, N Tqg = M, N Tr; hence,
D,NTqg= D,NTr. Since q € Q, we have r € M, N TQ. By elementarity, there exists
p € Q@ N M, such that p < r; hence, D, N Ir C D, N Tp. By (2) for stage a, we have

D, N Tp is finite; hence, D, N Tq is finite. O

Theorem 3.3.3. Let X be a dyadic compactum and let U be a family of subsets of X
such that for all U € U there exists V € U such that VN X \ U = 0. Then U is almost

wOP-like.
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Proof. Let f: 2% — X be a continuous surjection for some cardinal k. Set B = Clop(2*).
Then B is a free boolean algebra. Set V = {f~'U : U € U}. Then it suffices to show
that V is almost w°P-like. Let QO denote the set of all B € B such that V C B for some
V € V. By Theorem 3.3.2, Q is almost w°P-like. Hence, by Lemma 3.2.20, it suffices
to show that Q and V are mutually dense. By definition, every ) € Q contains some
V € V; hence, it suffices to show that every V' € V contains some ) € Q. Suppose
V € V. Choose U € U such that U N X \ f[V] = 0. Then there exists B € B such that

f~lU CBCV;hence, VD BeQ. O
The following corollary is immediate and it implies the first half of Theorem 3.1.2.

Corollary 3.3.4. Let X be a dyadic compactum. Then, for all closed subsets C' of X,
every netghborhood base of C contains an wP-like neighborhood base of C'. Moreover,

every m-base of X contains an w°P-like m-base of X.

Remark 3.3.5. The first half of the above corollary can also be proved simply by citing

Theorem 3.2.18 and Lemma 3.2.20.

Next we state the natural generalizations of Lemma 3.3.1, Theorem 3.3.2, The-
orem 3.3.3, and Corollary 3.3.4 to continuous images of products of compacta with
bounded weight. We will only remark briefly about the proofs of these generalizations,

for they are easy modifications of the corresponding old proofs.

Lemma 3.3.6. Let x be a regular uncountable cardinal and let B be a coproduct [],.; B;
of boolean algebras all of size less than k; let {B,\,V,(B;)ic;} € M < Hy and M Nk €
k + 1. Then, for all ¢ € B, there exists r € BN M such that, for allp € BN M, we

have p > q if and only if p > r. In particular, r > q.



67

Proof. Note that the subalgebra B N M is the subcoproduct [, ;~,, Bi naturally em-
bedded in B. Then proceed as in the proof of Lemma 3.3.1 with J,.; B;, naturally

embedded in B, playing the role of G. n

Theorem 3.3.7. Let k > w and B be a coproduct of boolean algebras all of size at most

k. Then every subset of B is almost k°P-like.

Proof. The proof is essentially the proof of Theorem 3.3.2. Instead of using Lemma 3.3.1,

use the instance of Lemma 3.3.6 for the regular uncountable cardinal x*. [

Theorem 3.3.8. Let k > w and let X be Hausdorff and a continuous image of a product
of compacta all of weight at most k; let U be a family of subsets of X such that, for all

U €U, there exists V € U such that VN X\ U = 0. Then U is almost k°-like.

Proof. Let h: [[,.; Xi — X be a continuous surjection where each X; is a compactum

iel
with weight at most x. Each X; embeds into [0, 1] and is therefore a continuous image
of a closed subspace of 2%. Hence, we may assume ][, ., X; is totally disconnected.

The rest of the proof is just the proof of Theorem 3.3.3 with Theorem 3.3.7 replacing

Theorem 3.3.2. ]
The following corollary is immediate.

Corollary 3.3.9. Let k > w and let X be Hausdorff and a continuous image of a
product of compacta all of weight at most k. Then, for all closed subsets C' of X, every
netghborhood base of C' contains a k°P-like neighborhood base of C'. Moreover, every

m-base of X contains a k°P-like m-base of X.

Remark 3.3.10. Again, the first half of the above corollary can also proved simply by

citing Theorem 3.2.18 and Lemma 3.2.20.
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In contrast to Corollary 3.3.4, not all dyadic compacta have w°P-like bases. The
following proposition is essentially due to Peregudov (see Lemma 1 of [54]). It makes it

easy to produce examples of dyadic compacta X such that Nt(X) > w.

Proposition 3.3.11. Suppose a point p in a space X satisfies nx(p, X) < cfk =k <

x(p, X). Then Nt(X) > k.

Proof. Let A be a base of X. Let Uy and V, be, respectively, a local m-base at p of size
at most my(p, X) and a local base at p of size x(p, X). For each element of Uy, choose
a subset in A, thereby producing a local m-base U at p that is a subset of A of size at
most mx(p, X). Similarly, for each element of V;, choose a smaller neighborhood of p in
A, thereby producing a local base V at p that is a subset of A of size x(p, X). Every
element of V contains an element of U. Hence, some element of I/ is contained in xk-many

elements of V; hence, A is not k°P-like. n

Example 3.3.12. Let X be the discrete sum of 2 and 2*'. Let Y be the quotient of
X resulting from collapsing a point in 2¢ and a point in 2“* to a single point p. Then

mx(p,Y) =w and x(p,Y) = wy; hence, Nt(Y) > wy.

As we shall see in Theorem 3.3.21, if we make an additional assumption about a
dyadic compactum X, namely, that all its points have m-character equal to its weight,
then X has an w°P-like base. Also, we may choose this w°P-like base to be a subset of an
arbitrary base of X. To prove this, we approximate such an X by metric compacta. Each

such metric compactum is constructed using the following technique due to Bandlow [6].

Definition 3.3.13. Suppose X is a space and F is a set. For all p € X, let p/F denote
the set of ¢ € X satisfying f(p) = f(¢) for all f € FNC(X). For each f € F, define
f/F: X/F—=Rby (f/F)p/F)= f(p) forall p € X.
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Lemma 3.3.14. Suppose X is a compactum and F C C(X). Then X/F (with the
quotient topology) is a compactum and its topology is the coarsest topology for which
f/F is continuous for all f € F. Further suppose {X \ f~{0}: f € F} is a base of X

and F € M < Hy. Then {(X\ f7HO}N/(FNM): fe FNM} is a base of X/(FNM).

Proof. 1t f € F, then f/F is clearly continuous with respect to the quotient topology
of X/F. Therefore, the compact quotient topology on X/F is finer than the Hausdorff
topology induced by {f/F : f € F}. If a compact topology 7 is finer than a Hausdorff
topology 77, then 7y = 7;. Hence, the quotient topology on X/F is the topology induced
by {f/F:feF}

Set A={X\ f1{0}: f € F}. Suppose A is a base of X and F € M < Hy. Let us
show that {(X \ [0} /(FNM): f € FNM} is abase of X/(FNM). Let U denote
the set of preimages of open rational intervals with respect to elements of 7 N M. Let
) denote the set of nonempty finite intersections of elements of &44. Then V C M and
{V/(FNM):V €V} is base of X/(F N M). Suppose p € Vy € V. Then it suffices to

find W € AN M such that p € W C V. ChooseVIEVSuChthatpeVlgvlQVO.

Then there exist n < w and Wy,...,W,_1 € A such that V; C Uic, Wi € V. By
elementarity, we may assume Wy,...,W,_1 € M. Hence, there exists ¢ < n such that
pEWiQVOandWiEAﬂM. ]

Given a suitable dyadic compactum X, we will construct an w°P-like base of X by
applying Lemma 3.2.8 to metrizable quotient spaces X/(F N M) where F C C(X)
and M ranges over a transfinite sequence of countable elementary submodels of Hy.
This sequence is constructed such that, loosely speaking, each submodel in the sequence

knows about the preceding submodels.
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Definition 3.3.15. Let x be a regular uncountable cardinal and let (Hy,...) be an
expansion of the {€}-structure Hy to an L-structure for some language £ of size less
than k. Then a k-approzimation sequence in (Hy,...) is an ordinally indexed sequence
(Ma)a<y such that for all @ < n we have {r, (Mg)s<a} C M, < (Hy,...) and |M,| C

M,Nk E K.

The following lemma is a generalization of a technique of Jackson and Mauldin [34]

of approximating a model by a tree of elementary submodels.

Lemma 3.3.16. If x and (Hy,...) are as in Definition 3.3.15, then there exists a
{K}-definable map V that sends every k-approzimation sequence (My)a<y in (Hyp,...)

to a sequence (¥4)a<y such that we have the following for all o <.
1. ¥, s a finite set.
2. IN|C N < (Hy,...) forall N € ¥,,.
3. UZa = Ugeq Ms-
4. If a <, then X, € M,,.
5. Y, 1s an €-chain.
6. If No, N1 € X, and Ny € Ny, then |No| > |Nq|.
7. (E)p<a = V((Mp)p<a)-

Moreover, |X5| = 1 and {a < X : |X,| = 1} is closed unbounded in X for all infinite

cardinals A < 1.
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Proof. Let Q denote the class of (7;)i<, € On~*\ {0} for which xk < |y;| > |5/ for all
i <j<mnand |y, 1| < k. Order Q lexicographically and let T be the order isomorphism

<w

from On to . Given any 0 = (V;)i<n, € On~¥ and i < n, set ¢;(0) = (yo,...,%-1,0)
and ¢,(0) = 0. Let (My)a<n be a k-approximation sequence in (Hy,...). For all @ <n

and i € dom Y(«), set

Noi = (M5 : 6:(T()) < T(B) < i (T(@))};

set Xy = {Ny;i 1t € domY(a)} \ {0}. Then ¥ is {x}-definable and it is easily verified
that [X,| =1 and {a < A : |X,| = 1} is closed unbounded in A for all infinite cardinals
A <. Let us prove (1)-(7). (1), (3), (4), and (7) immediately follow from the relevant
definitions. Let a < n and (3;)i<, = YT(a). We may assume n > 0. For all o € Q2 and
i <n—1, we have ¢;(T(a)) < 0 < ¢11(Y(a)) if and only if o is the concatenation of
(Bj)j<i and some T € () satisfying 7 < (3;,0). Therefore, | N, ;| = [3;| for all i <n — 1.
For all o € Q, we have ¢,_1(T(a)) < 0 < ¢,(Y(a)) if and only if o = (B, ..., Bn-2,7)
for some v < f3,_1. Hence, |Ny,-1] < k; hence, | Ny ;| > |N,y,| for all i < j < n. Let
T(o;) = ¢i(Y(a)) for all i < n. If i < j < n, then {Nyy : k < j} = X,,_,; whence,
either Ny j = 0 or No; € My, , € Noj, depending on whether 3; = 0. Thus, (5) and
(6) hold.

Finally, let us prove (2). Proceed by induction on a. Suppose [3,,_; > 0. Since {N,; :
i<n—1} =%, , and a,_1 + fB,-1 = «, it suffices to show that | Ny 1] C Nypo1 <
(Hp,...). If B,_1 € Lim, then N,,_; is the union of the €-chain (N, | 1yn—1)y<8, 1;
hence, |[Nypn-1] € Nopn-1 < (Hp,...). If 8,1 & Lim, then Ny,—1 = Ny—10-1 UMy =
M,_1 because Ny_1,-1 € My_y and |Ny—1,-1] < k; hence, |Nyp—1| € Nop-1 <
(Hy, ...).

Therefore, we may assume 3,1 = 0. Hence, ¥, = {N,,; : i < n — 1}; hence, we
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may assume n > 1. Since {N,,; :i <n—2} =%, , and a,_2 < a, it suffices to show
that [Ny n—2| € Nopn—o < (Hy,...). If 3,_o = K, then N, ,_o is the union of the €-chain
(Na,_stymn—2)v<r; hence, |[Nyn_a| € Nopn_o < (Hp,...). Hence, we may assume 3,_o >
k. Let Y(d,) = (Bo, ..., Bn-s3,7,0) for all v € [k, B,—2). If B,_5 € Lim, then N, ,_» is
the union of the €-chain (N ,—2)x<y<p,_.; hence, [Ny n_o| € Nop—2 < (Hp,...). Hence,

we may let 3, o = € + 1. Suppose |e| = k. Then Nypo = Ny o U, M54y If

Y<K

v < K, then ¢,_1(Y(d: + 7)) = YT(d.); whence, 0. and v are definable from 0. + v and

r; whence, yUUJ, .. M.+, € Ms. . Hence, |Ns no =k C U, Ms.4y < (Hp,...).

p<y v<kK

Moreover, since Nj_,—o € Ms_, we have Ns_,_o C |J,_,. Ms.4; hence, [Ny p_o =k C

Y<K
Na,n—Q < <H9, .. >
Therefore, we may assume |e| > k. Let Y((,) = (Bo,- .., n-3,6,k +7,0) for all

v < le|l. Then Nyp—o = Ns o U U Ng no1- If v < |gf, then T(¢))(n — 1) =

¥<lel
K 4 v; whence, v € M¢, € N, n-1. Hence, |g] C U7<|€‘ N¢ -1 = (Hp,...). Since

|Ns. n—2| = || and Ny_ 0 € M5, C Ny p—1, we have Ns_,—o C N¢, n—1. Hence,

v<lel

|Nan—2| = le| € Nopn—2 < (Hp,...). O

Proposition 3.3.17. If X is a topological space, then every base of X contains a base

of size at most w(X).

Proof. Let A be an arbitrary base of X; let B be a base of X of size at most w(X). Since
X is hereditarily w(X)*-compact, we may choose, for each U € B, some Ay € [A]=*(X)

such that U = |JAy. Then U{Ay : U € B} is a base of X and in [A]=*(X), O

Lemma 3.3.18. Let X be a dyadic compactum such that wx(p, X) = w(X) for all
p € X. Let A be a base of X consisting only of cozero sets. Then A contains an w°P-like

base of X.
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Proof. Set k = w(X); by Proposition 3.3.17, we may assume |A| = . Choose F C C'(X)
such that A = {X \ ¢g7*{0} : ¢ € F}. Let h: 2> — X be a continuous surjection for
some cardinal \. Let B be the free boolean algebra Clop(2*). By Lemma 3.2.8, we
may assume k > w. Let (M,)a<, be an wi-approximation sequence in (Hy, €, F, h); set
(Xa)a<s = V((M4y)a<k) as defined in Lemma 3.3.16.

For each a < &, set A, = AN M, and F, = F N M,. For every H C A,, let H/F,
denote {U/F, : U € H}. By Lemma 3.3.14, A,/F, is a base of X/F,. Since X/F,
is a metric compactum, there exists W, C A, such that W, /F, is a base of X/F,
satisfying (2), (3), and (4) of Lemma 3.2.8. By (2) of Lemma 3.2.8, we may choose, for
each U € W, some E,y € BN M, such that h™'U C E,y C h™'V for all V € W,
satisfying U C V. Set G, = {Eap : U e W, }.

Suppose G, is not w-like. Then there exist U € W, and (V,)p<, € W such
that B,y € Eav, # Eav, forallm <n <w. Set I' = {W e W, : U C W}
By (2) of Lemma 3.2.8, I' is finite; hence, by (4) of Lemma 3.2.8, there exists n < w
such that {W e W, : V,, € W} ¢ I'. Hence, there exists W € W, such that W
strictly contains V;, but not U. Hence, by (3) of Lemma 3.2.8, E,y, C h™'W; hence,
h=1U C E.v © By, C h='W; hence, U C W, which is absurd. Therefore, G, is
w°P-like.

Let V, denote the set of V' € W, satisfying U € V for all nonempty open U € 3,
Let us show that V,/F, is a base of X/F,. If V € V,, then P(V)NW,, C V,; hence, it
suffices to show that V, covers X. Since || X,| < &, every point of X has a neighborhood
in A that does not contain any nonempty open subset of X in |JX,. By compactness,
there is a cover of X by finitely many such neighborhoods, say, Wy,...,W,,_1. By

elementarity, we may assume Wy, ..., W, 1 € A,. Then {W, : i < n} has a refining
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cover S C W,. Hence, S C V,; hence, V, covers X as desired.

Let U, denote the set of U € V, such that U C V for some V € V,. Then Uy Fe is
clearly a base of X/F,. Set & = {Esuv : U € U,}. Then &, is wP-like because it is a
subset of G,

For all T C P(2%), set 1Z = {H C 2% : H D [ for some [ € Z}. For all H C 2%,

set TH =1{H}. SetU =, .U, and C = BN T{h7U : U € U}. For all a < k, set

a<k

D.=U s<an Es. Then we claim the following for all o < k.

1. D, is a dense subset of C N[ JX,.
2. D, NTH is finite for all H € CN Y X,

3. f « <k, then Doy NTH =D, NTH for all H € CNJX,.

We prove this claim by induction. For stage 0, the claim is vacuous. For limit stages,
(1) is clearly preserved, and (2) is preserved because of (3). Suppose o < x and (1) and
(2) hold for stage . Then it suffices to prove (3) for stage o and to prove (1) and (2)
for stage o + 1.

Let us verify (3). Seeking a contradiction, suppose H € CN|J X, and Doy N TH #
D,NTH. Then &, N TH # (); hence, there exists U € U, such that H C E, ;. By (1),
there exist 8 < o and W € U such that Egy C H. By definition, there exists V' € V,
such that U C V. Hence, h"'W C Egw C H C E,y € h™'V; hence, W C V. Since
WeMgCJE, and V € V,, we have W Z V| which yields our desired contradiction.

Let us verify (1) for stage o 4+ 1. By (1) for stage a, we have
Doy1 =Dy UE, C <CﬂUEa) U(CNM)=Cn|JSas,

so we just need to show denseness. Let H € CN|JXo41. If H € (X, then H € 1D, so

we may assume H € M,. By elementarity, there exists Uy € U, such that h='U, C H.
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Choose U, € U, such that U; C Uy. Then Eyu, € h=1Uy; hence, Euu, € H. Hence,
H € 1Dor1.

To complete the proof of the claim, let us verify (2) for stage a4+ 1. By (1) for stage
a + 1, it suffices to prove D,y1 N TH is finite for all H € D,.;. By (3), if H € D,,
then D,y1 N TH = D, N TH, which is finite by (1) and (2) for stage o. Hence, we may
assume H € &,. Since &, is wP-like, it suffices to show that D, N TH is finite. Since
D, C U2, it suffices to show that D, N N N TH is finite for all N € ¥,. Let N € ¥,,.
By Lemma 3.3.1, there exists G € BN N such that G O H and BOANNTH = BNNN1G;
hence, D,NNNTH =D,NNNTG. Since G O H € C, we have G € C. By (2) for stage
a, the set D, N N N TG is finite; hence, D, N N N TH is finite.

Since U C A, it suffices to prove that I/ is an w°P-like base of X. Supposep € V € A.
Then there exists o < k such that V € A,. Hence, there exists U € U, such that
p/Fo € U/Fy CV/F,; hence, p € U C V. Thus, U is a base of X.

Let us show that U is w°P-like. Suppose not. Then there exists a < k and Uy € U,
such that there exist infinitely many V' € U such that Uy C V. Choose U; € U, such
that U; C Uy. Suppose 3 < k and Uy CV € Us. Then E,py, C h Uy C h™'V C E;y.
By (1) and (2), D, is w°P-like; hence, there are only finitely many possible values for
Egy. Therefore, there exist (Vn)n<w € £ and (Vy)n<w €[], Uy, such that Vi, # V,
and E, v, = E,, v, for all m < n < w. Suppose that for some § < x we have v, = J for
alln <w. Leti <w and set ' = {W € W;s : V; C W}. By (2) and (4) of Lemma 3.2.8,
there exists j < w such that {WW € W; : V; C W} € I'. Hence, there exists W € W
such that W strictly contains V; but not V;. By (3) of Lemma 3.2.8, V; C W. Hence,
h=V, C Esy. = Esyv, € h™'W. Hence, V; C W. Since W does not strictly contain V;,

we must have V; = V,; = W. Hence, h™'V; = Esyv, = Esy,. Since ¢ was arbitrary chosen,
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we have V,,, = V,, = h[Esy,] for all m,n < w, which is absurd. Therefore, our supposed
0 does not exist; hence, we may assume 7 < 7. By definition, there exists W € V.,
such that V; C W. Therefore, h ™'V, C E, v, = E, v € h™'W; hence, Vi C W. Since
Vo € My, CUZE,, and W € V,,, we have Vy € W, which is absurd. Therefore, U is

w°P-like. O

Let us show that we may remove the requirement that the base A in Lemma 3.3.18

consist only of cozero sets.

Lemma 3.3.19. Suppose X is a space with no isolated points and x(p, X) = w(X)
for all p € X. Further suppose k = cf Kk < min{Nt(X),w(X)} and X has a network
consisting of at most w(X)-many k-compact sets. Then every base of X contains an

Nt(X)°P-like base of X .

Proof. Set A = Nt(X) and p = w(X). Let A be an arbitrary base of X; let B be a
A°P-like base of X; let NV be a network of X consisting of at most y-many x-compact
sets. By Proposition 3.3.17, we may assume |B| = p. Let ((Na, Ba))a<, €numerate

{{N,B) € N x B : N C B}. Construct a sequence (Gy)a<, as follows. Suppose

<K

a < p and (Gg)p<q is a sequence of elements of [B] For each p € N,, we have

X(p, X) = p > k = cf k; hence, we may choose Uy, € B such that p € Us, & Uz, 95-
Choose o, € [Na] =" such that N, C Up@a Uap- Set Go ={Uap : D € 04}
For each o < p, choose F, € [A]<" such that N, C |JF, C B, and F, refines

Go. Set F =, Fa, which is easily seen to be a base of X. Let us show that F

a<p

is A\°P-like. Suppose not. Then, since k = cf x < A, there exist V € F, I € [u]*, and

(Wa)aer € [aer Fa such that V' C (N o, W,. For each o € I, there is a superset of W,

a€el

in G,. By induction, G, NGg = 0 for all & < B < p; hence, V has A-many supersets in
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the A°P-like base B, which is absurd, for V' has a subset in B. O]

Remark 3.3.20. If X is regular and locally k-compact and £ < w(X), then it is easily

seen that X has a network consisting of at most w(X)-many x-compact sets.

Theorem 3.3.21. Let X be a dyadic compactum such that wx(p, X) = w(X) for all

p € X. Then every base A of X contains an w°P-like base of X .

Proof. By Lemma 3.3.18, Nt(X) = w. Since w(X) = mx(p, X) < x(p, X) < w(X) for
all p € X, we may apply Lemma 3.3.19 to get a subset of A that is an w°P-like base of
X. O

Finally, let us prove the second half of Theorem 3.1.2.

Corollary 3.3.22. Let X be a homogeneous dyadic compactum with base A. Then A

contains an wP-like base of X.

Proof. Efimov [18] and Gerlits [24] independently proved that the m-character of every
dyadic compactum is equal to its weight. Since X is homogeneous, mx(p, X) = w(X)

for all p € X. Hence, A contains an w°P-like base of X by Theorem 3.3.21. O

Note that a compactum is dyadic if and only if it is a continous image of a product
of second countable compacta. Let us prove generalizations of Theorem 3.3.21 and

Corollary 3.3.22 about continuous images of products of compacta with bounded weight.

Lemma 3.3.23. Suppose k = cf k > w and X is a space such that mx(p, X) = w(X) > K
for all p € X. Further suppose X has a network consisting of at most w(X)-many

k-compact closed sets. Then every base of X contains a w(X)°P-like base of X.
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Proof. Set A = w(X) and let A be an arbitrary base of X. By Proposition 3.3.17,
we may assume |A|] = A. Let N be a network of X consisting of at most A-many
r-compact sets. Let (M,)a<x be a continuous elementary chain such that for all o < A
we have A, N, M, € M,,1 < Hy. We may also require that M, Nx € k > |M,| for
all @ < k and |M,| = |k + af for all & € A\ k. For each a@ < A, set A, = AN M,,.
Set B = U, Aa+1 \ TAq, which is clearly A\°P-like. Let us show that B is a base of
X. Suppose p € U € A. Choose N € N such that p € N C U. Choose a < X such
that N,U € A,q1. For each ¢ € N, choose V, € A\ 14, such that ¢ € V, C U.
Then there exists o € [N]=* such that N C |J ., V;. By elementarity, we may assume
(Vy)geo € Mpyi1. Choose ¢ € o such that p € V. Then V, € B and p € V, C U. Thus,

B is a base of X. O

Theorem 3.3.24. Let k > w and let X be Hausdorff and a continuous image of a
product of compacta each with weight at most k. Suppose wx(p,X) = w(X) for all

p € X. Then every base of X contains a k°P-like base.

Proof. Let h: [[..; Xi — X be a continuous surjection where each X; is a compactum

iel
with weight at most k. Each X; embeds into [0, 1] and is therefore a continuous image
of a closed subspace of 2. Hence, we may assume [[,.; X; is totally disconnected. Set
A = w(X); by Lemmas 3.2.8 and 3.3.23, we may assume A\ > k. By Theorem 3.3.21,
we may assume £ > w. Inductively construct a x*-approximation sequence (M,)q<a

in (Hy,€,C(X),h, (Clop(X;))ier) as follows. For each o < A, let (N, 3)s<x be an

wi-approximation sequence in
<H97 g, O(X)7 h7 K, <Clop(Xz)>z€I) <M[3>[3<a>

Set (Tag)p<s = W((Nag)p<w) as defined in Lemma 3.3.16; let {M,} = Ty, Set
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(Ea)acr = U((My)acy). Set F = C(X)NUSy and A = {X \ f1{0} : f € F}.
Then A is a base of X. By Lemma 3.3.19, it suffices to construct a subset of A that is
a k°P-like base of X.

For each o < A, set F, = F N M,. Let V, denote the set of V € AN M, satisfying
U ¢ V for all nonempty open U € |JX,. Arguing as in the proof Lemma 3.3.18, V, /F,
is a base of X/F,. For each § < &, let V, 5 denote the set of all V' € V, N N, g satisfying
U € V for all nonempty open U € [JT's 3. Let Rq 3 denote the set of (U,V) € V2 ; for
which U C V; set U, 3 = dom R, ; set Uy, = Up<r Uas-

Let us show that U, /F, is also a base of X/F,. Suppose p € V € V,. Extend {V}
to a finite subcover o of V, such that p & |J(c\{V'}). Choose § < k such that o € N, 3.
For each ¢ € X, choose V,o,V,1 € A such that ¢ € V,y and there exists W € o such
that U € V0 C V.1 € W for all nonempty open U € |, UJT 4 5. Choose 7 € [X]<¥

such that X = J ., V0. By elementarity, we may assume (V;)gierx2 € Nag. Choose

qeT
q € 7 such that p € V. Then V, o € U, and p € Vo C V. Thus, U,/F, is a base of
X/ Fa.

Set B = Clop(HieI Xi). For each (U, U;) € U,3<,.g R s, choose E,(Uy, Uy) € BN M,
such that h™'Uy C E,(Up,U;) C h7'U;. Set Eup = Eo[Rap). Set &, = Uper Ears-
Let us show that &, is xk°P-like. Suppose 3,7 < kK and €,3 > H C K € &,,. Then
it suffices to show that v < (. Seeking a contradiction, suppose 3 < ~v. There exist
(Up,U) € Rap and (Vp, V1) € Rq, such that H = E,(Up,Uy) and K = E,(Vy, V1).
Hence, JT'w, 2 Uy C Vi € V,,, in contradiction with the definition of V, .

Set U = Uy Ua and C = BN H{A'U : U € U}. For all a < A, set Dy = Uy, Ep-

a<

Then we claim the following for all a < A.

1. D, is a dense subset of C N X,.
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2. |[D,NTH| < k for all H € C N X,.
3. fa< A then Doy 1 NTH =D, NTH for all H € CNJX,.

We prove this claim by induction. For stage 0, the claim is vacuous. For limit stages,
(1) is clearly preserved, and (2) is preserved because of (3). Suppose o < x and (1) and
(2) hold for stage . Then it suffices to prove (3) for stage « and to prove (1) and (2)
for stage a + 1.

Let us verify (3). Seeking a contradiction, suppose H € CN|JX, and Doy N TH #
D,NTH. Then &, N TH # 0; hence, there exists V € U, such that H C h~'V. By
(1), there exist 8 < o and U € U and K € &g such that h'U € K C H. Hence,
UCV. Since U € Mg CJZE, and V € V,, we have U € V', which yields our desired
contradiction.

Let us verify (1) for stage o + 1. By (1) for stage «, we have
Dop1 =D UE, C <CHUZQ) U(CNnM)=Cnl S,

so we just need to show denseness. Let H € CN|{JX,.1. If H € |JX,, then H € 1D,,
so we may assume H € M,. By elementarity, there exists U € U, such that h~'U C H.
Choose 3 < r such that U € U, ; choose V' € U, 5 such that V C U. Then E,(V,U) C
H; hence, H € 1Dy41.

The proof of the claim is completed by noting that (2) for stage a+ 1 can be verified
just as in the proof of Lemma 3.3.18, except that Lemma 3.3.6 is used in place of
Lemma 3.3.1.

Just as in the proof of Lemma 3.3.18, U is a base of X; hence, it suffices to show that
U is k°P-like. Suppose v < A and § < k and U € U, 5 and ((CasNa))a<r € (A X £)* and

(Wa)a<r € [oerUcama and U C (.. Wa. Then it suffices to show that W, = Wj for
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some a < 3 < k. Choose V € U, 5 such that V C U. For each a < &, choose V,, € V¢, ..
such that W, C V,; set H, = E¢,(W,,V,). Then E,(V,U) C N,.,. Ha- By (1) and
(2), D, is k°P-like; hence, there exists J € [k]“! such that H, = Hp for all o, € J;
hence, W, C Vg for all o, 8 € J. If o, 8 € J and (, < (g, then UZC@ > W, C Vg,
in contradiction with Vg € V¢,. Hence, (o = (g for all o, € J. It o, € J and
Na < Ng, then (JT'¢;, > Wa C Vs, in contradiction with Vg € V, ,,. Hence, 7, = 1
for all o, € J. Hence, {W, : @ € J} C N¢... nu,; hence, W, = Wjy for some

a< f<k. O

Lemma 3.3.25. Let k be an uncountable reqular cardinal; let X be a compactum such
that w(X) > k and X is a continuous image of a product of compacta each with weight

less than k. Then w(X) = w(X).

Proof. 1t suffices to prove that m(X) > k. Seeking a contradiction, suppose A is a
m-base of X of size less than k. Let (X;);c; be a sequence of compacta each with weight
less than x and let i be a continuous surjection from [], ., X; to X. Choose M < Hy
such that AU {C(X),h, (C(X;))ier} € M and |M| = |A|. Choose p € M N[[,c; X;
andset Y ={qg € [[,c; Xi:p [ U\ M) =4q [ (I\M)}. Then it suffices to show that
hlY] = X, for that implies k < w(X) < w(Y) < k. Seeking a contradiction, suppose
h[Y] # X. Then there exists U € A such that U N A[Y] = 0. By elementarity, there
exists o € [I N M]<¥ and (V})ic, such that V; is a nonempty open subset of X; for
all i € o, and (,., m; Vi € h~'U. Hence, Y N

ico T Vi # 0, in contradiction with

Unhly]=0. O

Definition 3.3.26. Given any cardinal &, set log x = min{\ : 2* > x}.
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Lemma 3.3.27. Let k be an uncountable reqular cardinal; let X be a compactum such
that w(X) > Kk and X is a continuous image of a product of compacta each with weight

less than k. Then mx(X) = w(X).

Proof. Let (X;);cr be a sequence of compacta each with weight less than x and let h

be a continuous surjection from [[..; X; to X. For any space Y, we have 7(Y) =

i€l
mx(Y)d(Y). Hence, w(X) = n(X) = mx(X)d(X) by Lemma 3.3.25; hence, we may
assume d(X) = w(X). Arguing as in the proof of Lemma 3.3.25, if A is a m-base of X
and AU{C(X),h, (C(X;))ier} € M < Hp, then X is a continuous image of [], ;. Xi;
hence, we may assume |/| = 7(X). By 5.5 of [35], d(X) < d([[,c; Xi) < & -log|I|. By
2.37 of [35], d(Y) < mx(Y)*™) for all Ty non-discrete spaces Y. Since & is a caliber
of X; for all ¢ € I, it is also a caliber of X; hence, |I| = m(X) = d(X) < mx(X)";
hence, log|l| < k- mx(X). Therefore, w(X) = d(X) < k- mx(X); hence, we may assume
w(X) = k.

Let (Uy)a<x enumerate a base of X. For each a < k, choose p, € U,. Since
d(X) = w(X) = k, there is no a < & such that {ps : § < a} is dense in X. Since
% is a caliber of X, we may choose p € X \ U, {ps: B < a}. It suffices to show
that my(p, X) = k. Seeking a contradiction, suppose mx(p, X) < k. Then there exists
a < k such that {Ug : B < a} contains a local m-base at p; hence, p € {p@:ﬁ—<a}, in

contradiction with how we chose p. O]

Theorem 3.3.28. Let (X;)icr be a sequence of compacta; let X be a homogeneous com-
pactum; let h: [[,.; Xs — X be a continuous surjection. If there is a regular cardi-
nal k such that w(X;) < k < w(X) for all i € I, then every base of X contains a
(sup;e; w(X;))°P-like base. Otherwise, w(X) < sup,c; w(X;) and every base of X triv-

ially contains a (w(X)T)°P-like base.
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Proof. The latter case is a trivial application of Proposition 3.3.17. In the former case,

Lemma 3.3.27 implies mx(p, X) = w(X) for all p € X; apply Theorem 3.3.24. O

Every known homogeneous compactum is a continuous image of a product of com-
pacta each with weight at most ¢; hence, Theorem 3.3.28 provides a uniform justification
for our observation that all known homogeneous compacta have Noetherian type at most
¢. Analogously, since every known homogeneous compactum is such a continuous im-
age, it has ¢t among its calibers; hence, it has cellularity at most ¢.

Let us now turn to the spectrum of Noetherian types of dyadic compacta and a proof

of Theorem 3.1.3.

Theorem 3.3.29. Let k and A be infinite cardinals such that A < k. Let X be the
discrete sum of 2% and 2*. Let Y be the quotient space induced by collapsing (0)a<. and

(0)o<x to a single point p. If X < cfk, then Nt(Y) = k™. If A > cf k, then Nt(Y') = k.

Proof. Clearly x(p,Y) = k and mx(p,Y) = A. Hence, if A < cf k, then k™ < Nt(Y) <
w(Y)T = kT by Proposition 3.3.11. Suppose A > cf k. We still have k < Nt(Y)
by Proposition 3.3.11, so it suffices to construct a x°P-like base of Y. Let ~ be the
equivalence relation such that Y = X/ ~. In building a base of Y, we proceed in the

canonical way when away from p: for each p € {k, A}, set
A, ={{z €2":nCa}/~:ne€Fn(u,2) and n {1} # 0}.

Choose fy: k — cf  such that for all @ < cf  the preimage f;'{a} is bounded in k.

Define f: [k]<¥ — cf k by f(0) = fo(supo) for all o € [k]<“. Choose go: A — cf k such

w

that for all a < cf x the preimage g5 '{a} is unbounded in . Define g: [\]<* — cf k by
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g(o) = go(sup o) for all o € [A\]<*. Set

A= {({x €2 afo] = {0}} U{z € 2" : 7] = {0}})/~ :

a<cfk

(0,7) € f{a} x g7 {a}}.

Set A = A,UA\UA,. Let us show that A is a k°P-like base of Y. The only nontrivial
aspect of showing that A is a base of Y is verifying that A, is a local base at p. Suppose

U is an open neighborhood of p. Then there exist o € [k]<¥ and 7 € [A]<“ such that
({o € 2* alo] = {0}} U fw € 2* s alr] = {0}})/~C U.
Choose a < A such that sup7T < o and go(a) = f(0). Set 7" = 7 U {a} and
V={ze2:zo] ={0}}U{z €2 z[r'] ={0}})/~.

Then V C U and V € A, because f(o) = g(7'). Thus, A is a base of Y.

Let us show that A is k°P-like. Suppose U,V € Aand U C V. If U € A,, then, fixing
U, there are only finitely many possibilities for V' in A,;; the same is true if k is replaced
by A or p. Hence, we may assume U € A; and V € A; for some {i,j} € [{k, A\, p}]*.
Since no element of A, is a subset of an element of A, U Ay, we have ¢ # p. Hence,
there exists n € Fn(i, 2) such that U = {x € 2" : n C 2}/ ~. Since YA, NU A\ =0, we

have j = p. Hence, there exist o € [k]<“ and 7 € [\]<¥ such that
V={ze2 :zfo] ={0}}u{z €2 z[r] ={0}})/~.

If i = K, then 0 C 1~ '{0}; hence, fixing U, there are only finitely many possibilities

for o, and at most A-many possibilities for 7. If i = \, then 7 C n~*{0}; hence, fixing

U, there are only finitely many possibilities for 7, and at most |sup f, *{g(7)}|<“-many
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possibilities for o given 7. Thus, there are fewer than k-many possibilities for V' given

U. Thus, A is k°P-like. a

Corollary 3.3.30. If k is a cardinal of uncountable cofinality, then there is a totally
disconnected dyadic compactum with Noetherian type k™. If k is a singular cardinal,

then there is a totally disconnected dyadic compactum with Noetherian type k.

Proof. For the first case, apply Theorem 3.3.29 with A = w. For the second case, apply

Theorem 3.3.29 with A = cf . O

Combining the above corollary with the following theorem (and a trivial example

like Nt(2*) = w) immediately proves Theorem 3.1.3.

Theorem 3.3.31. Let X be a dyadic compactum with base A consisting only of coz-
ero sets. If Nt(X) < wq, then A contains an wP-like base of X. Hence, no dyadic

compactum has Noetherian type wy.

Proof. Let Q be an w;’-like base of X of size w(X). Import all the notation from the
proof of Lemma 3.3.18 verbatim, except require that (M,)a<x be an w;-approximation
sequence in (Hy, €, F, h, Q). Then U is an wP-like subset of A as before. On the other
hand, V,/F, is not necessarily a base of X/F, for all @ < k. However, we will show that
U is still a base of X. In doing so, we will repeatedly use the fact that if U, Q € M < Hy
and U is a nonempty open subset of X, then all supersets of U in Q are in M because
{V.€ Q:U CV}is a countable element of M.

Suppose ¢ € Q € Q. Then it suffices to find U € U such that ¢ € U C ). Let (3 be
the least a < & such that there exists A € A, satisfying ¢ € A C A C Q. Fix such an

A € Ag. For each p € A, choose (4,,Q,) € Ax Q such that p € 4, C Q, C @p C Q.
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Since Mz 2 A C ) € Q, we have (Q € Mp. Hence, by elementarity, we may assume

there exists o € [er such that ((4,,Q,))pes € Mg and A C |J . A, Choosep € o

peo
such that ¢ € A,. Suppose @, € |JX3. Then all nonempty open subsets of (), are also
not in J X; hence, there exist U € Ug and V' € Vg such that ¢/F3 CU CV C A4, C Q.
Therefore, we may assume @), € J 3.

Choose a < 3 such that ), € M,. Then @) € M, because @), C (). Hence, there
exists 7 € [A,]™ such that Q, C U7 C U7 € Q. Choose W € 7 such that ¢ € W.
Then ¢ € W C W C Q, in contradiction with the minimality of 3. Thus, U is a base of

X. [l

We note that the spectrum of Noetherian types of all compacta is trivial.

Theorem 3.3.32. Let k be a reqular uncountable cardinal. Then there exists a totally

disconnected compactum X such that Nt(X) = k and X has a P.-point.

Proof. Let X be the closed subspace of 2" consisting of all f € 2% for which f(a) =0
or fla] = {1} for all odd @ < k. First, let us show that X has a x°P-like base. For each
o€ Fn(r, 2),set U, ={f € X : f Do} Let E denote the set of o € Fn(k, 2) for which
supdomo is even and U, # ). Set A = {U, : 0 € E}, which is clearly a base of X. Let
us show that A is k°P-like. Suppose 0,7 € E and U, C U,. If supdomo < supdom T,

then for each f € U, the sequence
(f I'supdom7) U {(supdomr,1— 7(supdom 7))} U{(3,0) : supdom7 < 8 < K}

is in U, \ U,, which is absurd. Hence, supdom 7 < supdomo; hence, there are fewer
than k-many possibilities for 7 given o. Thus, A is xk°P-like.
Finally, it suffices to show that (1), is a Pe-point of X, for a P,-point must have

local Noetherian type at least k. For each a < k, set 0, = {(2a + 1,1)}. Then
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{Us, : @ < K} is a local base at (1)q<x. Moreover, U,, 2 Us, for all a < 8 < k. Since

Kk is regular, it follows that (1),<, is a P.-point. O

Corollary 3.3.33. Every infinite cardinal is the Noetherian type of some totally discon-

nected compactum.

Proof. By Lemma 3.2.8, all totally disconnected metric compacta have Noetherian type
w. By Theorem 3.3.32, if k is a regular uncountable cardinal, then there is a totally
disconnected compactum X with Noetherian type x. If x is a singular cardinal, then
there is a totally disconnected dyadic compactum with Noetherian type s by Corol-

lary 3.3.30. [l

3.4 k-adic compacta

The results of the previous section used reflection properties of free boolean algebras—see
Lemma 3.3.1—and more generally coproducts of boolean algebras of bounded size—see

Lemma 3.3.6. Let us define a more general family of reflection properties.

Definition 3.4.1. Let B be a boolean algebra and let x and A\ be cardinals. Then we
say B has the (k, \)-FN if and only if, for every M such that {B,A,V} C M < Hy and
IM|Nk C MNk€r+1,and for every b € B, there exists A € [B N M]<* such that

MnN1h=MnN1TA.

Remark 3.4.2. For regular x, the (k, k)-FN and the (kT, k)-FN are both equivalent to the
k-FN as defined by Fuchino, Koppelberg, and Shelah [23]. In particular, the (w;,w)-FN
is equivalent to the Freese-Nation property and the (ws,w;)-FN is equivalent to the weak

Freese-Nation property.
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The (k,w)-FN is equivalent to the (x,2)-FN for all x: if A € [B N M]~* and MNTb =
MNTA, then AAe€ M and M NTb=MnNTAA. Therefore, a boolean algebra has the
(w1,w)-FN if and only if it satisfies the conclusion of Lemma 3.3.1. Likewise, a boolean

algebra satisfies the conclusion of Lemma 3.3.6 if and only if it has the (k,w)-FN.

Theorem 3.4.3. If k > w and B has the (k, cf k)-FN, then every subset of B is almost

KOP-like.

Proof. Proceed as in the proof of Theorem 3.3.2. The only modifications worth noting
happen in the last paragraph. Where Lemma 3.3.1 is used to produce r € B N M, such
that M,N7Tq = M,N1r, instead use the (k*, cf k)-FN to produce A € [BNM,]<'* such
that M,NTqg = M,NTA. For each r € A, argue as before that there exists p, € Q N M,
such that D, N Tr € D, N Tp,. By an induction hypothesis, |D, N Tp.| < k; hence,

Do N 14| < |Urea(Da N 0| < K. O

Corollary 3.4.4. It is independent of ~C'H whether every separable compactum X

satisfies YNt(X) < wy.

Proof. Fuchino, Koppelberg, and Shelah [23] proved that P(w) has the (ws,w;)-FN in
the Cohen model. Arguing as in the proof of Theorem 3.3.3, every separable compactum
X, being a continuous image of fw, satisfies xx Nt(X) < wy and 7 Nt(X) < w; in this
model. On the other hand, p = ¢ implies there is a P-point p in fw \ w. Assuming
p = ¢ > wy, let us show that this p does not have an wi’-like base in the separable
compactum Sw. Let U be a local base at p in fw. Choose V € [U]“" and U € U such
that U\w C (V. For every V € V, the compact set U\ V is contained in w, so U\V C n

for some n < w. Therefore, there exist W € [V]“! and n < w such that U \ W C n for
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all W € W. Choose Uy € U such that Uy C U \ n. Then Uy C (| W; hence, U is not

wiP-like. O

Theorem 3.4.5. Let k > w and let X be a compactum such that mx(p, X) = w(X) for
all p € X and such that X s a continuous image of a totally disconnected compactum
Y such that Clop(Y') has the (k*,cf K)-FN. Then every base of X contains an k°P-like

base of X.

Proof. Proceed as in the proof of Theorem 3.3.24. Modify that proof just as the proof

of Theorem 3.3.2 was modified in the above proof of Theorem 3.4.3. O

Séepin discovered a nice characterization of the Stone spaces of boolean algebras

having the (wi,w)-FN.

Definition 3.4.6 (Scepin [61]). Given a space X, let RC(X) denote the set of regular
closed subsets of X. A space X is k-metrizable if there exists p: X x RC(X) — [0, 00)

such that we have the following for all C' € RC(X).
1. C={x e X :p(z,C)=0}.
2. If C O B € RC(X), then p(z,C) < p(x, B) for all z € X.

3. The map pc: X — R defined by pc(z) = p(z, C) is continuous.

4. For each increasing union (J a<p Cas then

p(x,C) =inf,5p(z,Cy).

a<p Ca Of regular closed sets, if C' =

A compactum is k-adic if it is a continuous image of k-metrizable compactum.

Remark 3.4.7. S¢epin’s notation is “k-metrizable.” Let us use “k-metrizable” for two

reasons. First, “x” has nothing to do with a cardinal k; it is a Russian abbreviation for
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canonical. (Canonically closed means regular closed in this context.) Second, for some
authors, k-metrizable means something else, such as having a decreasing uniform base

of the form {U, }a<s-

The following theorem is implicit in results of Séepin [61] and more explicit in Hein-

dorf and Sapiro [31]. (See especially Section 2.9 of the latter.)

Theorem 3.4.8. A totally disconnected compactum X is k-metrizable if and only if

Clop(X) has the (w1, w)-FN.
Lemma 3.4.9 (Scepin [61]). If X is a k-adic compactum, then nx(X) = w(X).

Given the above lemma and the preceding three theorems, it is trivial to generalize
our main results from the previous section about the class of dyadic compacta, which are
continuous images of powers of 2, to the class of compacta that are continuous images
of totally disconnected k-metrizable compacta. Moreover, the next two theorems show

that the latter class properly contains the former class.

Theorem 3.4.10 (Scepin [61]). Metrizable spaces are k-metrizable. Moreover, products
and hyperspaces (with the Vietoris topology) preserve k-metrizability. In particular, every

power of 2 is k-metrizable.

Theorem 3.4.11 (Sapiro [59]). If & > ws, then the hyperspace of 2% is not dyadic.

Hence, there is a totally disconnected compactum that is k-metrizable but not dyadic.

With a little more care, we can further generalize our results about dyadic compacta

to all k-adic compacta.

Definition 3.4.12. Given a space X and a set M, define m3;: X — X/M by m3,(p) =

p/M.
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Lemma 3.4.13. Let X be a compactum. Then X is k-metrizable if and only if w5 is

an open map for all M satisfying C(X) € M < Hy.

Proof. Scepin [62] proved that a compactum X is k-metrizable if and only if, for all
sufficiently large regular cardinals p, there is a closed unbounded C' C [H,] such that
C(X) € M < H, and 77\ is open for all M € C. (Séepin stated this result in terms
of o-complete inverse systems of metric compacta; the above formulation is due to
Bandlow [7].) It follows at once that X is k-metrizable if 73\ is open for all M satisfying
C(X) € M < Hy. Conversely, suppose X is k-metrizable and C(X) € M < Hy. Fix
and C' as above. We may assume 6 > u*; hence, by elementarity, we may assume C' € M.
Choose a countable N < H<ey+ such that C'(X),C,M € N. Then MNNNH, € C,
SO WAXMNnHW which is equal to w3y, is open. Suppose U C X is open and p € U.
Since w3,y is open, there exists a cozero V' C X such that p € V. € M N N and
V/(MNN)CU/(MNN). The last relation is equivalent to the statement that, for all
q € V, there exists r € U such that, for all f € C(X)N M NN, we have f(q) = f(r).
By elementarity, for every open U C X and p € U, there exists a cozero V' C X such
that p € V € M and, for all ¢ € V, there exists r € U such that, for all f € C'(X)N M,
we have f(q) = f(r). Thus, p/M € V/M C U/M. Since V is cozero and V € M, the

set V/M is cozero. Hence, 73, is open. [l

Theorem 3.4.14. Let X be a k-metrizable compactum and Q) a family of cozero subsets
of X such that for every U € Q there exists V € Q such that V C U. Then Q is almost

w®P-like.

Proof. Proceed by induction on |@|. Argue as in the proof of Theorem 3.3.2 until the

verification of (3) for stage a+1, where we need a different argument to show that D,NTq
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is finite. Let U = ¢ and choose V € @ such that V C U. By Lemma 3.4.13, U/M, is
open; hence, there exists f € C'(X) N M, such that V/M, C (f~'{0})/M, C U/M,,.
Since f € M, we have V C f~1{0}. By elementarity, there exists W € QN M, such that
W C f~10}. By (3) for stage «, it suffices to show that D, NTU C D, N TW. Suppose
7 € DaN1U. Then W/M, C (f~*{0})/M, € U/M, C Z/M,,. Since Z € D, C M,

and Z is cozero, we have W C Z. Thus, D, NTU C D, N TW. O

Corollary 3.4.15. Let X be a k-adic compactum and U be a family of subsets of X
such that for all U € U there exists V € U such that VN X \ U = 0. Then U is almost

wP-like. Hence, tNt(X) = xg Nt(X) = w.

Proof. Proceed as in the proof of Theorem 3.3.3. Use the above theorem instead of

Theorem 3.3.2. ]

Theorem 3.4.16. Let X be a homogeneous k-adic compactum with base A. Then A

contains an wP-like base of X.

Proof. By homogeneity and Lemma 3.4.9, we have mx(p, X) = w(X) for all p € X. By
Lemma 3.3.19, we may assume 4 consists only of cozero sets. Proceed as in the proof of
Lemma 3.3.18. Replace 2* with a k-metrizable compactum Y and replace B with the set
of cozero subsets of Y. For the proof of (2) for stage o+ 1, we need a different argument
that, given H € £, and N € ¥, the set D, N N N TH is finite.

Choose U € U, such that H = E, y; choose V' € U, such that V C U. Since X
is open by Lemma 3.4.13, we have (h"'V)/N C (f~'{0})/N C (h"'U)/N for some
f€C(Y)NN. Since f € N, we have h'V C f~1{0}. Choose 3 < a such that f € Mj.
By elementarity, we may choose Wy € Ag such that h='TW, C f~1{0}. Choose W; € V4

such that W, C W, choose Ws € Uz such that W, C Wy, By (2) for stage «, it suffices
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to prove D, " NN TE,uv € TEgw,. Suppose G € D, NN N TE, . Then we have
(f7H{0})/N € (h"'U)/N € Eay/N € G/N.
Since G € N and G is cozero, we have f~1{0} C G. Hence,
Esw, Ch™'Wy Ch™'W, C f7H{0} CG.
Thus, Do, "N N TE.u C TEgw, as desired. O
Theorem 3.4.17. Let X be a k-adic compactum. Then Nt(X) # wy.

Proof. Proceed as in the proof of Theorem 3.3.31. O

If still greater generality is desired, then one can easily combine the techniques of

the proofs of Theorems 3.4.3, 3.4.14, and 3.4.16 to prove the following.

Theorem 3.4.18. Let k be an infinite cardinal and let'Y be a compactum such that, for
all open U CY and for all M satisfying C(Y) € M < Hy and k™ N|M| C kT NM €
kT +1, the set U/M is the intersection of fewer than (cf k)-many open subsets of Y /M.

If X is Hausdorff and a continuous image of Y, then we have the following.

1. If U C P(X) and, for all U € U, there exists V € U such that VN X\ U = 0,

then U is almost k°P-like. Hence, tNt(X) < k and xg Nt(X) < k.
2. If mx(p, X) = w(X) for all p € X, then every base of X contains a k°P-like base.

On the other hand, Lemma 3.4.9 cannot be so easily generalized. For example, if
X is the Stone space of the interval algrebra generated by {[a,b) : a,b € R}, then
w(X) =cand 7x(X) = 7(X) = w, despite it being shown in [23] that Clop(X) has the

(WQ, wl)—FN.
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3.5 More on local Noetherian type

In this section, we find two sufficient conditions for a compactum to have a point with
an w°P-like local base. The first of these conditions will be used to prove Theorem 3.1.4.

We also present some related results about local bases in terms of Tukey reducibility.

Definition 3.5.1. Given cardinals A > x > w and a subset F in a space X, a local
(A, k)-splitter at E is a set U of A-many open neighborhoods of E such that F is not
contained in the interior of [V for any V € [U]*. If p € X, then we call a local

(\, k)-splitter at {p} a local (A, k)-splitter at p.

Theorem 3.5.2. Suppose X is a compactum and wy < k = minyex 7x(p, X). Then

there is a local (k,w)-splitter at some p € X .

Proof. Given any map f, let [] f denote {(z;)icdoms : Vi € dom f x; € f(i)}. Given
any infinite open family &, let ®(€) denote the set of (0,I') € [£]<¥ x ([£]¥)<* for which
every 7 € [[ I satisfies (o € (Jran7. Then ®(&) = @ always implies & is wP-like and
centered.

Let R denote the set of nonempty regular open subsets of X. Choose (W,,) <., € R*
such that W, C W, # X for all n < w. Let € denote the class of transfinite sequences

((Us, Va))a<n of elements of R? satisfying the following.
Ly =wand ((Un, Va))ncw = (Wat1, Wa) )n<w:
2. U, CV, forall a <.
3. P(Va) N {ﬂa \U7: 0,7 € [UpealUs, Vs}] <“’} C {0} for all a < 7.

4. ®(Uyey (U Va)) = 0.
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Seeking a contradiction, suppose 7 is a limit ordinal and ((Uas, Va))a<y € 2, but
((Up, Vg))p<a € Q for all @ < n. Then (1), (2), and (3) hold for ((Ua, Va))a<n, SO

there exists (0,I) € ®(U,,{Ua,Va}). We may choose i € domT such that I'(i) €

a<n
UscallUs, V) for all @ < ;. Set A =T [ (domI"\ {i}). We may assume domI is
minimal among its possible values; hence, there exists 7 € [] A such that (Yo € Jran 7.
Choose v < m and W € T'(i) such that o Urant C (Jg . {Up, Vs} and W € {U,, Vo }.
Then (Vo \UJran7 € W by (2) and (3). Since W is regular, (o \ Jran7 € W; hence,
No € W UranT, in contradiction with (o, T') € @(Ua<n{Ua, Va}). Thus, Q is closed
with respect to unions of increasing chains.

It follows from (3) that Q C (R?)<IRI". Moreover, ((Wpi1, Wp))new € Q. Hence,

by Zorn’s Lemma, € has a maximal element ((U,, Vy))a<y. Set B = J Ua, Vo b

a<n{

Let us show that n > k. Suppose not. For each x € X, choose Y,,Z, € R such
that x € Y, C Y, C Z, and Z, does not contain any nonempty open set of the form

No \ U7 where 0,7 € [B]<“. Choose p € [X]<“ such that |J . Y, = X. Let us

TzEP T T

show that ®(B U {Y;, Z,}) = 0 for some = € p. Seeking a contradiction, suppose

(02, 12) € (BUA{Y,, Z,}) for all z € p. We may assume |J . [JranI', C B. Let A be

TEP
a concatenation of {I'; : z € p} and set 7 = BN J,c,0:. Then for all ¢ € [TA we have
ﬂT = ﬂﬂ(ayﬁb’) = U <Y}Cﬂ ﬂﬂ(@ﬂl’)’)) - Uﬂam C Uran{.
yep z€p yep wEp

Hence, (1,A) € ®(B), in contradiction with (4). Therefore, we may choose x € p such
that ®(BU{Y,, Z,}) = 0. But then ((Ua, Va))a<nt1 € Q if we set U, =Y, and V;, = Z,,
in contradiction with the maximality of ((U,, Vi))a<y. Thus, n > k.

Set A= {V,:a<n} By (3), |Al =|n| > k. Set K =(,_, Us. Then it suffices to

a<n

show that A is a local (|n|,w)-splitter at some z € K. Suppose not. Then each x € K
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has an open neighborhood W, that is a subset of infinitely many elements of .A. Hence,

P(BU{W,}) # 0 for all z € K. Choose p € [K]<¥ such that K C |J,., W,. Choose an

rEp

open set W such that W U Uxep W, =X and WN K = . By compactness, BU {W}
is not centered; hence, ®(BU {W}) # (). Reusing our earlier concatenation argument,

we have ®(B) # (), in contradiction with (4). Thus, A is a local (|n|, w)-splitter at some

ze K. O

Lemma 3.5.3. Suppose X is a space with a point p at which there is no finite local base.
Then xNt(p, X) is the least k > w for which there is a local {x(p, X), k)-splitter at p.
Moreover, if A > x(p, X), then p does not have a local (\, k)-splitter at p for any Kk < A

or k <cf \.

Proof. By Lemma 3.2.3, x(p, X) > xNt(p, X); hence, a xNt(p, X)°P-like local base at
p (which necessarily has size x(p, X)) is a local (x(p, X), xNt(p, X))-splitter at p. To
show the converse, let A = x(p, X) and let (U,)q<x be a sequence of open neighborhoods
of p. Let {V, : o < A} be a local base at p. For each a < A, choose W, € {Vz: < A}
such that W, C U, NV,. Then {W, : @ < A} is a local base at p. Let k < xNt(p, X).
Then there exist o < A and I € [A]" such that W, C (., Wp. Hence, p is in the interior
of (Nse; Us- Hence, {Uy : @ < A} is not a local (A, k)-splitter at p.

To prove the second half of the lemma, suppose A > x(p, X) and A is a set of A-many
open neighborhoods of p. Let B be a local base at p of size x(p, X). Then, for all K < A
and k < cf A, there exist U € B and C € [A]" such that U C [C. Hence, A is not a

local (A, k)-splitter at p. ]

Proof of Theorem 3.2.13. We may assume x(X) > w;. By Theorem 3.5.2; there is a

local (x(X),w)-splitter at some p € X. By Lemma 3.5.3, xNt(p, X) = w. O
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Proof of Theorem 3.1.4. Let X be a homogeneous compactum. By a result of Arhan-
gel’skii (see 1.5 of [2]), [Y| < 27X(¥)<(Y) for all homogeneous T3 spaces Y. Since | X| =
2x(X) by Arhangel’skii’s Theorem and the Cech-Pospisil Theorem, we have y(X) <
X (X)e(X) by GCH. If mx(X) = x(X), then xNt(X) = w by Theorem 3.2.13. Hence,

we may assume 7 (X) < x(X); hence, xNt(X) < x(X) < ¢(X) by Theorem 3.2.4. [

Example 3.5.4. Consider 27! (i.e., 2*' ordered lexicographically). Every point in this
space has character and local Noetherian type w;, and some but not all points have

m-character w.

Definition 3.5.5 (Tukey [68]). Given two quasiorders P and @, we say f is a Tukey
map from P to () and write f: P <p Q if f is a map from P to () such that all preimages
of bounded subsets of () are bounded in P. We say that P is Tukey reducible to ) and
write P <7 @ if there exists f: P <p (). We say that P and @) are Tukey equivalent

and write P =7 Q if P <7y Q < P.

Tukey showed that two directed sets are Tukey equivalent if and only if they embed
as cofinal subsets of a common directed set. In particular, any two local bases at a
common point in a topological space are Tukey equivalent. Another, easily checked fact

is that P <7 ([cf P]<¥, C) for every directed set P. Also, [k]< <p [\|<¥ if k < .

Lemma 3.5.6. Suppose k > w and E is a subset of a space X with a local (k,w)-splitter

at E. Then ([k]<“,C) <r (A, D) for every neighborhood base A of E.

Proof. Let U be a local (k,w)-splitter at E. Let A be the set of open neighborhoods
of E. Then N is Tukey equivalent to every neighborhood base of E (with respect to

D), so it suffices to show that [U]<¥ <r (N,D). Define f: U] — N by f(o) =(o
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for all ¢ € [U]<¥. Then, for all N € N, we have |f~!TN| < w because U is a local

(k,w)-splitter; whence, f~1 TN is bounded in [U]<*. Thus, f: [U]<¥ <p (N, D). O

Theorem 3.5.7. Suppose X is a compactum and wy < k = min,ex 7x(p, X). Then,

for some p € X, every local base A at p satisfies ([k]<¥, C) <r (A, D).
Proof. Combine Theorem 3.5.2 and Lemma 3.5.6. O

Lemma 3.5.8. Suppose E is a subset of a space X and E has no finite neighborhood

base. Then the following are equivalent.
1. xNt(E, X) = w.
2. There is a local (x(E, X),w)-splitter at E.
3. Every neighborhood base A of E satisfies ([x(F, X)]*, C) =r (A4, D).

Proof. By Lemma 3.5.3, (1) and (2) are equivalent. Let B be a neighborhood base
of E of size x(FE,X). By Lemma 3.5.6, (2) implies [x(E, X)] <r (A,D) =r (B,2
) <r [x(E, X)]=¥ for every neighborhood base A of E. Thus, (2) implies (3). Finally,
suppose A is a neighborhood base of E and [x(F, X)]<“ =r (A, D). Then [x (£, X)]<¥
and (A, D) embed as cofinal subsets of a common directed set. Hence, (A, C) is almost
wCP-like by Lemma 3.2.20. Hence, A contains an w°P-like neighborhood base of E. Thus,

(3) implies (1). O

Theorem 3.5.9. Suppose X is an infinite homogeneous compactum and x(X) = x(X).

Then, for all p € X and for all local bases A at p, we have (A, D) =7 ([x(X)]<¥, C).

Proof. Combine Theorem 3.2.13 and Lemma 3.5.8. O
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Definition 3.5.10. Given n < w and ordinals «, By, . . ., B, let @« — (B, . . ., B,) denote
the proposition that for all f: [a]*> — n + 1 there exist ¢ < n and H C « such that

fI[H]?] = {i} and H has order type £3;.

Lemma 3.5.11. Suppose k = cfk > w and P is a directed set such that [k]|<¥ <p P.

Then P contains a set of k-many pairwise incomparable elements.

Proof. Let @ be a well-founded, cofinal subset of P. Then P =¢ Q; let f: [k]~¥ < Q.

Define g: [x]* — 3 by g({a < B}) = 0if f({o}) £ f({B}) £ f({a}) and g({a <

By = 1if f({e}) > f({B}) and g({a < B}) = 2if f({a}) < f({B}). By the
Erdés-Dushnik-Miller Theorem, k£ — (k,w 4+ 1,w + 1). Since @ is well-founded, there is

no H € [k]“ such that g[[H]?] = {1}. Since f is Tukey and all infinite subsets of [x]<
are unbounded, there is no H C « of order type w + 1 such that g[[H]|*] = {2}. Hence,
there exists H € [k]® such that g[[H]?] = {0}; whence, f[[H]!] is a k-sized, pairwise

incomparable subset of P. O

Theorem 3.5.12. Suppose k = cf Kk > w and X is a compactum such that every point
has a local base not containing a set of k-many pairwise incomparable elements. Then

some point in X has w-character less than k.

Proof. Combine Theorem 3.5.7 and Lemma 3.5.11 to prove the contrapositive of the

theorem. O

Corollary 3.5.13. Suppose X is a compactum such that every point has a local base that

18 well-quasiordered with respect to O. Then some point in X has countable w-character.

Finally, let us present a few results about local Noetherian type and topological

embeddings.
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Lemma 3.5.14. Suppose X is a space, Y C X, and p € Y satisfies x(p,Y) = x(p, X).

Then xNt(p, X) < xNt(p,Y).

Proof. Set A = x(p,Y) and k = xNt(p,Y); we may assume A > w by Theorem 3.2.4. By
Lemma 3.5.3, we may choose a local (\, k)-splitter A at p in Y. For each U € A, choose
an open subset f(U) of X such that f(U)NY = U. Set B = f[A]. Then |B| = A because
f is bijective. Suppose C € [B]* and p is in the interior of (|C with respect to X. Then
p is in the interior of Y N[ C with respect to Y, in contradiction with how we chose A.

Thus, B is a local (), k)-splitter at p in X. By Lemma 3.5.3, xNt(p, X) < k. ]

Theorem 3.5.15. For each k > w, there exists p € u(k) such that xNt(p,u(k)) = w
and x(p,u(k)) = 2~.

Proof. Generalizing an argument of Isbell [32] about fw, let A be an independent family
of subsets of £ of size 2%. Set B = Upcufz €k :Vy € F [z \ y| < k}. Since A
is independent, we may extend A to an ultrafilter p on x such that p N B = (). For
each x C k, set 2* = {q € u(k) : * € q}. Then {z* : x € A} is a local (2", w)-splitter
at p. Since x(p,u(r)) < 2% it follows from Lemma 3.5.3 that yNt(p,u(k)) = w and
X(p; u(k)) = 2" O

" and u(k)

Theorem 3.5.16. Suppose k > w and X is a space such that x(X) = 2
embeds in X. Then there is an w°P-like local base at some point in X. Hence, xNt(X) =

w if X is homogeneous.

Proof. Let j embed u(k) into X. By Theorem 3.5.15, there exists p € u(x) such that

XNt(p,u(r)) =w and x(p,u(k)) = 2. By Lemma 3.5.14, xNt(j(p), X) = w. O

Theorem 3.5.17. Suppose p is a point in a dense subspace Y of a T3 space X. Then

xNt(p, X) > xNt(p,Y).
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Proof. Set k = xNt(p,Y) and let A be a k°P-like local base at p in X. By Lemma 3.2.20,
we may assume 4 consists only of regular open sets. Set B={UNY :U € A}. Given
any U,V € A such that U € V, we have U \ V # 0; whence, UNY \ V # (}; whence,

UNY €V NY. Therefore, B is k°-like; hence, xNt(p,Y) < xNt(p, X). ]

Example 3.5.18. Consider the sequential fan Y with w-many spines. More explicitly,
Y is the space w?U{p} obtained by taking w x (w+1) and collapsing the subspace w x {w}
to a point p. It is easily checked that Y is T3 5. Choose a compactification X of Y. Then
¢(X) = ¢(Y) = wand X is not homogeneous because it has isolated points. We will show
xNt(p, X) > wy, thereby demonstrating that homogeneity cannot be removed from the
hypothesis of Theorem 3.1.4. It suffices to show that yNt(p,Y) > wy, for we can then
apply Theorem 3.5.17. Given f € w¥, set Uy = {p} U {(m,n) € w? : n > f(m)}.
Set A = {U; : f € w*¥}, which is a local base at p in Y. Suppose B C A and
B is a local base at p. Then it suffices to show that B is not w°P-like. By an easy
diagonalization argument, no local base at p is countable. Choose By € [B]“'. Given
n <w, B, € [B]*, and Uy,,...,Us, , € B, choose B,11 € [B,]*" such that g(n) = h(n)
for all Uy, Uy, € By41. Then choose Uy, € Byi1 \ {Uy,y, ..., Uy, ,}. For each n < w, set

g(n) = max{fo(n),..., fu(n)} Then U, C Uy, for all n < w; hence, B is not w°P-like.

3.6 Questions

Question 3.6.1. Do there exist spaces X and Y such that xx Nt(X X Y) exceeds
X Nt(X)xxkNt(Y)? [In very recent unpublished work, Santi Spadaro has shown that

there is a T3 5 space X such that such that Nt(w;) = we > wy = Nt(X X wy).]

Question 3.6.2. Does ZFC prove there is a homogeneous compactum X such that
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TNt(X) > w?

Question 3.6.3. Suppose X is a compactum and xxNt(X) > wy. Can X be homoge-

neous? first countable? both?

Question 3.6.4. Is there a dyadic compactum X such that mx(p, X) = x(p, X) for all
p € X but X has no w°P-like base? In particular, if Y is as in Example 3.3.12 and Z is

the discrete sum of Y and 2*2, then does Z“! have an w°P-like base?

Question 3.6.5. If k is a singular cardinal with cofinality w, then is there a dyadic com-
pactum with Noetherian type ™7 Is there a dyadic compactum with weakly inaccessible

Noetherian type?

Question 3.6.6. Is every k-adic compactum a continuous image of a totally disconnected

k-metrizable compactum?

Question 3.6.7. Is there a homogeneous compactum with a local base Tukey equivalent

to w x wy? For each n < w, all the local bases in [[,. 2y are Tukey equivalent to

lex

[L.<, wi, but these spaces are not homogeneous for n > 1 because some but not all
points have countable 7-character. By Theorem 3.1.4, if a homogeneous compactum X

in a model of GCH has a local base Tukey equivalent to [[... w; for some n > 2, then

i<n

¢(X) > ¢ in that model.
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Chapter 4

More about Noetherian type

4.1 Subsets of bases

Given a space X, does every base of X contain an Nt(X)°P-like base of X7 There is no
known counterexample, and Lemma 3.3.19 says the answer is yes for the wide class of
spaces X satisfying x(p, X) = w(X) for all p € X. We will present some further partial
answers to this question. In particular, it is consistent that the answer is yes for all

homogeneous compacta.

Proposition 4.1.1. If X is a space and A is a (w(X)")P-like base of X, then |A| <
w(X).

Proof. Seeking a contradiction, suppose |A| > w(X). Let B be a base of X of size
w(X). Then every element of A contains an element of B. Hence, some U € B is
contained in w(X)*-many elements of A. Clearly U contains some V € A, so A is not
(w(X)1)°P-like. O
Lemma 4.1.2. If X is a compactum and wx(p, X) < cfk =k < w(X) for allp € X,

then Nt(X) > k.

Proof. Let A be a base of X. By Misc¢enko’s Lemma, there exist p € X and B € [A]*
such that p € (B. Let C € [A]<" be a local m-base at p. Then some element of C is

contained in k-many elements of B. Hence, A is not x°P-like. O]
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Theorem 4.1.3. If X is a homogeneous compactum with reqular weight, then every base

of X contains an Nt(X)°P-like base.

Proof. If x(X) = w(X), then just apply Lemma 3.3.19. If x(X) < w(X), then Nt(X) =
w(X)* by Lemma 4.1.2; whence, by Proposition 3.3.17, every base A of X contains a

base B that is Nt(X)°P-like simply because |B| < Nt(X). O

We can exchange the above requirement that w(X) be regular for a weak form of

GCH.

Corollary 4.1.4. Suppose every limit cardinal is strong limit. Then, for every homoge-

neous compactum X, every base of X contains an Nt(X)°P-like base.

Proof. By Arhangel’skii’s Theorem, x(X) < w(X) < 2¥%) If y(X) < w(X), then w(X)
is a successor cardinal; apply Theorem 4.1.3. If x(X) = w(X), then apply Lemma 3.3.19.
[l

Without assuming homogeneity, we still can get some weak results. Lemma 3.3.23
says that for a broad class of spaces X, if mx(p,X) = w(X) for all p € X, then

Nt(X) < w(X). We also have the following.

Theorem 4.1.5. Suppose k is a reqular cardinal and X is a locally k-compact T3 space

such that Nt(X) < w(X) = k. Then every base of X contains a k°P-like base of X .

Proof. Let A be a base of X and let B be a x°P-like base of X. By Proposition 3.3.17,
we may assume |A| = |B| = k. Suppose kK = w. Then X is a metrizable; fix a
compatible metric. Moreover, there is a sequence (U, ),<, of open subsets of X such

that X = J,,__ U, and U, is compact for all n < w. For each (m,n) € w? let A,,,, be a

n<w

finite cover of U,, by elements of A with diameter less than 2-". Set A’ = U, cnew Ammn-
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Then A" C A and A’ is a base of X. Suppose VW € A" and V C W. Then V contains
a ball of radius 27" for some n < w; hence, diam W > 27"; hence, W € |J,_,,,<,, Ai,m-
Thus, A" is wP-like.

Suppose k > w. Let (M,)q<, be a continuous elementary chain such that {Mg : § <
atU{A,B} C M, < Hp and |M,| < k and M,Nk € k for all &« < k. Then AUB C M,.
For each o < k, let U, denote the set of all U € AN M, for which U has a superset in
B\ M,. SetU =, U, € A. First, let us show that U is k°P-like. Suppose o < x and
U, 2 U CV € U. Then there exist 3 < k and B € B\ Mz such that B DV € Mga,;.
Hence, U C B; hence, Be {W € B:U C W} € M,.1N[B]~"; hence, B € M,1; hence,
B < a; hence, V € M,41. Thus, U is k°P-like.

Finally, let us show that U is a base of X. Suppose p € B € B and B is k-compact.
Then it suffices to find U € U such that p € U C B. Let § be the least a < k such
that there exists A € AN M, satisfying p e A C A C B. Fixsuch an A. If B ¢ Ms,
then A € Us and p € A C B. Hence, we may assume B € M. For each ¢ € A, choose
(A, B,) € Ax B such that ¢ € A, € B, C B, C B. Then there exists o € [ﬁrﬁ
such that A C Uyeor Ag- By elementarity, we may assume ((Ag, By))geo € Mp41; hence,
Ay, By € Mg, for all ¢ € 0. Choose q € o such that p € A,. If B, & Mg, then A, € Up
and p € A, C B. Hence, we may assume B, € Mg; hence, we may choose o < (3 such
that B, € My41. Then Be {W € B: B, C W} € M1 N [B]<"; hence, B € M,4;. For
each r € Fq, choose W,. € A such that r € W, C W,  C B. Then there exists 7 € [Fq} <"

such that B, C |J,.. W,. By elementarity, we may assume (W,),e, € M,,;. Choose

reT

r € 7 such that p € W,. Then W, € AN My, and p € W, C W, C B, in contradiction

with the minimality of 3. Thus, U is a base of X. O

Question 4.1.6. Is there a space X with a base that does not contain an Nt(X)°P-like
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base of X7 Is there such a metric space? Can X = w“?

4.2 Power homogeneous compacta

This section is joint work of Guit-Jan Ridderbos and myself.
Definition 4.2.1. A space is power homogeneous if some power of it is homogeneous.

The following theorem is due to van Mill [45].

Theorem 4.2.2. Every power homogeneous compactum X satisfies | X| < 2x(X)e(X),

Arhangel’skii’s identical result for homogeneous T3 spaces was used in the proof of
Theorem 3.1.4. Given the above extension of Arhangel’skii’s result, it is natural to ask
to what extent Theorem 3.1.4 is true of power homogeneous compacta. Specifically,
assuming GCH, do all power homogeneous compacta X satisfy yNt(X) < ¢(X), or
at least xYNt(X) < d(X)? This section presents a partial positive answer to the last
question. We show that if d(X) < cf x(X) = max,ex x(p, X), then there is a nonempty

open U C X such that yNt(p, X) = w for all p € U. (Note that xNt(X) < x(X).)

Definition 4.2.3. A sequence (U;);e; of neighborhoods of a point p in a space X is
A-splitting at p if, for all J € [I]*, we have p & int (., Uj.
Given an infinite cardinal x and a point p in a space X, let split,(p, X) denote the

least A such that there exists a A-splitting sequence (U, )q<, of neighborhoods of p. Set

split,,(X) = sup,ex split,.(p, X).

Remark 4.2.4. Note that if kK = x(p, X), then xNt(p, X) = split,.(p, X). If & > x(p, X),

then split, (p, X) = k1. Also, if K < x(p, X), then split, (p, X) < xNt(p, X) < x(p, X).
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Definition 4.2.5. Given [ and p, let A;(p) denote the constant function (p)e;.

Definition 4.2.6. Given a subset £ of a product [[,.; X; and a subset J of I, we say
that £ is supported on J, or supp(E) C J, if E = ()~ [x}[E]]. If there is a least set

J for which F is supported on J, then we may write supp(F) = J.

Remark 4.2.7. We always have that supp(F) C A and supp(E) C B together imply
supp(E) € AN B. If asubset E of a product space is open, closed, or finitely supported,

then there exists J such that supp(F) = J, so we may unambiguously speak of supp(E).

Definition 4.2.8. A map f from a space X to a space Y is open at a point p in X if
f(p) € int f[N] for every neighborhood N of p (where int f[N] denotes the interior of

FIN] in V).

Lemma 4.2.9. Suppose f: X — Y andp € X and f is continuous at p and open at p.

Then split,. (p, X) < split,.(f(p),Y) for all k.

Proof. Set A = split, (f(p),Y) and let (V,)a<x be a A-splitting sequence of neighborhoods
of f(p). For each a < k, choose a neighborhood U, of p such that U, C f~*[V,]. Suppose

I € [k]*. Then f(p) & int(N,c; Va- If p € int(,; Ua, then f(p) € int f [N,e; Ua] €

int (s Vs Which is absurd. Thus, p ¢ int ("), ; Ua, so split, (p, X) < A O

a€el

Lemma 4.2.10. Suppose p is a point in a space X andn < w. Then split, (A,(p), X") =

split,.(p, X) for all k.

Proof. By Lemma 4.2.9, it suffices to show that split, (A, (p), X™) > split, (p, X). Set
A = split, (An(p), X™) and let (V,)a<r be a A-splitting sequence of neighborhoods of
A, (p). We may shrink each V, to a smaller neighborhood of A, (p) while preserving

A-splitting, so we may assume that each V,, is a finite product [[,_ V,: of open sets.

<n
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Set Uy = (i<, Vay for all a. Suppose I € [k]*. Then A,(p) & int(,c; Ve fp €
int (s Uas then A,(p) € (int(,c; Ua)" C int(,; Va, which is absurd. Thus, p ¢

int (,e; Ua, so split, (p, X) < A ]
Lemma 4.2.11. Suppose p is a point in a space X and v < cfk > w. Then
split, (A, (p), X7) = split,.(p, X).

Proof. By Lemma 4.2.9, it suffices to show that split, (A, (p), X?) > split,(p, X). Set
A = split, (A,(p), X7) and let (V,)a<x be a A-splitting sequence of neighborhoods of
A, (p). We may assume each V,, has finite support and therefore choose o, € Fn(y, {U C
X : U open}) such that Voo = (5 ye,., ﬂglU. Since |[y]<¥| < cf k, we may assume there
is some s € [7]< such that dom o, = s for all & < k. But then (7[V,])a<x is A-splitting

at Ag(p) in X°. Thus, split, (A, (p), X7) > split,. (As(p), X*). Apply Lemma 4.2.10. [

Definition 4.2.12. Let U be an open neighborhood of a set K in a product space. We
say that U is a stmple neighborhood of K if, for every open V satisfying K CV C U,

we have supp(U) C supp(V).

Lemma 4.2.13. If K is a compact subset of a compact product space X = [[,.; X; and
U is an open neighborhood of K, then K has a finitely supported simple neighborhood

that is contained in U.

Proof. Set o = supp(U). By compactness of K, we may shrink U such that o is finite.
Hence, we may further shrink U until it is minimal in the sense that if V' is open and
K C V C U, then supp(V) is not a proper subset of o. Suppose V is open and
K CV CU;set 7 =supp(V). Then it suffices to show that ¢ C 7. Suppose p € K

and ¢ € X and 7l (p) =7l (q). Set r=(p [ 7)Uq | (I\ 7). Then 7i(r) = 7l(p), so

onNT onNT
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r €V CU. Moreover, wl(q) = xl(r), so ¢ € U. Thus, (7l,.)~" [xl,,[K]] CU. By the

Tube Lemma, there is an open W such that K C W C U and supp(W) C o N 7. By

minimality of U, the set ¢ N 7 is not a proper subset of o; hence, o C 7. n

Lemma 4.2.14. Suppose k is a reqular uncountable cardinal and I is a set and X =
[Lic; Xi is a compactum and p € X and h € Aut(X) and split, (p(i), X;) > wy for all

i € 1. Further suppose {C(X),p,h} C M < Hy and kN M € k+ 1. Then we have

supp(h [(m1an) ™" ({71 () }]]) € M.

Proof. For each i € I, let U; denote the set of open neighborhoods of p(i). For each
U € U;, let V(U,i) be a finitely supported simple neighborhood of h [m; '[{p(i)}]] that
is contained in & [m; '[U]] (using Lemma 4.2.13); set o(U,7) = supp(V(U,i)). By ele-
mentarity, we may assume the map V is in M, so 0 € M too. Let W (U, i) be an open

neighborhood of p(i) with such that =, '[W (U, )] C h=* [V(U, )]

Fix j € I. Suppose ‘UUGZ/{]- o(U,j)| = . Then there exists (Uys)a<x € U] such that
0(Uq,j) € 0(Ugs,j) for all B < a < k. Fix E € [k]* and an open neighborhood H

of h[m;'[{p(j)}]] with finite support 7. Choose o € E such that o(U,,j) € 7. By

simplicity, H € V(Ua, 7). Thus, b [7;'{p(j)}] € intNaep V(Ua, j); hence,

7 {p(G)Y € int () A~ [V(Ua, )] 2 int () 7 (W (Ua, 5));

ackE ackE

hence, p(j) & int(\,cp W(Ua,j). Since E was arbitrary, {W(Us,,j) : a < k} is

w-splitting at p(j), in contradiction with split,(p(j), X;) = wi. Thus, \Upg,, o(U, )| <

K.

Hence, for each i € I N M, we have (o, o(U,4) € [I]~* N M C P(M); hence,

supp(h [(hea) ™ [{ebme @} € U U 000 € M.

i€eINM Uel;
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]

Corollary 4.2.15. Let X be a compactum and k an infinite cardinal. Suppose F' is a
closed subset of X and x(F, X) < k and wx(p, X) > k for allp € F. Thensplit, (p, X) =

w for some p € F.

Proof. Since mx(p, X) < mx(p, F)x(F, X) for all p € F, we have mx(p, F') > & for all

p € F. Apply Theorem 3.5.2 to F. O]
The following theorem is an easy generalization of Ridderbos’ Lemma 2.2 in [57].

Theorem 4.2.16. Suppose X is a power homogeneous Hausdorff space, k is a reqular
uncountable cardinal, and D is a dense subset of X such that mx(d, X) < k for alld € D.

Then wx(p, X) < K for allp € X.

Theorem 4.2.17. Let k be a reqular uncountable cardinal, X be a power homogeneous
compactum, and D be a dense subset of X of size less than k. Suppose split, (d, X) > w;

for all d € D. Then split,.(p, X) = split,.(q, X) for all p,q € X. Moreover, 7(X) < k.

Proof. Let us first show that split, (p, X) = split,.(¢, X) for all p,q € X. Fix p,q € X
such that split, (p, X) > w; and split, (¢, X) = mingcx split, (z, X). Then it suffices to
show that that split, (p, X) = split, (¢, X). By Lemmas 4.2.9 and 4.2.11, it suffices
to show that there exist A € [I]<" and f: X* — X% such that f(Aa(p)) = Aalq)
and f is continuous at A(p) and open at A,(p). Choose I and h € Aut(X?) such
that h(Ar(p)) = h(As(q)). Fix M < Hy such that |[M| < x and k N M € k and
{C(X),D,h,p} C M. Set A=INM and Y = XA x {p}\ = X4 Set f =7lo(h]Y),

which is continuous. Since f(A;(p)) = Aa(q), it suffices to show that f is open at A;(p).
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Fix a closed neighborhood C x {p}\ of A;(p) in Y. By the Tube Lemma and
Lemma 4.2.14, there is an open neighborhood U of A4(q) in X such that (74)~1U C

h [(7})7'[C]]. Hence, it suffices to show that U C f [C x {p}'\]. Set
E=J{D" x {p}/\ : 0 € [1]™}

and Z = 74 [E] x {p}" = EN M. Then 74[Z] is dense in X*. Fix z € 74[Z] NU. By
Lemma 4.2.14 applied to h™! and z U Ap 4(p), we have supp(h™* [(7}) ' [{z}]]) C A;

hence, for all € w4 [p™' (7)) [{z}]]] € C, we have f(z U Apa(p)) = 2. Thus,

Th[Z]NU C f[C x {p}"\4]. Hence, U C f[C x {p}"\] = f [C x {p}"\1].

Thus, split,(p, X) = split,.(¢, X) > w; for all p,q € X. By Corollary 4.2.15, X has
no closed Gy subset K for which mx(p, X) > & for all p € K. Hence, X has no open
subset U for which mx(p, X) > & for all p € U. By Theorem 4.2.16, mx(p, X) < & for

all p € X. Hence, m(X) <> ,.p7mx(d, X) < K. O

Corollary 4.2.18. Let D be a dense subset of a power homogeneous compactum X and
let k be a regular uncountable cardinal. Suppose max,ex X(p, X) = k and |D| < r and
XNt(d, X) > wy for alld € D. Then w(X) < x(p,X) = k and xNt(p, X) = xNt(X)

forallp e X.

Proof. Every d € D either has character s, in which case split, (d, X) = xNt(d, X) > wy,
or has character less than x, in which case split, (d, X) = kT > w;. By Theorem 4.2.17,
split,. (p, X) = split, (¢, X) for all p,q € X and w(X) < k. If split,(X) = 1, then no
point of X has character x, which is absurd. Hence, split,(X) < k; hence, every point

of X has character at least x; hence, every point has character x; hence, yNt(p, X) =

split,. (X) for all p € X. O
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Corollary 4.2.19 (GCH). There do not exist X, D, and k as in the previous corollary.
Hence, if X is a power homogeneous compactum and max,ex x(p, X) = cf x(X) > d(X),

then there is a nonempty open U C X such that xNt(p, X) =w for allp € U.

Proof. Seeking a contradiction, suppose X, D, and k are as in the previous corollary. By
Arhangel’skii’s Theorem and the Cech-Pospisil Theorem, | X| = 2%. Hence, by GCH and
Theorem 4.2.2, k < wx(X)e(X). Since, mx(X) < 7(X) < &, it follows that k < ¢(X).

Hence, k < ¢(X) < m(X) < k, which is absurd. O

4.3 Noetherian types of ordered Lindelof spaces

We will show that a Lindeldf linearly ordered topological space has an w°P-like base if
and only if it is metric. Moreover, a compact linearly ordered topological space has an

wiP-like base if and only if it is metric.
Theorem 4.3.1. Every metric space has an w°P-like base.

Proof. Let X be a metric space. For eachn < w, let A,, be a locally finite open refinement

of the balls of radius 27" in X. Set A = J,,__A,. Then A is a base of X because if

n<w
p € X and n < w, then there exists U € A,,.1 such that p € U and U is contained in
the ball of radius 27" with center p. Let us show that A is w°P-like. Suppose m < w
and U € Aand V € A, and U C V. Then there exist p € U and ¢y > ¢ > 0 such
that the eg-ball with center p is contained in U and the €;-ball with center p intersects
only finitely many elements of A, for all n < w satisfying 27" > ¢,/2. If 27™ < ¢y/2,
then V' is contained in the e;-ball with center p, in contradiction with U C V. Hence,

2™ > €3/2; hence, there are only finitely many possibilities for m and V' given U, for

V intersects the e;-ball with center p. O]
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Lemma 4.3.2. Let X be a Lindelof linearly ordered topological space with open cover
A. Then A has a countable, locally finite refinement consisting only of countable unions

of open intervals.

Proof. Let {A, : n < w} be a countable refinement of A consisting only of open intervals.

For each n < w, set B, = A,\U,,_,, Am; set B ={B, : n < w}. Then B is a locally finite

m<n

refinement of A. Let C be the set of open intervals of X which intersect only finitely

many elements of B. Let D be the set of U € C satisfying U C V for some V € C. Let

{Dy, : n < w} be a countable subcover of D. For each n < w, set E, = D, \ U,,-,, Dm:
set £ = {E, : n < w}. Then & is a locally finite refinement of C. For each n < w,
set F,, = A, \\U{F € £ : B,NE = 0}, which is a countable union of intervals; set
F = {F, : n < w}. Since & is locally finite, each F), is open. Hence, each F, is a
countable union of open intervals. Moreover, B,, C F,, C A, for all n < w; hence, F is
a refinement of A.

Thus, it suffices to show that F is locally finite. Since £ is a locally finite cover of
X, it suffices to show that each element of £ only intersects finitely many elements of
F. Let i < w and choose V' € C such that E; C V. Suppose j < w and E; N F; # 0.
Then E; N B; # 0 by definition of Fj. Hence, V N B; # (; hence, there are only finitely

possibilities for Bj; hence, there are only finitely many possibilities for F. O]

Lemma 4.3.3. Let X be a nonseparable, Lindelof, linearly ordered topological space.

Then X does not have an w°P-like base.

Proof. Let A be a base of X. Let us show that A is not w°P-like. First, let us construct
sequences of open sets (A, x)nk<w a0d (Bpg)nk<w. Our requirements are that B, ; C

A,.i € A, that B,,; is a countable union of open intervals, that {B,, ; : k < w} is a locally
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finite cover of X and pairwise C-incomparable, and that {A;; : k < w} N{A4;; 1 k <
wC[X]'foralli<j<wandn < w.

Suppose n < w and we are given (A, x)k<w and (B, x)k<w for all m < n and they
meet our requirements. Let p € X. Set V, = (\{{Bnx:m <nand k <w and p € B, }.
Then V, is open. If |V,| = 1, then set U, = V,,. If |V,| > 1, then choose U, € A such
that p € U, C V,. Set U = {U, : p € X}. By Lemma 4.3.2, there exists a countable,
locally finite refinement B, of U consisting only of countable unions of open intervals.
Since B,, is locally finite, it has no infinite ascending chains; hence, we may assume B,
is pairwise C-incomparable because we may shrink B, to its maximal elements. Let
{Boy : k < w} = B,. For each k < w, set A, = U, for some p € X satisfying
By C U,. Suppose m < n and i,j < w and A,,; = A,; € [X]'. Choose p € X such
that A, ; = U,; choose k < w such that p € B,, . Then B,,,; C A,,,; = U, €V, C By,
in contradiction with the pairwise C-incomparability of {B,,; : | < w}. Thus, {A.,, :
| <w}n{A, :l <w} C[X] for all m < n. By induction, (A, k)nk<w and (By g)n k<w
meet our requirements.

Let {X,<,A} € M < Hy and |M| = w. Choose z € X \ XN M. Then there
exists y,z € X such that y < x < z and (y, z) does not intersect M. Choose U € A
such that U C (y,z). By elementarity, we may assume that A, ;, B,x € M for all
n,k < w. For each n < w, choose i,, < w such that x € B, ; . Fix n < w. Since
x ¢ M, we cannot have A, ; = {z}; hence, A,; # A, for all m < n. Hence, it
suffices to show that U C A, ;.. There exist (u;);j<w, (V;)j<w € (X U {00, —00})¥ N M
such that B, ;, = U, (uj,vj). Hence, there exists j < w such that u; <z < v;. Since
x € (y,2) N (uj,v;) and (y, z) does not intersect M, we have (y,2) C (u;,v;); hence,

UC Ay, 0O
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Theorem 4.3.4. Let X be a Lindelof linearly ordered topological space. Then the fol-

lowing are equivalent.
1. X s metric.
2. X has an w°P-like base.
3. X is separable and has an wi*-like base.

Proof. By Theorem 4.3.1, (1) implies (2). By Lemma 4.3.3, (2) implies (3). Hence, it
suffices to show that (3) implies (1). Suppose X has a countable dense subset D and
an wi’-like base. Then 7m(X) = w; hence, by Proposition 3.2.22, w(X) = w; hence, X is

metric. ]
For compact linearly ordered topological spaces, Theorem 4.3.4 can be strengthened.

Lemma 4.3.5. Suppose k is a reqular uncountable cardinal and X is a linearly ordered

compactum such that Nt(X) < k. Then d(X) < k.

Proof. Suppose d(X) > k and A is a k°P-like base of X. Let {X,<, A} € M < Hy
and |M| < k and M Nk € k. By compactness, X contains a nonempty open interval
(x,y) that is maximal among the open convex subsets of X that are disjoint from M. If
x,y € M, then (z,y) N M is nonempty by elementarity; hence, we may assume = ¢ M.
Therefore, by maximality of (x,y), we have z = sup([min X, z) N M). Choose z € (z,y);
choose U € A such that z € U C [min X, z). Then there exist u,v € X such that
x € (u,v) C U. Hence, there exist pg, p1,p2 € M such that u < pg < p1 < py < x.
Choose V' € A such that p; € V' C (pg, p2); by elementarity, we may assume V € M.

Set B={W e A:V CW}. ThenU € B € M and |B| < k; hence, U € M. Set
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w = min([p;, max X|\ U). Then w € M and v < w < z; hence, w € (z,y) N M, which

is absurd. Thus, d(X) < &. O

Theorem 4.3.6. Let X be a linearly ordered compactum. Then the following are equiv-

alent.
1. X s metric.
2. X has an w°P-like base.
3. X has an wiP-like base.
4. X is separable and has an wi®-like base.

Proof. By Theorem 4.3.4, (1), (2), and (4) are equivalent. Moreover, (2) trivially implies

(3). By Lemma 4.3.5, (3) implies (4). O

Example 4.3.7. Theorem 4.3.6 fails for Lindelof linearly ordered topological spaces.
Let X be (w; x Z) U ({w1} x {0}) ordered lexicographically. Then X is Lindel6f and
nonseparable and {{{a,n)} : o <w; andn € ZYU{X \ (a X Z) : @ < wy} is an w;’-like

base of X.

4.4 'The Noetherian spectrum of ordered compacta

Theorem 4.3.6 implies that no linearly ordered compactum has Noetherian type wy.
What is the class of Noetherian types of linearly ordered compacta? We shall prove that
an infinite cardinal x is the Noetherian type of a linearly ordered compactum if and only

if Kk # wy and k is not weakly inaccessible.
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Theorem 4.4.1. Let k be an uncountable cardinal and give k + 1 the order topology. If

Kk is regular, then Nt(k + 1) = k*; otherwise, Nt(k + 1) = k.

Proof. Let A be a base of k + 1 and let A be a regular cardinal < k. Let us show that
A is not \°P-like. For every limit ordinal a < A, choose U, € A such that o = max U,;
choose n(a) < « such that [n(a),a] C U,. By the Pressing Down Lemma, 7 is constant
on a stationary subset S of A\. Hence, A 5 {n(minS) + 1} C U, for all a € S
hence, A is not A\°P-like. Hence, Nt(k + 1) > x and Nt(k + 1) > cfx. Moreover,
Nt(k+1) <w(k+ 1)t = k*. Hence, it suffices to show that x + 1 has a k°P-like base if
K is singular. Suppose E € [k|<* is unbounded in . Let I’ be the set of limit points of

E in k+ 1. Define B by
B={(f,a]:E>8<a€ForsupEFNa)<f<ack\F}
Then B is a xk°P-like base of k + 1. [

Definition 4.4.2. Given a poset P with ordering <, let P°P? denote the set P with

ordering >.

Theorem 4.4.3. Suppose k is a singular cardinal. Then there is a linearly ordered

compactum with Noetherian type k.

Proof. Set A = cf k and X = A" +1. Partition the set of limit ordinals in A" into A-many
stationary sets (Sq)a<r. Let (Kq)a<r be an increasing sequence of regular cardinals with
supremum #. For each v < Aand 8 € S, set Y = (ko + 1)°". For each a € X\Uj,_, S5,
set Y, = 1. Set Y = |J,cy{a} x Y, ordered lexicographically. Then Nt(Y) < w(Y)" <
[Y|" = k. Hence, it suffices to show that Y has no x°P-like base.

Seeking a contradiction, suppose A is a xk°P-like base of Y. For each o < A, let U,

be the set of all U € A that have at least k,-many supersets in .A. Then, for all isolated
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points p of Y, there exists a < A such that {p} & U,; whence, p & | JU,,. Since (a+1,0)
is isolated for all @ < AT, there exist 3 < X and a set E of successor ordinals in A* such
that |[E| = AT and (E x 1) N YUz = 0. Let C be the closure of E in A*. Then C' is
closed unbounded; hence, there exists v € C'NSz.1. Set ¢ = (v, k341). Then ¢ € E x 1;
hence, ¢ ¢ JUp. Since ¢ has coinitiality k., any local base B at ¢ will contain an
element U such that U has kg-many supersets in B. Hence, there exists U € Uy such

that ¢ € U; hence, q € |JUg, which yields our desired contradiction. O

Theorem 4.4.4. No linearly ordered compactum has weakly inaccessible Noetherian

type.

Proof. Suppose k is weakly inaccessible and X is a linearly ordered compactum satisfying
Nt(X) < k. Then it suffices to prove Nt(X) < k. By Lemma 4.3.5, we have 7(X) =
d(X) < k. If w(X) > K, then Nt(X) > & by Proposition 3.2.22, in contradiction with

our assumptions about X. Hence, w(X) < k; hence, Nt(X) < w(X)" < k. O
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Chapter 5

Splitting families and the

Noetherian type of fw \ w

5.1 Introduction

Let w* denote the space of nonprincipal ultrafilters on w. Malykhin [42] proved that
MA implies 7Nt(w*) = ¢ and CH implies Nt(w*) = ¢. We extend these results by
investigating Nt(w*), mNt(w*), xNt(w*), and mxyNt(w*) as cardinal characteristics of
the continuum. For background on such cardinals, see Blass [11]. We also examine the

sequence (Nt((w*)™))qecon-

Definition 5.1.1. Let b denote the minimum of |F| where F ranges over the subsets

of w* that have no upper bound in (w*), where <* denotes eventual domination.

Definition 5.1.2. A tree w-base of a space X is a m-base that is a tree when ordered

by containment. Let h be the minimum of the set of heights of tree m-bases of w*.

Balcar, Pelant, and Simon [3] proved that tree m-bases of w* exist, and that h <
min{b, cf c¢}. They also proved that the above definition of § is equivalent to the more

common definition of f as the distributivity number of [w]* ordered by C*.

Definition 5.1.3. Given z,y € [w]¥, we say that x splits y if [yNz| = |y \ 2| = w. Let

t be the minimum value of |A| where A ranges over the subsets of [w]* such that no
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x € [w]* splits every y € A. Let s be the minimum value of |A| where A ranges over the

subsets of [w]“ such that every = € [w]“ is split by some y € A.

It is known that b < v and h < s. (See Theorems 3.8 and 6.9 of [11].)

Clearly, Nt(w*) < w(w*)™ = ¢t. We will show that also 7xNt(w*) = w and
7Nt(w*) = b and s < Nt(w*). Furthermore, Nt(w*) can consistently be ¢, ¢t, or
any regular s satisfying 2<% = ¢. Also, Nt(w*) = w; is relatively consistent with any
values of b and ¢. The relations w; < b=s5= Nt(w*) <candw; =b =5 < Nt(w*) <¢
are also each consistent. We also prove some relations between v and Nt(w*), as well as

some consistency results about the local Noetherian type of points in w*.

5.2 Basic results

Definition 5.2.1. For all z € [w]¥, set 2* ={p € w* : p € x}.

Theorem 5.2.2. [t is relatively consistent with any value of ¢ satisfying cf ¢ > wy that

Proof. We may assume cf ¢ > w;. By Exercise A10 on p. 289 of Kunen [40], there is a
cce generic extension V[G] such that ¢ = ¢"I¢ and, in V[G], there exists p € w* such
that y(p,w*) = wi. Henceforth work in V[G]. Let ¢ be a bijection from w? to w. Define

Y w — w* by
r—={ECw:{m<w:{n<w:p(mn) e E}ecp}cua}

Since mx(p,w*) < x(p,w*) = wy, there exists (F,)a<w, € ([w]*)** such that every neigh-
borhood of p contains E? for some o < wy. Hence, for all z € w*, every neighborhood of

(z) contains (p[{m} x E,])* for some m < w and a < wy; whence, mx(¢¥(z),w*) = w;.
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Since 1) is easily verified to be a topological embedding, x(x,w*) < x(¢(x),w*) for all
x € w*. By a result of Pospisil [56], there exists ¢ € w* such that x(g,w*) = ¢. Hence,
mx(¥(q),w*) = w and x(¥(q),w*) = ¢. By Proposition 3.3.11, Nt(w*) > x(¢(q),w*) =

C. O

Definition 5.2.3. Given n < w, let ss,, (ss,) denote the least cardinal x for which there
exists a sequence (f,)a<c of functions on w each with range contained in n (each with
finite range) such that for all I € [¢]* and = € [w]* there exists a € I such that f, is not
eventually constant on z. (The notation ss was chosen with the phrase “supersplitting
number” in mind.) Note that if such an (f,)a<. does not exist for any x < ¢, then ss,

(ss,,) is by definition equal to ¢.

Clearly ss,, > 55,11 > 55, for all n < w. Moreover, since cf ¢ > w, we have ss, = ss,,
for some n < w. However, for any particular n € w \ 2, it is not clear whether ZFC

proves §s,, = 55,,.

Definition 5.2.4. Given A\ > k > w and a space X, a (A, k)-splitter of X is a sequence
(Fa)a<x of finite open covers of X such that, for all I € [A]* and (Us)aer € [[oe; Fas

the interior of (1), .; Us is empty.

Lemma 5.2.5. Suppose X is a compact space with a base A of size at most w(X) such
that UNV € AUA{D} for all U,V € A. If k < w(X) and X has a (w(X), k)-splitter,

then A contains a k°P-like base of X. Hence, Nt(w*) < ss,,.

Proof. Set A = w(X) and let (Fu)acr be a (A k)-splitter of X. For each @ < A,
the cover F, is refined by a finite subcover of A; hence, we may assume F, C A. Let
A={U, : a < A}. Foreach a < A, set B, = {U,NV :V € F,}. Set B =], B\ {0}

Then B is easily seen to be a base of X and a x°P-like subset of A. O]
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Lemma 5.2.6. Let X be a compact space without isolated points and let w < k < X\ <

min,ex x(p, X). If X has no (X, k)-splitter, then Nt(X) > k.

Proof. Let A be a base of X. Construct a sequence (Fg)a<x of finite subcovers of A
as follows. Suppose we have o < X and (Fg)g<o. For each p € X, choose V, € A
such that p € V, & Uz, Fs. Let F, be a finite subcover of {V, : p € X}. Then
FoNFz=0forall @ < <A Suppose X has no (\, x)-splitter. Then choose I € [A]”
and (Ua)aer € [laes Fa such that (1,.; Uy has nonempty interior. Then there exists

W € A such that W C (,; Ua. Thus, A is not x°P-like. O

Definition 5.2.7. Let u denote the minimum of the set of characters of points in w*.

Let mu denote the minimum of the set of m-characters of points in w*.
By a theorem of Balcar and Simon [4], 7u = t.
Theorem 5.2.8. Suppose u = c¢. Then Nt(w*) = ss,,.

Proof. By Lemma 5.2.5, Nt(w*) < ss,. Suppose £ < ¢. Since every finite open cover
of w* is refined by a finite, pairwise disjoint, clopen cover, w* has a (c, k)-splitter if and

only if ss,, < k. Hence, Nt(w*) > ss,, by Lemma 5.2.6. O
Lemma 5.2.9. Suppose v =c¢. Then ssy < c.

Proof. Let (x4)a<c enumerate [w]?. Construct (ya)a<c € (w]*)¢ as follows. Given o < ¢
and (yg) g<a, choose y, such that y, splits every element of {z,}U{ys : 5 < a}. Suppose
I € [¢)f and o < ¢. Then z, is split by yg for all 5 € I\ a. Thus, {Ya,w \ Ya})a<c

witnesses s59 < ¢. ]

Theorem 5.2.10. The cardinals v and Nt(w*) are related as follows.
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1. Ifv=c, then Nt(w*) = ss, < c.
2. If v <, then Nt(w*) > c.
3. If v < cfc, then Nt(w*) = ¢*.

Proof. Statement (1) follows from Lemma 5.2.9, Theorem 5.2.8, and mu = . The proof
of Theorem 5.2.2 shows how to construct p € w* such that mx(p,w*) = 7u = ¢ and

X(p,w*) = ¢. Hence, (2) and (3) follow from Proposition 3.3.11. O

Definition 5.2.11. Let 0 = cf ((w*, <*)). Given a regular cardinal k, k-scale is a cofinal

subset of (,w*, <*) that has order type k.
A k-scale exists if and only if b =0 = k.

Theorem 5.2.12. For all cardinals k satisfying k > cfk > w, it is consistent that

t=u=b=0=cfr and Nt(w*) =850 = ¢ = k.

Proof. Assuming GCH in the ground model, construct a finite support iteration (Py)q<
as follows. First choose some U, € w*. Then suppose we have a < k and P, and
lFo Uy € w*. Let Pyyy = Py * (Qq x D) where Q, is a P,-name for the Booth forcing
for U, and D, is the P,-name for Hechler forcing. Let z, be a P, ;-name for the generic
pseudointersection of U, added by Q,; let U,,1 be a P, ;-name for an element of w*
containing U, U{z,}. Let f, be a P, -name for the generic dominating function added
by D,. For limit o < &, let U, = U5<a Us.

Let (Na)a<ctx be an increasing sequence of ordinals with supremum x. The sequence
(foa)a<cir is forced to be a cf k-scale, so I, b = 0 = cf k. Moreover, {z,, : a < cfr}
is forced to generate an ultrafilter in the P.-generic extension of V. Hence, Ik, t < u <

cf Kk < k = ¢. Therefore, by Lemma 5.2.5 and Theorem 5.2.10, it suffices to show that
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IF. sso < k. Every nontrivial finite support iteration of infinite length adds a Cohen
real. Hence, we may choose for each a < K a Py q41)-name y, for an element of [w]”
that is Cohen over the P_,-generic extension of V. Then every name S for the range of

a cofinal subsequence of (y,)a<x is such that
ke Vz € [w]” Jw e S w splits z.

Hence, (Yao)a<r Witnesses that I, sso < K. O
Theorem 5.2.13. Nt(w*) > s.

Proof. Suppose Nt(w*) = k < 5. Since Nt(w*) < ¢, we have v = ¢ by Theorem 5.2.10.
Hence, u = ¢. By Theorem 5.2.8, it suffices to show that ss, > k. Suppose (f,)a<c iS
a sequence of functions on w with finite range and I € [¢]®. Since k < s, there exists

x € [w]¥ such that f, is eventually constant on z for all & € I. Thus, ss,, > k. O
Theorem 5.2.14. 7Nt(w*) = b.

Proof. First, we show that nNt(w*) < h. Let A be a tree m-base of w* such that A
has height h with respect to containment. Then A is clearly h°P-like. To show that
h < nNt(w*), let A be as above and let B be a mNt(w*)°P-like m-base of w*. Then
A and B are mutually dense; hence, by Lemma 3.2.20, A contains a 7wNt(w*)°P-like
m-base C of w*. Since C is also a tree m-base, it has height at most 7Nt(w*). Hence,

h < TNt(w*). O
Corollary 5.2.15. If h = ¢, then nNt(w*) = Nt(w*) = 855, = c.

Proof. Suppose f) = ¢. Then v = ¢ because h < b < v < ¢. Hence, by Theorem 5.2.14,

Theorem 5.2.10, and Lemma 5.2.9, ¢ < 7 Nt(w*) < Nt(w*) = ss, < 559 < c. O
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5.3 Models of Nt(fw \ w) = w

Adding c-many Cohen reals collapses ss; to w;. By Lemma 5.2.5, it therefore also

collapses Nt(w*) to wy. The same result holds for random reals and Hechler reals.

Theorem 5.3.1. Suppose k¥ = k and P = B(2")/Z where B(2") is the Borel alegebra
of the product space 25 and T is either the meager ideal or the null ideal (with respect to
the product measure). (In other words, P adds k-many Cohen reals or k-many random

reals in the usual way.) Then 1p |- w = s89.

Proof. Working in a P-generic extension V[G], we have k = ¢ and a sequence (Z4)a<y i

[w]“ such that V[G] = V[(z4)a<s) and, if E € P(k)NV and a € k\ E, then z, is Cohen
or random over V[(x3)ser]. (See [38] for a proof.) Suppose I € [k|“" and y € [w].
Then y € V[{24)acs] for some J € [k]* N'V; hence, z, splits y for all a € '\ J. Thus,

({Za,w \ Ta})ack Witnesses ss55 = w. O

Corollary 5.3.2. FEvery transitive model of ZFC has a ccc forcing extension that pre-

serves b, 0, and ¢, and collapses 559 to wy.

Proof. Add ¢-many random reals to the ground model. Then every element of w* in the
extension is eventually dominated by an element of w* in the ground model; hence, b,

0, and ¢ are preserved by this forcing, while sso becomes wy. O

Definition 5.3.3. We say that a transfinite sequence ()<, of subsets of w is eventually

splitting if for all y € [w]*” there exists o < 1 such that for all § € n\ « the set x4 splits

Y.

Theorem 5.3.4. Let kK = k“. Then sso = wy s forced by the k-long finite support

iteration of Hechler forcing.
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Proof. Let P be the k-long finite support iteration of Hechler forcing. Let G be a generic
filter of P. For each a < &, let g, be the generic dominating function added at stage «;
set o = {n < w : go(n) is even}. Suppose p € G and [ and y are names such that p
forces I € [k]“* and y € [w]”. Choose ¢ € G and a name h such that ¢ < p and ¢ forces h
to be an increasing map from wy to I. For each o < wy, set B, = {f < r : ¢ I} h(a) # 3};
let k, be a surjection from w to F,. Let ¢ > r € G and n < w and v < k and J be a
name such that r forces J € [wy]** and supranh = % and h(a) = ku(n) for all a € J.
Set F' = {ko(n) : @ < w1} N~; let j be the order isomorphism from some ordinal 7
to F. Then c¢fn = cfy = wy. For all a < &, the set x, is Cohen over V[(gs)s<al:
hence, (j(a))a<y is eventually splitting in V[(ga)a<y]- By a result of Baumgartner and
Dordal [9], (Zj(a))a<n is also eventually splitting in V[G]. Choose 3 < n such that
Tj) splits yg for all @ € '\ 3. Then there exist s € G and o € v\ j(8) such that
r > sl & € hlJ]. Hence, o € I and z, splits yg. Thus, ({Za,w \ Ta})a<ys Witnesses

559 = W7 in V[G] UJ
Definition 5.3.5. Let add(B) denote the additivity of the ideal of meager sets of reals.

It is known that add(B) < b and that it is consistent that add(B) < b. (See 5.4 and

11.7 of [11] and 7.3.D of [§]).

Corollary 5.3.6. If k = cf kK > w, then it is consistent that ss5 = wy and add(B) = ¢ =

K.

Proof. Starting with GCH in the ground model, perform a x-long finite support iteration
of Hechler forcing. This forces add(B) = ¢ = k (see 11.6 of [11]). By Theorem 5.3.4, this

also forces 59 = wy. ]
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5.4 Models of w; < Nt(fw \w) < ¢

To prove the consistency of w; < Nt(w*) < ¢, we employ generalized iteration of forcing
along posets as defined by Groszek and Jech [25]. We will only use finite support
iterations along well-founded posets. For simplicity, we limit our definition of generalized

iterations to this special case.

Definition 5.4.1. Suppose X is a well-founded poset and P a forcing order consisting
of functions on X. Given any = € X, partial map f on X, and down-set Y of X, set
PIYy={plY:ipePh Xlo={yeX:y<z}, X|cor={ye X :y<z},Plaz=
PI(X1a),Plea=P[(X|ca), flo=f](Xla)and flca=Ff(X < a).
Then P is a finite support iteration along X if there exists a sequence (Q,).cx satisfying

the following conditions for all x € X and all p,q € P.

e P | z is a finite support iteration along X | z.

Q. is a (P [ z)-name for a forcing order.

Plcz={pU{{z,9)}: (p,q) € (P | 2)*Q.}.

[} ]1]}» [.CE I ILP(.CE) = ]1@1

[P is the set of functions r on X for which r [« y € P [< y for all y € X and

Ipy, IF r(z) = Lg, for all but finitely many z € X.

p<gqgifandonlyifp [y <qlyandp[ylFp(y) <qy) foraly e X.

Given a finite support iteration P along X and x € X and a filter G of P, set
G, ={plx) :pe G}, Gle={ple:peG},and G <z ={p [<x:p € G} Given

any down-set Y of X, set G [Y ={p Y :p € G}.
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Remark 5.4.2. If P is a finite support iteration along a well-founded poset X with

down-set Y, then IP [ Y is an iteration along Y, and 1pyy = 1p [ Y.

Definition 5.4.3. Suppose P is a finite support iteration along a well-founded poset
X with down-sets Y and Z such that Y C Z. Then there is a complete embedding
JE:P1Y —P| Z given by jZ(p) =pU(lp | Z\Y) for all p € P | Y. This embedding
naturally induces an embedding of the class of (P | Y')-names, which in turn naturally
induces an embedding of the class of atomic forumlae in the (P | Y)-forcing language.

Let jZ also denote these embeddings.

Proposition 5.4.4. Suppose P, Y, and Z are as in the above definition, and o is

an atomic formula in the (P | Y)-forcing language. Then, for all p € P | Z, we have

p - jE(p) if and only if p | Y I .

Proof. If p | Y IF ¢, then p < jZ(p | Y) IF j&(p). Conversely, suppose p | Y Iff .
Then we may choose ¢ < p | Y such that ¢ IF —p. Hence, jZ(q) IF —jZ(p). Set

r=qU(plZ\Y). Then j{(q) = r < p; hence, p I ji (). O

Lemma 5.4.5. Suppose P is a finite support iteration along a well-founded poset X
and z is a mazimal element of X. Set Y = X \ {x}. Then there is a dense embedding
6: P — (P [ V)%, (Q.) given by o(p) = (p | Y, %, (p(x))). Hence, if G is a P-generic

filter, then G, is (Qu)c.-generic over V|G [ Y].

Proof. First, let us show that ¢ is an order embedding. Suppose r,s € P. Then r < s
ifand only if r [ Y < s [Y and r [ z IF r(z) < s(x). Also, ¢(r) < ¢(s) if and only if
Y <s[Yandr Y IFj Y, (r(z) <s(z)). By Proposition 5.4.4, r [ Y IF jX . (r(z) <

s(x)) if and only if r [ z IF r(x) < s(x); hence, r < s if and only if ¢(r) < ¢(s).
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Finally, let us show that ran ¢ is dense. Suppose (p,q) € (P [Y) x j}(/[x(@z). Then
there exist » < p and s € dom(j¥,(Q,)) such that r IF s = ¢ € j%,(Q,). Hence,
(r;s) < (p,q). Also, s is a (jX,[P I x])-name; hence, there exists a (P | 2)-name ¢ such
that jX,(t) = s. Hence, r IF jX . (t € Q,); hence, r [ z I+t € Q,. Hence, rU{(z,t)} € P

and ¢(r U {(z,t)}) = (r,s). Thus, ran ¢ is dense. O

Remark 5.4.6. Proposition 5.4.4 and Lemma 5.4.5 and their proofs remain valid for

arbitrary iterations along posets as defined in [25].

Lemma 5.4.7. Let P be a forcing order, A a subset of [w]* with the SFIP, Q the Booth
forcing for A, x a Q-name for a generic pseudointersection of A, and B a P-name such
that 1p forces A C B C [w]* and forces B to have the SFIP. Let i and j be the canonical

embeddings, respectivly, of P-names and Q-names into (P*Q)—names. Then 1p,q forces

i(B)U{j(z)} to have the SFIP.

Proof. Seeking a contradiction, suppose 79 = (po, (0, F)) € P Q and n < w and
polF H € [B]<* and ro IF j(z)N(i(H) C 7. Then py forces FUH C B, which is forced
to have the SFIP; hence, there exist p; < py and m € w\n such that p, I-m € ((FUH).
Set r1 = (p1, (o U{m}, F)). Then ro > r IFm € j(z) N()i(H), contradicting how we

chose ryg. O

Lemma 5.4.8. Suppose P and Q are forcing orders such that P is ccc and Q has property

(K). Then 1p forces Q to have property (K).

Proof. Suppose the lemma fails. Then there exist p € P and f such that p IF f € Q“*
and p IFVJ € [w]** Jo, B € J f(a) L f(B). For each o < wy, choose p, < p and ¢, € Q

such that p, IF f(a) = ¢,. Then there exists I € [w]*" such that ¢, L gs forall o, 5 € 1.
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Let J be the P-name {(&,p,) : « € I}. Then p IFVa,5 € J f(a) = 4o L §s = f(B).
Hence, p IF |J| < w. Since P is ccc, there exists a € [ such that p I J C &. But this

contradicts p > p, IF & € J. O

Lemma 5.4.9. Suppose P is a finite support iteration along a well-founded poset X and

Ip [ x forces Q, to have property (K) for all x € X. Then P has property (K).

Proof. We may assume the lemma holds whenever X is replaced by a poset of lesser
height. Let I € [P]“*. We may assume {supp(p) : p € I} is a A-system; let o be
its root. Set Yy = (J,e, X [ . Then P [ Yj has property (K). Let n = |0\ Y| and
(x;)i<n biject from n to o \ Yy. Set Y1 = Y; U {z;} for all i < n. Suppose i < n
and P ['Y; has property (K). By Lemma 5.4.8, 1py; forces j}?m (Q,,) to have property

(K). Hence, P | Y; 41 has property (K), for it densely embeds into P [ Y; * j§m<@x) by
Lemma 5.4.5. By induction, P | Y,, has property (K); hence, there exists J € [I]“* such
that p [ Y, £ q | Y, forall p,q € J. Fix p,q € J and choose r such that » < p [ Y, and
r<gqlY, Sets=rU(p[supp(p)\Yn)U(q [supp(q)\Y,) andt =sU(Lp [ X \doms).

Then t < p,q. O

Lemma 5.4.10. Suppose cf k = k < X = A%, Then there exists a k-like, k-directed,

well-founded poset = with cofinality and cardinality X.

Proof. Let {z4 : a < A} biject from X to [A]<*. Construct (yo)acr € ([A]<%) as follows.
Given o < A and (yg)s<a, choose §o € A\ Us.,ys and set yo = 2, U {&}. Let = be
{Ya : @ < A} ordered by inclusion. Then = is cofinal with [A]<"; hence, E is k-directed
and has cofinality A. Also, = is well-founded because (yq)a<x is nondecreasing. Finally,
E is k-like because for all I € [A]* we have |J,c;¥al = [{&a : @ € T} = k; whence,

{Yo : @ € I'} has no upper bound in [A]<*. O
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Definition 5.4.11. For all z,y C w, define x C* y as |z \ y| < w. Let p denote the
minimum value of |A| where A ranges over the subsets of [w]* that have SFIP yet have

no pseudointersection.
Remark 5.4.12. Tt easily seen that w; < p <.

Theorem 5.4.13. Suppose w; < cfk = kK < X = A~*. Then there is a property (K)

forcing extension in which
p=nNt(w") =Nt(w*)=sss =b=r < A=rc.
Moreover, in this extension w* has P,-points; whence, maxe~ xNt(q,w*) = k.

Proof. Let = be as in Lemma 5.4.10. Let (04)a<x biject from A to Z. Let ((Ca, Ma))a<r
biject from A to A*. Given a < A and (7¢,,,)p<a € Z% choose 7¢,,, € Z such that
O¢o < Teama & Tepms for all B < a. We may so choose 7, ,, because = is directed and
has cofinality A.

Let us construct a finite support iteration P along =. Since = is well-founded, we
may define Q, in terms of P | ¢ for each 0 € =. Suppose ¢ € = and, for all 7 < o, we
have |P [< 7| < k and 1pj, forces Q, to have property (K). Then P [ ¢ has property
(K) by Lemma 5.4.9, and hence is ccc. Moreover, |P [ o] < k because P | ¢ is a finite
support iteration along = [ o and |2 [ 0| < k. Hence, 1p), I [¢<F| < ((k¥)<F) < A
Let &, be a (P | o)-name for the set of all E in the (P [ o)-generic extension for which
E € [[w]*]=" and E has the SFIP. Then we may choose a (P [ ¢)-name f, such that Lp,
forces f, to be a surjection from A to £,. We may assume we are given corresponding f,
for all 7 < 0. If there exist a, f < A such that ¢ = 7, 3, then let Q, be a (P [ ¢)-name

for Q x Fn(w, 2) where Q is a (P | o)-name for the Booth forcing for f,_ (7). If there
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are no such o and 3, then let Q, be a (P | o)-name for a singleton poset. Then lp,
forces Q, to have property (K). Also, we may assume |Q,| < k. Hence, |P [< 0| < k.
By induction, |P [< o] < k and 1p}, forces Q, to have property (K) for all o € =.
Hence, P has property (K) by Lemma 5.4.9, and hence is ccc. Also, since |Z| < A and P
is a finite support iteration, |P| < X. Let G be a P-generic filter. Then ¢"[¢ < \* = ).

VIG]

Moreover, ¢ > X because P adds A-many Cohen reals.

By Theorem 5.2.14 and Lemma 5.2.5, it suffices to show that bV < x < pVIE | that

G] VI&l . Suppose

55;/ < k, and that some q € (w*)"[% is a P,-point. First, we prove x < p
E € ([[w]*]<%)VI¢] and E has the SFIP. Then there exists a < A such that £ € V[G | 0,
because = is k-directed. Hence, there exists 5 < A such that (f,,)a0.(8) = E. Hence,
E has a pseudointersection in V|G [< 7,4]. Thus, x < p"[¢l.

Second, let us show that bVIGl < k. For each a < K, let u, be the increasing
enumeration of the Cohen real added by the Fn(w, 2) factor of Q. . Then it suffices
to show that {u, : @ < x} is unbounded in (w*)"[¢. Suppose v € (w*)VI¢). Then there
exists o € = such that v € V|G | g]. Since = is k-like, there exists v < k such that
Toa £ 0. By Lemma 5.4.5, u, enumerates a real Cohen generic over V|G | o]; hence,
U 18 not eventually dominated by v.

Third, let us prove 55;/@] < k. For each a < A, let x, be the Cohen real added
by the Fn(w, 2) factor of Q. Suppose I € ([\]*)V¢! and y € ([w]*)V[E]l. Then there
exists 0 € = such that y € V|G [ g]. Since = is k-like, there exists a € I such that
Toa £ 0. By Lemma 5.4.5, z, is Cohen generic over V|G [ o], and therefore splits y.
Thus, ({Za,w \ Ta})acxr Witnesses 55;/[(;} < K.

Finally, let us construct a P.-point ¢ € (w*)V[¢). Let C be an extension of the

ordering of = to a well-ordering of =. For each 0 € Z, set Y, = {r € £ : 7 C o}. Set
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p = minc Z and choose U, € (w*)V. Suppose 7 € = and o is a final predecessor of 7
with respect to C and U, € (w*)VI¢I¥el If there are no a, 3 < A such that o = 7, 3 and
(fou)croa(B) € U,, then choose U, € (w*)VIEN7] such that U, D U,. Now suppose such
a and 3 exist. Let v, be the pseudointersection of (f,, )0, () added by Q.

By Lemmas 5.4.5 and 5.4.7, U, U {v,} has the SFIP; hence, we may choose U, €
(w*)VIENT] such that U, D U, U{v,}. For 7 € = that are limit points with respect to C,
choose U, € (w*)VI¢™] such that U, 2 U, ., Us; set ¢ = U,z Ur. Then, arguing as in

the proof of x < pVI¢l, we have that ¢ is a P,-point in (w*)VI¢]. O

The forcing extension of Theorem 5.4.13 can be modified to satisfy b = s < Nt(w*) <

Definition 5.4.14. Given a class J of posets and a cardinal x, let MA(k; J) denote
the statement that, given any P € J and fewer than x-many dense subsets of P, there is
a filter of P intersecting each of these dense sets. We may replace J with a descriptive

term for J when there is no ambiguity. For example, MA(c; ccc) is Martin’s axiom.

Theorem 5.4.15. Suppose wy < cfk = k < X\ = A<". Then there is a property (K)

forcing extension in which
w =7TNt(w")=b=s < Nt(w") =ssp =k < A =c.

Proof. Let P be as in the proof of Theorem 5.4.13. Set R = P x Fn(wy, 2), which has
property (K) because P does. Let K be a generic filter of R. Let my and m; be the
natural coordinate projections on R; let 7y and m; also denote their respective natural
extensions to the class of R-names. Set G = mo[K] and H = m[K]. Then ¢VI¥ = )
clearly holds. Adding w;-many Cohen reals to any model of ZFC forces b = s = wy, and

TNt(w*) = b < b, so tNt(w*)VIE = pVIE] = gVIK] — ()
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For each a < A, let x, be the Cohen real added by the Fn(w, 2) factor of Q.
Suppose I € ([A\]*)"I&! and y € ([w]*)VIE]L. Then there exists ¢ € Z such that y €
VI(G | o) x H]. Since = is k-like, there exists a € I such that 75, £ 0. By Lemma 5.4.5,
x4 is Cohen generic over V|G | o]; hence, z, is Cohen generic over V[(G | ¢) x H| and
therefore splits y. Thus, ({za,w \ Za})a<rWitnesses 55‘2/[K] < K.

Therefore, it suffices to show that Nt(w*)VI5] > k. Suppose 4 < x and A is an
R-name for a base of w*. Choose an R-name ¢ for an element of w* with character \.
Let f be a name for an injection from A into A such that g € (Jran f. Let g be a name
for an element of ([w]*)* such that ¢ € g(a)* C f(a) for all @ < A\. For each a < A,
let u, be a name for g(a) such that u, = {{n} x As,n : n < w} where each A,,, is a
countable antichain of R. Since max{ws, u} < A, there exist £ < wy and J € [AJ* such
that ran m (us) C Fn(¢, 2) for all a € J. It suffices to show that {(u,)x : @ € J} has a
pseudointersection in V[K].

For each a € J, set v, = {(n,7) : (7, (p,7)) € us andp € G}. Set Hy = HN
Fn(¢, 2). By Bell’s Theorem [10], MA(p; o-centered) is a theorem of ZFC. Hence, V|G|
satisfies MA(k; o-centered). By an argument of Baumgartner and Tall communicated
by Roitman [58], adding a single Cohen real preserves MA(k; o-centered). Since Booth
forcing for {(va)m, : @ € J} is o-centered, {(v,)n, : @ € J}, which is equal to {(us)x :

a € J}, has a pseudointersection in V|G x Hy. O

5.5 Local Noetherian type and n-type

Dow and Zhou [16] proved that there is a point in w* that (along with satisfying some

additional properties) has an w°P-like local base. The proof of Theorem 3.5.15 is a
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simpler construction of an w°P-like local base which also naturally generalizes to every
u(k). This construction is essentially due to Isbell [32], who was interested in actual

intersections as opposed to pseudointersections.

Definition 5.5.1. Let a denote the minimum of the cardinalities of infinite, maximal
almost disjoint subfamilies of [w]“. Let i denote the minimum of the cardinalities of

infinite, maximal independent subfamilies of [w]“.

It is known that b < aand v <i >0 > s. (See 8.4, 8.12, 8.13 and 3.3 of [11].)
Because of Kunen’s result that @ = w; in the Cohen model (see VIIL.2.3 of [40]), it is
consistent that a < v. Also, Shelah [65] has constructed a model of v < u < a.

In ZFC, the best upper bound of xyNt(w*) of which we know is ¢ by Lemma 3.2.3.
We will next prove Theorem 5.5.5, which implies that, except for ¢ and possibly cf ¢, all
of the cardinal characteristics of the continuum with definitions included in Blass [11]

can consistently be simultaneously strictly less than yN¢(w*).

Lemma 5.5.2. Suppose k, A, and p are cardinals and k < cf X = X > p. Then (kX \)°P

1s not almost pu°P-like.

Proof. Let I be a cofinal subset of k x A\. Then it suffices to show that [ is not u-like.
If Kk = A, then I is not p-like because it is A-directed. Suppose k < A. Then there exists
a < k such that |[I N ({a} x A)| = A; hence, I has an increasing A-sequence; hence, [ is

not u-like. O]

Lemma 5.5.3. Given any infinite independent subfamily I of [w]*, there exists J C [w]®
such that if x is a generic pseudointersection of J then I U {x} is independent, but

I'U{x,y} is not independent for any y € [w]* NV \ I.
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Proof. See Exercise A12 on page 289 of Kunen [40]. O

Definition 5.5.4. We say a P,-point in a space is simple if it has a local base of order

type k°P.

Theorem 5.5.5. Suppose wy < cfk = k < cf X = X = A<*. Then there is a property

(K) forcing extension satisfyingp =a=i=u=r < A = xyNt(w*) =c.

Proof. We will construct a finite support iteration (P,),<xx where Ax denotes the ordinal
product of A and k. It suffices to ensure that the iteration is at every stage property (K)
and of size at most A, and that the IP),-generic extension of V' satisfies max{a,i,u} <
k< pand A < yNt(w*). Our strategy is to interleave an iteration of length Ax and
three iterations of length k. At every stage below Ak, add another piece of what will be
an ultrafilter base that, ordered by 2*, will be isomorphic to a cofinal subset of K x A.
Also, at every stage we will add a pseudointersection, such that the final model satisfies
p > k. After each limit stage of cofinality A, add an element to each of three objects
that, when completed, will be a maximal almost disjoint family of size k, a maximal
independent family of size k, and a base of a simple P.-point in w*.

Let p: A2 — X be a bijection such that p(a,3) > a for all a,3 < A. For each
(a,B) € kK X A\, set Eqg = {(7,0) € K Xx A : Ay + 0 < Ao+ (}. Suppose (o, 5) € kK X A
and we have constructed (P,),<xa+s to have property (K) and size at most A at all of
its stages, and a sequence (7s)(ys)ck. 5 Of Paasyp-names each forced to be in [w]”. Set
B ={x,5:(7,0) € E,p}. Let (S,) <, be a partition of A into xk-many stationary sets
such that Sy contains all successor ordinals. Suppose we have constructed a sequence
(Py.8) (10)eBay € APe? such that we always have pys € Sy and p, 5 < ps,5, Whenever

do < 81. Set Dog = {(7,py6) : (7,9) € Eop}. Further suppose that {((v, py.s), Tvs) :
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(v,0) € Eqp} is forced to be an order embedding of D, 5 into ([w]*, 2*) and that its

range B is forced to have the SFIP. Also suppose that we have the following if o > 0.
Frats Vo € [B]™ 36 < A (o " wos (5.5.1)

For each € < A, set A. = {z45: (7,0) € Eop and (v, pys) < (a,€)}.

w

Let ys be a Pyaip-name for a surjection from A to [w]”. We may assume that

corresponding y, have already been constructed for all v < 8. Let p((,n) = 5.

Claim. If a > 0, then we may choose z € {yc(n), w\ yc(n)} such that
Frats Vo € [B]™ 36 < X 2n()o € zos.

Proof. Suppose not. Let {z0,21} = {yc(n), w \ yc(n)}. Then, working in a generic
extension by Py,.g, there exist oo, 01 € [B]< such that z; N ()o; C* x4 for all i < 2

and 0 < A\. Hence, ({J;.50i € wos for all § < A, in contradiction with (5.5.1). O

If @« > 0, then choose z as in the above claim; otherwise, choose z arbitrarily. If
a = 0, then set p, 3 = 4 1. Otherwise, we may choose p, 3 € S, such that p, g > pa~

for all v < 8 and

Faass Vo € [A,, ;17 30 < pas 2N ﬂa Z* 205

Set Do g1 = Da,sU{{c, pa,g)}. Let A” be a Py, g-name forced to satisfy A’ = A, ,U{z}

if z splits B and A = A otherwise. Let @y be a name for the Booth forcing for

Pa,B
A'U{w\n:n <w}; let z,4 be a name for a generic pseudointersection of A’ U {w \ n :

n < w}. (The purpose of {w\ n:n < w} is to ensure that z, 3 does not almost contain

any element of [w]” in the Py, s-generic extension of V.)
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Let Fa+p5 to be a Py, s-name for a surjection from A to the elements of [[w]*]<* that
have the SFIP. We may assume that corresponding [, have already been constructed
for all v < Aa+ (. Let Q; be a name for the Booth forcing for Fi,1¢(n).

Further suppose we have constructed sequences (w,) <o and (U, ) <o of Py,-names
such that IFy, Us U {ws} C U, € w* for all § < v < a, and such that w, is forced to be
a pseudointersection of U, for all v < a. If 3 # 0, then let @, be a name for the trivial
forcing. If 8 = 0, then choose U, such that Iy, Uv<a U,U{w,} CU, € w*, let Q; be a
name for the Booth forcing for U,, and let w, be a name for a generic pseudointersection
of U,.

Further suppose we have constructed a sequence (a, )< 0f Py,-names whose range is
forced to be an almost disjoint subfamily of [w]|. If 5 # 0, then let Q3 be a name for the
trivial forcing. If § = 0, then let Q3 be a name for the Booth forcing for {w\a, : v < a},
and let a, be a name for a generic pseudointersection of {w \ a, : v < a}.

Further suppose we have constructed a sequence (i) <o of Py,-names whose range
is forced to be an independent subfamily of [w]“. If 5 # 0, then let Q4 be a name for the
trivial forcing. If = 0, then set I = {i, : 7 < a} and let J and z be as in Lemma 5.5.3;
let Q4 be a name for the Booth forcing for J; let i, be a name for z.

Set Prassr1 = Prags * [[,,c5 Qn. We may assume |[],_, Qn| < A; hence, Proypi1
has property (K) and size at most A. Also, B U {x,} is forced to have the SFIP by
Qo-genericity because for every b € B we have that {b} U A’ is forced to have the SFIP
because {b} U A" C BU{z} if z splits B and {b} U A’ C B otherwise. Let us also show
that (5.5.1) holds if we replace § with § + 1. We may assume o > 0. Let o € [B]<“.
Then there exists § < A such that IFxay5 2N (CUT) €* 205 for all 7 € [A,, ,]=; hence,

{(ﬂ a) \a;()’(;} U A’ is forced to have the SFIP; hence, IFyoip11 Taps N[0 €* xos by



139

Qo-genericity. Thus, (5.5.1) holds as desired.

To complete our inductive construction of (IP,), <\, it suffices to show that the set

U py.6)s Ty.8) 2 (7, 0) € Eapia}

is forced to be an order embedding of D, g1 into ([w]*, D*). Suppose (7, d) € E, g. Then

(o, pa,g) £ (Vs pre) and IFxaqpi1 Tag 2 246 by Qo-genericity. If (v, pys) < (@, pa,g),
then z,5 € A’; whence, lFaxa4p+1 Ty 2F Tap. Suppose (7, pys) £ (@, pap). Then
Pas < Pys; hence, pys > paps+ 1 = po,,,; hence, v, s C* xg,, ,- By construction,
A" U{w \ wo,p, 4} is forced to have the SFIP; hence, IFxaip11 Ty5 S Top, s 2™ Tap DY
Qo-genericity. Thus, {((7, py.s), T16)  (7,9) € Eqpt1} is forced to be an embedding as
desired.

Let us show that the Py.-generic extension of V' satisfies A < xNt(w*). Let G be a
generic filter of Py, and set B = {(za )& : (o, 8) € K x A\}. Then B is a local base at

V&l is handled by an appropriate Q.

some p € (w*)VI¢ because every element of ([w]*)
By Lemma 3.2.20, B contains a xNt(p,w*)°P-like local base {(zo )5 : (o, 5) € I} at p
for some I C k x . Set J = {(a, pag) : {(a,8) € I}. Then J is cofinal in x x A; hence,
by Lemma 5.5.2, J is not v-like for any v < A. Hence, yNt(w*)VICl > ).

Finally, let us show that the P,,-generic extension of V' satisfies max{a,i,u} < x <p.
Working in V/[G], notice that u < & because |J,..(Ua)e € w* and {(wa)g @ @ < K} is
a local base at |J,_,.(Us)a. Moreover, {(aq)q : @ < £} and {(ia)c : o < K} witness
that a < x and i < k. For p > &, note that very element of [[w]*]<* with the SFIP
is (Fha+¢(n))g for some a < k and ¢, < A. By Q-genericity, a pseudointersection of

(Faa+c(n))g is added at stage Ao + ¢(¢, n). O

Theorem 5.5.6. mxYNt(w*) = w.
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Proof. Fix p € w*. By a result of Balcar and Vojtas [5], there exists (y,).ep such that
Yy € [z]* for all x € p and {y,}.ep is an almost disjoint family. Clearly, {y}}.ep is a

pairwise disjoint—and therefore w°P-like—local m-base at p. O

5.6 Powers of fw \ w

Definition 5.6.1. A boz is a subset £ of a product space [[,.; X; such that there exist

o € [I]*¥ and (E;);e, such that £ =) "B Let Ntpox([]

ico ™ X;) denote the least

il

infinite x such that [],.; X; has a k°P-like base of open boxes.

el

Lemma 5.6.2 (Peregudov [54]). In any product space X = [[..; Xi, we have Nt(X) <

el

Lemma 5.6.3 (Malykhin [42]). Let X =[]

e1 Xi where each X; is a nonsingleton Ty

space. If w(X) < |I|, then Nt(X) = Nitpox(X) = w.

Remark 5.6.4. In Lemma 5.6.3, the hypothesis that the factor spaces be nonsingleton
and 77 can be weakened to merely require that each factor space is the union of two
nontrivial open sets. Also, the conclusion of Lemma 5.6.3 may be amended with the
statement that X has a (|I|,w)-splitter: use ({m; *U;, 7; 'Vi})icr where each {U;, V;} is

a nontrivial open cover of X;.
Theorem 5.6.5. The sequence (Nt((w*)“**))acon is nonincreasing and Nt((w*)¢) = w.

Proof. Note that if w < a < 3, then (w*)? 2 ((w*)*)?. Then apply Lemmas 5.6.2 and

5.6.3. O

Lemma 5.6.6. Let 0 <n <w and X be a space. Then Ntyo(X") = Nt(X).
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Proof. Set k = Ntpox(X™). By Lemma 5.6.2, k < Nt(X). Let us show that Nt(X) < &.
Let A be a k°P-like base of X™ consisting only of boxes. Let B denote the set of all
U;.

nonempty open V' C X for which there exists [[._, U; € A such that V = )

<n <n
Then B is a base of X because if p € U and U is an open subset of X, then there

exists [] Ui CU and

<n

inUi € A such that (p)i<, € [],.,, Ui € U"; whence, p € )
N, Ui € B.

It suffices to show that B is x°P-like. Suppose not. Then there exist [[,_, U; € A
and ([],., Va,i)a<x € A" such that

0 # ﬂUi - ﬂVa,ﬁé mvﬂ,i
i<n i<n i<n

for all « < 3 < k. Clearly, [[,_,, Va,i # [ Lic,, V3. for all a < 8 < k. Choose U € A such
that U C (N;.,,U:)". Then U C []

ien Va,i for all a < k, in contradiction with how we

chose A. O

Lemma 5.6.7. If 0 < n < w and X is a compact space such that x(p, X) = w(X) for

allp € X, then Nt(X) = Nt(X™).

Proof. By Lemma 5.6.6, it suffices to show that Nt (X™) < Nt(X™). By Lemma 5.2.6,
either X™ has a (w(X™), Nt(X™))-splitter, or Nt(X") = w(X™)". By Lemma 5.2.5, we

may conclude Nty (X™) < Nt(X™). O
Theorem 5.6.8. If0 < n < w, then Nt(w*) > Nt((w*)") > min{Nt(w*), c}. Moreover,

max{u, cf ¢} = ¢ implies Nt(w*) = Nt((w*)").

Proof. Lemma 5.6.2 implies Nt(w*) > Nt((w*)"). To prove the rest of the theorem,
first consider the case v < ¢. As in the proof of Theorem 5.2.2, construct a point

p € w* such that mx(p,w*) = v and x(p,w*) = ¢. Then Tx((p)icn, (W*)") = v and
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X({D)icn, (W*)") = ¢; hence, Nt((w*)") > ¢ by Theorem 3.3.11. Moreover, if cf ¢ = ¢,
then Nt((w*)") = Nt(w*) = ¢t. If u = ¢, then Nt(w*) = Nt((w*)") by Lemma 5.6.7.

Finally, in the case t = ¢, we have u = ¢, which again implies Nt(w*) = Nt((w*)"). O
Corollary 5.6.9. Suppose max{u,cf ¢} = c. Then (Nt((w*)'*))acon is nonincreasing.

Proof. By Theorem 5.6.8 and Lemma 5.6.2, Nt((w*)") = Nt(w*) > Nt((w*)*) whenever

0 <n < w < a. The rest follows from Theorem 5.6.5. O
Theorem 5.6.10. Suppose u = ¢. Then Nt((w*)') = Nt(w*) for all a < cfc.

Proof. Let X\ be an arbitrary infinite cardinal less than Nt(w*). By Lemma 5.2.6, it
suffices to show that (w*)'™ does not have a (¢, \)-splitter. Seeking a contradiction,
suppose (Fp)p<c is such a (¢, A\)-splitter. We may assume | J;_ Fj consists only of open
boxes because we can replace each Fs with a suitable refinement. Since o < cf ¢, there
exist o € [1 +a]<* and I € [¢]° such that, for every U € (Jze; Fp, there exists p(U) C
(w*)? such that U = 7, 'p(U). Let j be a bijection from ¢ to I. Then (¢[Fj)])s<c
is a (c, \)-splitter of (w*)?. Hence, Nt((w*)?) < A < Nt(w*) by Lemma 5.2.5. But

Nt((w*)?) < Nt(w*) contradicts Theorem 5.6.8. O

Lemma 5.6.11. Suppose a space X has a (cfw(X),cfw(X))-splitter. Then Nt(X) <

w(X).

Proof. Set k = cfw(X) and A = w(X). Let (F,)a<x be a (k,r)-splitter of X. Let
h : A — & satisfy [h™{a}| < X for all @ < k. Then (Fi@))a<xr 18 a (A, A)-splitter

because if I € [A\]*, then h[I] € [k]*. By Lemma 5.2.5, Nt(X) < \. O

Remark 5.6.12. The proof of the above lemma shows that for any infinite cardinal &, a

space with a (cf k, cf k)-splitter also has a (k, k)-splitter.
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Theorem 5.6.13. Nt((w*)¢) <.

Proof. The sequence
Urt{2n:n < w¥), 7 ({2n +1:n < W} Pacet e
is a (cf ¢, w)-splitter of (w*)'c. Apply Lemma 5.6.11. O

Theorem 5.6.14. For all cardinals k satisfying K > ct kK > wy, it is consistent that
¢ =k and v < cfc. The last inequality implies Nt((w*)**) = ¢ for all « < cf¢ and

Nt((w*)P)=c=k forall B € ¢\ cfc.

Proof. Starting with ¢ = & in the ground model, the proof of Theorem 5.2.2 shows how
to force v = u = w; while preserving ¢. Now suppose t < cf¢. Fix a < cfcand g € ¢\cfc.
By Theorems 5.6.13 and 5.6.5, Nt((w*)?) < ¢. To see that Nt((w*)?) > ¢, proceed as
in the proof of Theorem 5.6.8, constructing a point with character ¢ and m-character
|3]. Similarly prove Nt((w*)'T®) = ¢ by constructing a point with character ¢ and

m-character [t + . O

Lemma 5.6.15. Suppose k, A\, and u are cardinals and p is a point in a product space

X =[], Xa satisfying the following for all a < k.
1. 0<k <wX) andw < X <w(X).
2. k <cfw(X) or A <w(X).
3o pw<Xorpu=cfA.

4. x(p(@), Xo) < X or the intersection of any p-many neighborhoods of p(a) has

nonempty interior.
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Then x(p, X) < w(X) or Nt(X) > p.

Proof. Let A be a base of X. Set B={U € A:p e U}. For each o < &, let C, be a
local base at p(a) of size x(p(@), Xa). Set F' = U, cpy<w [ae, Ca- For each o € I, set
Us = Nacdomo Ta -0 (). For each V' € B, choose o(V) € F such that p € U,y € V. We
may assume (p, X) = w(X); hence, by (1) and (2), there exist r € [x]<“ and D € [B]}
such that domo (V) =rforall V € D. Set s = {a €r: x(p(a),X,) <A} and t =7\ s.

By (3), there exist 7 € [],.,Co and € € [D]* such that o(V) [ s = 7 for all V € €£.

aEs

By (4), Nyee o(V)(a) has nonempty interior for all o € t. Hence, (€ has nonempty

interior because it contains U, N ()., Ta' yee o(V)(a). Thus, Nt(X) > p. O

Theorem 5.6.16. Suppose 0 < a < ¢ and (Xg)g<q is a sequence of spaces each with

weight at most ¢. Set X =[], ,(Xg@®w"). Then N{(X) > p.

Proof. Let v be an arbitrary infinite cardinal less than p. Set k = |a|, A = vT, and
u = v. Choose g € w* such that x(¢,w*) = ¢; set p = (¢)s<a. Then Lemma 5.6.15
applies because if k > cfw(X) = cf¢, then A < p < cfec < ¢ = w(X). Therefore,

NH(X) > . O
Corollary 5.6.17. Suppose p = ¢. Then Nt((w*)'T®) = ¢ for all a < .

Proof. By Theorem 5.2.10, Nt(w*) < ¢. Hence, by Corollary 5.6.9, Nt((w*)*®) < ¢ for

all & € On. By Theorem 5.6.16, Nt((w*)'™*) = ¢ for all a < ¢. O

Corollary 5.6.18. Suppose a < ¢ and (Xg)s<a s a sequence of spaces each with weight
at most c. Then [],_,(Xg ® w*) is not homeomorphic to a product of c-many nonsin-

gleton spaces.

Proof. Combine Theorem 5.6.16 and Lemma 5.6.3. m
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5.7 Questions

Question 5.7.1. Is it consistent that Nt(w*) = ¢ = cfc¢ > 07 By Theorem 5.2.10, the
above relations imply ¢ = cf ¢ = v > 0, which can be attained by adding many random

reals. However, adding many random reals collapses Nt(w*) to wy.
Question 5.7.2. Ts it consistent that Nt(w*) = ¢t and v > cf ¢?

Question 5.7.3. Is Nt(w*) < ss,, consistent? This inequality implies u < ¢. Hence, by

Theorem 5.2.10, the inequality further implies

cfe<r<u<c= Ntw") <ss, =c".
More generally, does any space X have a base that does not contain an Nt(X)°P-like
base?

Question 5.7.4. Is ss,, < s59 consistent?

Question 5.7.5. Letting g denote the groupwise density number (see 6.26 of [11]), is
Nt(w*) < g consistent? xNt(w*) < g? In particular, what are Nt(w*) and xNt(w*) in

the Laver model (see 11.7 of [11])?
Question 5.7.6. Is cf Nt(w*) < Nt(w*) < ¢ consistent? cf Nt(w*) = w?
Question 5.7.7. Is cf ¢ < Nt(w*) < ¢ consistent?

Question 5.7.8. What is x Nt(w™*) in the forcing extension of the proof of Theorem 5.4.157

More generally, is it consistent that xNt(w*) < Nt(w*) < ¢?

Question 5.7.9. Is xNt(w*) = w consistent? An affirmative answer would be a strength-
ening of Shelah’s result [64] that w* consistently has no P-points. If the answer is

negative, then which, if any, of p, b, s, and g are lower bounds of Y Nt(w*) in ZFC?
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Question 5.7.10. Is cf ¢ < xNt(w*) consistent? cf ¢ < yNt(w*) < ¢?

Question 5.7.11. Does any Hausdorff space have uncountable local Noetherian m-type?
(It is easy to construct such 77 spaces: give wy + 1 the topology {(w1 +1)\ (eUo) : a <
wy and o € [wy + 1]<“} U {0}.)

Question 5.7.12. Ts it consistent that Nt((w*)'™*) < min{Nt(w*), ¢} for some o < ¢? Is

it consistent that Nt((w*)'*t*) < Nt(w*) for some o < cf ¢?
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Chapter 6

Tukey classes of ultrafilters on w

6.1 Tukey classes

Definition 6.1.1 (Tukey [68]). Given directed sets P and () and a map f: P — @, we
say f is a Tukey map, writing f: P <p @, if the f-image of every unbounded subset of
P is unbounded in ). We say P is Tukey reducible to @), writing P <7 @, if there is a
Tukey map from P to Q. If P < ) <7 P, then we say P and () are Tukey equivalent

and write P =7 Q).
By the next proposition, the above definition is equivalent to Definition 3.5.5.

Proposition 6.1.2 (Tukey [68]). A map f: P — Q is Tukey if and only the f-preimage
of every bounded subset of Q) is bounded in P. Moreover, P <r Q if and only if there is

a map g: QQ — P such that the image of every cofinal subset of Q) is cofinal in P.

Theorem 6.1.3 (Tukey [68]). P =7 Q if and only if P and Q order embed as cofinal
subsets of a common third directed set. Moreover, if PN Q = (), then we may assume

the order embeddings are identity maps onto a quasiordering of P U Q).
The following is a list of basic facts about Tukey reducibility.
o P<; Q= cf(P) <cf(Q).

e For all ordinals «, 8, we have o <p < cf(a) = cf(5).
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PSTPXQ.

P<rR>r Q=P xQ<rR.

.PXPETP.

P <r ([ef(P)]<, C).

For all infinite sets A, B, we have ([A]<*, C) < ([B]<¥,C) < |A| < |B].

Given finitely many ordinals ag, ..., &m_1, 50, ..., Bn_1, We have

H a; <rp Hﬁl & {cf(a) i <m} CH{cf(B;) i < n}.

<m <n
e Every countable directed set is Tukey equivalent to 1 or w.
Theorem 6.1.4 (Isbell [32]). No two of 1, w, wy, w X wy, and ([w1]<¥,C) are Tukey
equivalent.

Isbell [32] asked if these five Tukey classes encompass all directed sets of size w;. In

“ ordered by domination, is not

[33], he answered “no” assuming CH. In particular, w
Tukey equivalent to any of the above five orders. Devlin, Steprans, and Watson [14]
showed that ¢ implies there are 2“'-many pairwise Tukey inequivalent directed sets of
size wy. Todorcevié [67] weakened the hypothesis of ¢ to CH and also showed that PFA

implies that 1, w, wy, w X wy, and ([w;]<¥, C) represent the only Tukey classes of directed

sets of size w;.

6.2 Tukey reducibility and topology

Traditionally, Tukey reducibility has mainly been connected to topology by the concept

of subnet: we say (x;);es is a subnet of (y;);es if there exists f: I — J such that the
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image of every cofinal subset of I is cofinal in .J, and z; = yy; for all ¢ € I. In contrast,
our results are about classifying points in certain spaces by the Tukey classes of their
local bases ordered by reverse inclusion. The following theorem, which is of independent
interest, implies that the Tukey class of a local base at a point in a space is a topological

invariant.

Theorem 6.2.1. Suppose X and Y are spaces, p € X, q €Y, A is a local base at p in
X, B is a local base at ¢ in'Y, f: X — Y is continuous and open (or just continuous

at p and open at p), and f(p) = q. Then (B,2) <7 (A, D).

Proof. Choose H: A — B such that H(U) C f[U] for all U € A. (Here we use that
f is open.) Suppose C C A is cofinal. For any U € B, we may choose V € A such
that f[V] C U by continuity of f. Then choose W € C such that W C V. Hence,

H(W) C fIW] C f[V] CU. Thus, H[C] is cofinal. O

Corollary 6.2.2. In the above theorem, if f is a homeomorphism, then every local base

at p is Tukey-equivalent to every local base at q.

Example 6.2.3. Consider the ordered space X = w; + 1+ w°P. It has a point p that is
the limit of an ascending w;-sequence and a descending w-sequence. Every local base at
p, ordered by D, is Tukey equivalent to w X wy.

Next, consider D, U {oo}, the one-point compactification of the w;-sized discrete
space. Glue X and D, U {oco} together into a new space Y by a quotient map that
identifies p and co. In Y, every local base at p, ordered by DO, is Tukey equivalent to
([w1]=¥, €), which is not Tukey equivalent to w X w;.

Thus, we can distinguish p in X from p in Y by their associated Tukey classes,

even though other topological properties, such as character and w-character, have not
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changed. Moreover, since w X w; < [wi|<¥, we may conclude there is no continuous

open map from X to Y that sends p to p.

6.3 Ultrafilters

By Stone duality, every ultrafilter &/ on w is such that U ordered by containment, O,
is Tukey-equivalent to every local base of ¢/ in [w. Likewise, i ordered by almost
containment, D*, is Tukey equivalent to every local base of U in w*. Therefore, let us
now restrict our attention to the Tukey classes of nonprincipal ultrafilters on w, ordered
by O or D*. Note that the identity map on a U € w* is a Tukey map from (U, D*) to
(U, D). Moreover, since ([¢]<¥, C) is Tukey-maximal among the directed sets of cofinality
at most ¢, if (U, 2*) =r ([c|¥, C), then (U, D) =1 ([¢]<¥, C).

Note that a given U € w* is a P,-point if and only if (U, O*) is k-directed. Also note
that u is the least x such that there exists U € w* such that cf (U, 2*)) = k; moreover,
cf((U, D)) = cf({U, O*)) always holds.

Isbell [32], using an independent family of sets, showed that there is always some
U € w* such that (U, D) =7 ([c|<“, C). Moreover, his proof also implicitly shows that
U, 2%) =r ([, Q).

Definition 6.3.1. We say 7 C [w]“ is independent if for all disjoint 0,7 € [Z]<¥ we
have (o Z* .

Lemma 6.3.2 (Hausdorff [29]). There ezists an independent T € [[w]“]".

Theorem 6.3.3 (Isbell [32]). There exists U € w* such that (U, D*) = ([, C).

Proof. Tt suffices to show that there exists f: ([¢]<%, C) <rp (U, D*). Let Z € [[w]*]® be

independent. Let F be the filter generated by Z. Let J be the ideal generated by the
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set of pseudointersections of infinite subsets of Z. Extend F to an ultrafilter U disjoint

from J. Define f: [¢|<* — U by 0 — ()., Io- Then f is Tukey as desired. O

aco

There are also known constructions of various U € w* that satisfy (U,D*) =r
([¢]<¥, C) and some additional property. See, for example, Dow and Zhou [16]. Also,
Kunen [39] proved that there exists a non-P-point U € w* such that U is ¢-OK, and the

next proposition shows that such a point must satisfy (U, 2*) =¢ ([¢|<¥, C).

Definition 6.3.4 (Kunen [39]). We say U € w* is k-OK if for every (A,)n<, € U¥ there

exists (Ba)ackx € U" such that for all nonempty o € [k]< we have (., Ba € Ajg.

aco

(Therefore, Keisler’s notion of k™-good implies k-OK.)
Proposition 6.3.5. IfU is a ¢-OK non-P-point in w*, then (U, O*) =r ([c]<¥, C).

Proof. Tt suffices to show that there exists f: ([¢|<¥, C) <r (U, D*). Choose (A,)n<w €
U such that {A,, : n < w} has no pseudointersection in «. Then choose (B,)a<c € U*

as in Definition 6.3.4. Define f: [¢|<¥ — U by 0 — [),., Ba. Then every infinite subset

aco

of [¢]<“ has unbounded f-image; hence, f is Tukey as desired. O

Isbell [32] asked if every U € w* satisfies (U, D) =¢ ([¢|<¥, C). It is now well-known
that it is consistent with -CH that u < ¢, which implies the existence of Y € w* such that
U,2) <r ([u<¥, <) <r ([c]<¥, C). To keep Isbell’s question interesting, let us restrict
our attention to models of u = ¢. (Another way to keep Isbell’s question interesting to
demand a ZFC proof of the existence of U € w* such that (U, D) #r ([c]<¥, C). This is

an open problem.)

Definition 6.3.6. Given cardinals £ and A, let E§ denote {a < & : cf(a) = A}.
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Theorem 6.3.7. Assume O(Ef) and p = ¢. Then there exists U € w* such that U is

not a P-point and ¢ < (U, D) <p (U, D) <7 [¢]<¥.

Proof. To simplify notation, we construct U as an ultrafilter on w?. Indeed, we construct
P-points V. Wy, Wi, Wa,... € w* and set U = {E Cw?: V> {i: W, 3 {j: (i,j) €
E}}}. This immediately implies that {(w \ n) X w : n < w} is a countable subset
of U with no pseudointersection in U; whence, U is not a P-point. Our construction
proceeds in ¢ stages such that, for each n < w, the sequences (Vu)a<c and W, a)a<. are

continuous increasing chains of filters such that V =, < Vo and W, = Upee Whia- Set

a<c
U, ={ECw: Vo3 {i: W,u2{j: (i,j) € E}}}forall a <c.

Let (Za)acr:, be a O-sequence. Let (: ¢ < [w]* and n: ¢ < [w?]”. Set Vy =
Who = {w\ o : 0 € [w} for all n < w. Suppose a < ¢ and we’ve constructed
(Vs)g<a and (W g)m gjcwxa such that, for all < « and n < w, Vg and W, g are
filters on w; if cf(B) # w and 4+ 1 < «, then further suppose that V3 and W, g have
pseudointersections in Vi1 and W, g1, respectively. If a is a limit ordinal, then set
Vo = UB<0¢ Vgand W, o = U5<a W, 3 for each n < w. If a is the successor of an ordinal
with cofinality other than w, then we use stage « as follows to help our filters become
ultrafilters that are P-points. Choose the least § < ¢ such that ((5),w \ ((5) & Va-1.
Choose E € {¢(f), w\ ¢(#)} such that {E} UV, 1 has the SFIP and let V, be a filter
generated by V,_; and a pseudointersection of {E} U V,_;. Likewise, for each n < w,
choose the least 5 < ¢ such that ((6),w \ ((8) € Wh.a—1. Choose E € {{(3), w\ {(B)}
such that {E} UW, 1 has the SFIP and let W, , be a filter generated by W, .1 and
a pseudointersection of {E} UW,, ,_1.

Finally, suppose « is the successor of an ordinal with cofinality w. Then we use

stage « to kill a potential witness to (U, D) =7 [c]<“. Choose, if it exists, the least
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B < ¢ for which n(8) is contained in the intersection of an infinite subset of 7[=,]
and {n(8)} UU,_1 has the SFIP. Let V, be the filter generated by {F'} UV,_; where
F={i:Wia1Zw\{j: @ j)en(B)}}; foreach i € F, let W, , be the filter generated
by {{7: (i,5) € n(B)}} UW, o_1; for each i € w \ F, set W; o = W, o—1. Note that this
implies 7(3) € U,. If no such § exists, then set V, = V,—1 and W, , = W), o1 for all
n < w. This completes the construction.

Clearly, ¢ <7 (V,2*) <r (U, D*). Since U is not a P-point, ¢ Zr (U, O*). Therefore,
it remains only to show that (U, D) #r [¢/<“. Suppose A € [U]°. Then it suffices to
show that the intersection of an infinite subset of A is in U. By O(Ef), there exists
M < H such that |[M| =w and M 2 {A, (Va)a<es Whia) na)ewxet and n[Zs) = ANM
where ¢ = sup(cN M). Hence, it suffices to show that the intersection F of some infinite
subset of AN M is such that { E} UUs has the SFIP.

Let {V,, : n <w} € M generate of the filter Vy; for each i < w,let {W;; : j <w} C M
generate the filter W, 5. Set By = A. Suppose k < w and, for all [ < k, we have A; €
Bii1 € [B]f and ny < w and W, 3 {j : (ny,5) € BN, An} for all B € B,y Since
cf(c) > w, there exist By1 € [By® and ny, € (o, (Va \ {nn}) and op: {ny: I < k} - w
such that, for all [ < k and B € By, we have W, 3 {j t (i, ) € BN ek Ah} and
ox(n) € Ny Waip and o, € BN (), An. Choose any Ay, € Byy1 \ {An 1 h < k}. By
induction, we can repeat the above for all £ < w. Moreover, we may carry out any finite
initial segment of the construction in M. Hence, we may assume {A4; : i < w} C M.

Finally, U, o € i<, Ai and {UJ,, i} UU; has the SFIP. O

Note that Q(Ef) is equivalent to ¢ under CH. Furthermore, a recent result of She-
lah [63] is that if & is an uncountable cardinal and 2% = k™, then ¢(S) holds for every

stationary S disjoint from Eff?ﬁ)' Hence, we could drop the hypothesis ¢(Ef) under the



154

assumption that ¢ = k* for some cardinal x of uncountable cofinality. (We would have
2% = kT because ¢<P = ¢. (See Martin and Solovay [43].))

[In very recent unpublished work, Stevo Todor¢evié¢ has deduced Theorem 6.3.7 from
the mere existence of a P-point, which is known to follow from ? = ¢, which is a strictly

weaker hypothesis than p = ¢. Thus, the need for ¢(Ef)) has been eliminated altogether.]

Remark 6.3.8. When thinking about Tukey classes of ultrafilters, one may be reminded
of Hechler’s result [30] that any w;-directed set without a maximum can be forced to be
isomorphic to a cofinal subset of w* ordered by eventual domination. Similarly, Brendle
and Shelah [12] have implicitly shown that, for a fixed regular uncountable x and set R
of regular cardinals exceeding x, there is a model of ZFC in which, for each A € R, some
U € w*, when ordered by 2% has a cofinal subset isomorphic to x x A. It is not clear
whether an arbitrary w;-directed set can be forced to be isomorphic to a cofinal subset
of an ultrafilter ordered by D*. In constructing non-P-points, which are not w;-directed

when ordered by D*, order-theoretic results seem to come even less easily.

It is worth noting another relationship between the Tukey classes arising from ultra-

filters ordered by O* and those ordered by 2.

Proposition 6.3.9. Suppose U is a non-P-point in w*. Then there exists ¥V € w* such

that (V,2) <p (U, D).

Proof. Choose (,)p<. € U” such that z,, D 41 2* z,, for all n < w, that (), _, 2, =0,
and that {z,, : n < w} has no pseudointersection in «. For each n < w, set y,, = T, \Tp11.
Set V={FECw:U,cpyn €EU}. Then V € w* and the map from (V,D) to (U, D*)

defined by E +— |J,,cp yn is Tukey. O]

Next, we have a pair of negative ZFC results.
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Theorem 6.3.10. Let ) be a directed set that is a countable union of wy-directed sets.

Then (U, O*) Zr w X Q for allU € w*.

Proof. Seeking a contradiction, suppose U € w* and (U,D*) =7 w x Q. Then there
is a quasiordering T on U U (w x Q) such that (U, D*) and (w x @, <,xq) are cofinal
suborders. Let @ = |, @» where @, is w;-directed for all n < w. Fix p € Q. Fix
n € w* such that n™'{n} is unbounded and n(4n) = n(4n + 1) = n(4n + 2) = n(4n + 3)
for all n < w. For all n < w and ¢ € Q, choose z,, € U such that (n,q) C 2, ,. We may
assume that z;,, C z,, forallt < j <w and ¢ € Q.

Construct ¢ € w* as follows. Suppose we are given n < w and ¢ [ n. Then, for all
q € Q, the set {x¢(m)q : m < n} has a C-upper bound (k,r) for some k£ < w and r € Q.
Since Qyn) is wy-directed, every countable partition of Q) includes a cofinal subset.
Hence, there exist k < w and a cofinal subset S,, of )5, such that for all ¢ € S, there
exists 7 € @ such that {x¢m), : m < n} C (k,r). We may assume k > ((m) for all
m < n. Set ((n) = k.

Since w* is an F-space (or, more directly, by an easy diagonalization argument),
there exists z C w such that T¢un)p \ Te@nt2)p S 2 and Te@nio)p \ Teantayp S w \ 2
for all n < w. Suppose z € U. Then there exist m < w and (I,r) € w x @, such that
(I,r) J z. Choose n < w such that n(4n + 3) = m and ((4n + 2) > [. Then choose
q € San+s such that ¢ > r. Then (((4n + 2),q) I z. Hence, T¢unt2),g = 2 N Teant2)p =2
Teantayp 3 (C(4n 4 4),p). Hence, (C(4n +4),p) T T¢anta),q & (((4n + 3),s) for some
s € @, which is absurd because ( is strictly increasing. By symmetry, we can also derive
an absurdity from w\ z € Y. Thus, U is not an ultrafilter on w, which yields our desired

contradiction. O

The above result is optimal in the following sense. As noted before, it is not hard to
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show that, for a fixed regular uncountable s and set R of regular cardinals exceeding &,
a construction of Brendle and Shelah [12] can be trivially modified to yield a model of
ZFC in which, for each A € R, some U € w* satisfies (U, D) =1 k x A for each A in an

arbitrary set of regular cardinals exceeding k.

Lemma 6.3.11. Given a quasiorder () with an unbounded cofinal subset C, there exists

a cofinal subset A of C' such that A is |C|-like.

Proof. Let (ca)a<ic|: |C| < C. For each a < |C|, let a, = c3 where 3 is the least
v < |C| such that ¢, has no upper bound in {as : 6 < a}, provided such a v exists. If

no such ~ exists, then a > 0, so we may set a, = ag. Then A = {a, : a« < |C|} is as

desired. ]

Theorem 6.3.12. Suppose Q) is a directed set that is a countable union of wy-directed

sets. Then (U, D) £ Q for allU € w*.

Proof. Seeking a contradiction, suppose U € w* and f : (U, D) <r Q. By a result of

Brendle and Shelah [12],
cf(ct((U, 2))) = cf(ct(U, 27))) > w.

By Lemma 6.3.11, & has a cofinal subset A that is cf((U, D))-like. Since A is cofinal,
f I Ais a Tukey map and |A| = cf({U, D)). Let Q =, @n where @, is w;-directed
for all n < w. Since cf(]A|) > w, there exist n < w and B € [A]M such that f[B] C Q,.
Since A is |A[-like, B is unbounded. Set I = w\ [ B. For each i € I, choose B; € B such

that i ¢ B;. Then (,.; B; = () B; hence, {B; : i € I} is unbounded. But {f(B;) : i € I}

iel
is a countable subset of (),, and therefore bounded. This contradicts our assumption

that f is Tukey. O]
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From Corollary 5.4 of [66] by Solecki and Todor¢evi¢, it follows that (U, D) L w®
(where w* is ordered by domination) for all U € w*.
Our next theorem, a positive consistency result, is proved using Solovay’s Lemma [43],

which we now state in terms of p.

Lemma 6.3.13. If A, B € [[w]*]<P and |[aN(o| =w for alla € A and o € [B]<¥, then

B has a pseudointersection b such that |aNb| = w for all a € A.

Theorem 6.3.14. Assume p = ¢. Let w < cf(k) = k < ¢. Then there exists U € w*

such that (U, D*) = ([¢]<F, C).

Proof. Given a set F, let I(F) denote the set of injections from x to E. Given £ C P(w),
let ®(&) denote the set of (p,I') € [E]<* x I(E)= satisfying (p C* U epanr [(7) for all
v < k. Let (Z,)a<c enumerate [[w]?]<". Note that if || > &, then ®(£) = () implies
that £ has the SFIP and that (£, D) is «-like.

w

Let us construct a sequence (U,)a<c in [w]* such that we have the following for all

a < ¢, given the notation Us = {U, : v < } for all g <.
1. VB <a Vo,m€Us]< No T YUrorNo\UT Z* Us.
2.V <a Joe ™ Usn(No="DorVS e.#; Ug C* 5.
3. (U,) = 0.

Clearly, (1) and (2) will be preserved at limit stages of the construction. Let us show
that (3) will also be preserved. Let w < cf(n) < n < ¢ and suppose (1) and (3) hold
for all @ < 7. Seeking a contradiction, suppose (p,I') € ®(U,); we may assume (p,I')
is chosen so as to minimize domI'. By (1), (Ua)a<y is injective; let ¢ be its inverse.

Since @ (Usup(p(p))) = 0, we have I' # (). By the pigeonhole principle, there exist A € [k]”
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and ¢ € domI" such that for all v € A we have ¥(I'(7)(7)) = maxjeqomr ¥ (I'(4)(7)).
By symmetry, we may assume i = max(domI"). Since ®(Usupy[p))) = @, we have AN
(i)t sup(¢[p])| < k; hence, we may assume ANT (1)~ ! sup(¢[p]) = 0. By the definition
of ®(U,), we have (p\ U, I'(5)(7) € I'(i)(y) for all v € A. Hence, by (1), we have
Np S U;o; T()(y) for all v € A. Choose h € I(A). Then (p, (I'(j) o h)j<i) € ®(U,), in
contradiction with the minimality of domI'. Thus, (3) will be preserved at limit stages.

Given a < ¢ and (Up)s<, satisfying (1)-(3), let us show that there always exists
Uy € [w]* such that (Ug)g<, also satifies (1)-(3). Let g € 2* be sufficiently Cohen
generic. There are two cases to consider. First, suppose that there exists o € [.,|<¥
such that ®(U, U o) # 0. Then there exists (pa,I's) € (U, U {x2}) where x5 = (0.
For each i < 2, set x; = g '{i} \ x9. Seeking a contradiction, suppose there exists
(pi,Ti) € Uy U {x;}) for each i < 2. We may assume |J,_;JranT; C U,. Let A be a
concatenation of {I'; : i < 3} and set 7 = Uy NJ,_3 pi- Then, for all v < , we have

Nr=U(=nN7)cUNec U 100
i<3 i<3 feran A

Hence, (1,A) € ®(U,), in contradiction with (3). Therefore, we may choose ¢ < 2 such
that ®(U, U {z;}) = 0. Set U, = x;, which is disjoint from (o. Then (2) and (3) are
clearly satisfied for stage av + 1, and (1) is also satisfied because of Cohen genericity.

Now suppose that ®(U,Uc) = 0 for all o € [A,]<“. For each p € [U,]~¥, 0 € L],
and I' € I(U,)<*, choose 7, ,,r < & such that ((pUo) €* U;cranr f(6) forall 6 € K\ v,0r-
Set ypr = sup{por : 0 € [Z6]™}; set 2 = N0\ Uscranr f(Vpr). Then z,r N0
is infinite for all o € [Z,]<¥. By Solovay’s Lemma, .7, has a pseudointersection y
such that y Nz, is infinite for all p € [U,|<¥ and T" € I(U,)<*, for there are at most

Uy, |<“-many possible z,pr. Set U, =y N g '{0}. Then (2) is clearly satisfied for stage
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a+ 1. Since y Nz,r N() o is infinite, Cohen genericity implies U, Nz, is infinite, for
all p, o, and I'. Hence, (3) is satisfied for stage a + 1; (1) is also satisfied because of
Cohen genericity. This completes our construction of (U,)a<c.

Let U be the semifilter generated by U.. By (3), U, has the SFIP and U, is -like
with respect to O*. Hence, by (2), U is a P,-point in w*. Therefore, f: (U, D*) <r
([c]<",C) for any injection f of U into [c]'. Choose (: [¢|<F — U such that ((o) is a
pseudointersection of {U, : a € o} for all ¢ € [¢]<". Then ( is Tukey because U, is

r-like. Thus, U <p [¢|<F <r U. O

6.4 Questions

Question 6.4.1. Is it consistent that every U € w* satisfies (U, O*) =r ([c]<*)? By
Proposition 6.3.9, this is equivalent to asking if it is consistent that every U € w*
satisfies (U, D) = ([¢c]<¥).

Question 6.4.2. Does ¢ imply there are at least four Tukey classes represented by (U, 2*)
for some U € w*? Infinitely many Tukey classes? As many as 217 (It will be shown in

a forthcoming paper by Dobrinen and Todorcevi¢ that CH implies there are 2“'-many

Tukey classes represented by (U, D).)

Question 6.4.3. Is it consistent that there exists U € w* such that (U, D*) =1 w; X ¢

and w; < p?
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