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Abstract

Let F be an ordered field extension of R. I prove that each Q-bounded definable set in
an o-minimal expansion of F has a partition into pieces that satisfy the Whitney arc
property, and that any bounded definable set can be decomposed into cells built out of
functions with bounded derivatives.

I show that length is bounded in definable families of curves and I formulate and prove

a Cauchy-Crofton formula for Q-bounded definable curves in an o-minimal expansion of

F.
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Chapter 1

Introduction

A semialgebraic subset of R” is a finite union of sets given by polynomial equations and
inequalities. For example, the intervals (a,b) C R and the open disk {(z,y) : z* + y* <
1} C R? are semialgebraic sets. Semialgebraic sets behave well under nice mappings:
the projection of a semialgebraic set is semialgebraic (this is the Tarski-Seindenberg
theorem, see [10]). These sets also possess good stratifications properties. A broader
class of sets is the class of all globally subanalytic subsets of R™.

The collection of all semialgebraic subsets of R™, for n > 0, is an example of an
o-minimal structure over the real field (a consequence of Tarski’s quantifier elimination
for real closed fields) as is the collection of all globally subanalytic subsets of R" (a
consequence of Gabrielov’s theorem of the complement [2]). The subject of o-minimality
started in the early 1980’s, when Van den Dries [9] realized that many of the properties
of semialgebraic sets and subanalytic sets could be deduced from a small collection
of axioms. These axioms were subsequently studied in detail by Knight, Pillay and
Steinhorn [5].

An o-minimal structure S over an ordered field F is a collection 8™ of subsets of

F", for each n > 0, satisfying the following conditions:
(i) 8™ is a Boolean algebra of subsets of F".

(i) AxF, Fx Ae8" whenever A € S™.



(iii) If A € 8", then 7,(A) € 8", where 7, : F*™! — F" is the projection onto the

first n coordinates.
(iv) The diagonals {(z1,...,2,) : x1 = z,} belong to S™ for every n.
(v) {(z,y) <y} es?
vi) {(z,y,2) : 2=z +y}, {(v,y,2) : z =2y} € S°.

(vii) The sets in S' are precisely the finite unions of intervals (a, b), a,b € FU{—00, +00}

and points of .

The sets belonging to an o-minimal structure are called the definable sets. A function
is definable if its graph is a definable set.

There are many examples of o-minimal structures over the reals other than the
semialgebraic and subanalytic sets. For instance, there are o-minimal structures over
the real field in which the exponential function and all Pfaffian functions are definable
(Wilkie [13]); or more generally, where non-spiralling leaves of definable hyperplane fields
are definable (Speissegger [8]).

I will concentrate on discussing o-minimal structures over ordered field extensions of
the real field. Proper ordered field extensions of R necessarily contain positive elements
that are smaller than every positive real number, as well as elements that are bigger than
any real number. Ordered field extensions of the real field have played an important
role in real algebraic geometry since Artin’s solution of Hilbert’s seventeenth problem.

In the first chapter of this thesis, I study techniques for partitioning definable sets into
definable pieces satisfying certain geometric properties; this chapter generalizes results

of Kurdyka’s [6]. A typical example of a theorem of this section states that any definable



set can be partitioned into pieces that are “almost flat”. The main result of this chapter
is that definable sets can be partitioned into pieces whose metric structure is equivalent
to that induced by the ambient space.

The second chapter concerns a generalization of the Cauchy-Crofton formula from
integral geometry to arbitrary o-minimal structures over a field extension of R. I use
this generalization to show that the lengths of the curves in a bounded definable family
of curves are uniformly bounded.

The classical Cauchy-Crofton formula expresses the length of a compact embedded
curve v C R™ as an average over the affine Grassmannian of all affine hyperplanes in
R™ of the number of points of intersection of each affine hyperplane with 7 (see Howard
4]).

Given an o-minimal structure over an ordered field F, Berarducci and Otero [1] define
a measure on a certain Boolean algebra of subsets of F", n > 0, and show that the
definable subsets of F” that are bounded by a box with rational corners are measurable
in this sense. Using this measure, I define the length of a definable curve whose image
is contained in a box with rational corners, that is, a curve with Q-bounded image. The

main result of chapter two is the following:

Theorem 1.1. There is a constant C € R~ such that for every definable injective curve

v [0, 1]p — F™ with ([0, 1]) Q-bounded,

length(y) = C/ #(yNL)dL.
AGry,—1(F7)
(Here, #(yN L) is the number of points of intersection of v and L, and AGr,_(F") is
the affine Grassmannian of hyperplanes in F"). I define the integral on the right by using

the Berarducci-Otero measure and I show that it coincides with an analogous integral



over the real affine Grassmannian for a suitable real curve 7 obtained from +.

The study of this generalization of the Cauchy-Crofton formula was motivated by
an attempt to generalize a result found in [6]: subanalytic sets can be stratified in such
a way that each stratum has the “Whitney arc property”. A set A C R" satisfies the
Whitney arc property (WAP), if there is a number K > 0 such that any two points
x, y of A can be joined by a curve v in A satisfying length(y) < K|z —y|. This property
was introduced by Whitney in [12], where the author shows that if f is a function of
class C" defined on a region R that has the Whitney arc property, and if all the m-th
order partials of f can be defined on the boundary B of R so that they are continuous
in RU B, then f can be extended to a C" function on all of R".

Chapter one generalizes Kurdyka’s result to sets that are definable in an o-minimal
structure over a field extension of the real field. Moreover, I show that there is a definable

family of curves witnessing the WAP. More precisely:

Theorem 1.2. Let A C F" be a definably connected definable set, and asumme that A

1s contained in a box with rational corners. Then there is a K € Q-g, which depends

only on n, and definable pairwise disjoint sets A;, fori=1,...,s, such that
A= J A
i=1,...,s

and for each i, there is a definable family of curves
NC A? x ([0,1] x Ay)

with the property that for every pair of points x,y € A;, /\;’y is a curve in A; joining x

and y such that length()\;y) < K|z —y|. In particular, A; has the WAP.



Chapter 2

Preliminaries

2.1 Definable sets

This section contains some of the basic definitions and theorems about definable sets.
We refer the reader to [10] for details.

From now on, we fix an o-minimal structure § over an ordered field F. Continuity and
differentiability of functions are defined by the standard limits. Many of the standard
theorems of differential calculus, like the intermediate value theorem and the mean
value theorem, hold for definable functions. Definable continuous images of closed and
bounded sets are closed and bounded; definable, continuous functions on a closed and
bounded set achieve maximum and minimum values.

A definable set A is definably connected if it is not the union of two disjoint
definable open subsets of A. The only definably connected subsets of F are intervals.
Images of definably connected sets under definable and continuous maps are definably
connected. A definable set A is definably path connected if any pair of points of A
can be connected by a definable path in A. Definably connected sets are definably path
connected.

A point in the closure of a subset of R" is the limit of a sequence of points in the set.

The analogous fact for definable sets in F" is the following:



Fact 2.1 (Curve Selection). Let C' be a definable set, and let c € C'\ C. Then there is

a definable, continuous, injective map v : (0,1) — C such that lim;_oy(t) = a.
A cell in F™ is a special kind of definable set:

Definition 2.2. Let (iy,...,i,) be a sequence of zeros and ones and k € N. An

(i1,...,im) C*- cell is a subset of F™ defined inductively as follows:

(i) A (0) C*-cell is a point {r} C F, a (1) C*-cell is an interval (a,b) C F, where

a,b € FU{—o00,+00}.

(i) An (i1,...,im,0) C*-cell is the graph T'(f) of a definable C* function f : X — T,

where X is a (i1, ..., i) Ct-cell; an (i1, ..., im, 1) C*-cell is a set

(f:9)x == A{(z,r) € X xF: f(x) <r <g(2)},

where X is an (iy,...,i,) C*-cell and f,g : X — F are definable C* functions

on X such that for all x € X, f(x) < g(x); we also allow f = —o0 or g = +00.

Observe that the definition of cells depends on the ordering of the coordinates of F".

It is easy to check that cells are definably connected.

Definition 2.3. A C™ cell decomposition of F" is a special partition of F™ into

C™-cells. The definition is given by induction on n:

(i) A C™ cell decomposition of F is a collection

{(=00,a1), (a1,az), ..., (ag, 00),{ar},...,{ax}}

where a; < -+ < ay are points of F.



(i) A C™ cell decomposition of F"1 is a partition A of F™ into C™-cells such that the
set {m,(A) : A € A} is a C™ cell decomposition of F", where m, : "1 — F" is

the projection onto the first n coordinates.

A fundamental fact about definable sets is that they can be partitioned into C"™-cells.

More precisely:
Theorem 2.4 (Cell Decomposition theorem [10], [5] ). The following holds:

(i) Given definable sets Ay, ..., Ay C F", there is a C™ cell decomposition of F™

partitioning each A;.

(ii) For every definable function f: A — F, with A C F™, there is a C™ cell decom-
position D of F™ partitioning A such that the restriction f|B : B — F, for each

B €D with BC A, is a C™ function.
The dimension of a definable set A C F" is defined by
dim(A) := max{i; +...,+i, : A contains an (iy,...,1d,)-cell}.
For a definable set S C F™™" and a point a € F™, the fiber of S over a is the set
Se i ={z €F": (a,z) € S}.

We consider S as describing the family of sets (S, ).erm, also called a definable family
in F™ with parameters in . In this situation, the cell decomposition theorem shows

the existence of a bound on the number of definably connected components of S,:

Fact 2.5. Let S C F™*™ be a definable set. Then there is an N € N such that each fiber

S, has at most N definably connected components.



We say that A C F¢ is Q-bounded if A C [—¢, ¢]¢ for some q € Q<.

Definition 2.6. Let A C F*, B C F™ be definable sets. Let A C A x ([0,1] x B) C
F* x F1*™ be a definable set such that for every x € A, the fiber X, is the graph of a
function A\, : [0,1] — B. We view X as describing the family of curves {A;}zea. Such
a family is a definable family of curves (in B, parametrized by A). When there is
no risk of confusion, we denote the image of A\, also by \,. X is Q-bounded if

U A ((0,1])

T€EA

1s a Q-bounded subset of F™.

2.2 The Berarducci-Otero integral

In [1], a theory of measure and integration in o-minimal structures over a field is devel-

oped. This section contains a description of the corresponding integral.

Definition 2.7. B C F? is a polyrectangle of dimension d if B is a finite union of
rectangles [q1,71) X - -+ X [qa, Tq) with rational coordinates q;,r;. The set PR (F) is the
set of polyrectangles of dimension d of F. The volume of a rectangle [qy,71) X+ - X [qa,Tq)
18

pllgr, ) X -+ X [ga,ma)) = Ty (ri — ).
If a polyrectangle P is the disjoint union of rectangles R;, i = 1,...,m, then u(P) =

Z?; p(Rs).

Definition 2.8. For a Q-bounded set A C F* we define:

The outer measure of A: p*(A) := inf{u(P) : P > A, P € PRY(F)}. The inner



measure of A: p.(A) = sup{u(P) : P C A, P € PR(F)}. Here the infimum and

supremum are taken in R.

A Q-bounded set A is measurable if p,(A) = p*(A), and in this case the measure

of Ais defined as pu(A) := p.(A) = pu*(A). One of the main results in [1] is the following

Theorem 2.9. Let A be a Q-bounded definable subset of F?. Then A is measurable.

Moreover, if dim(A) < d then u(A) = 0.

Let A C F¢ be Q-bounded. For f:F? — Fs, we define

/A £ o= [0, £)a),

provided that [0, f)a := {(z,y) : © € A,0 < y < f(x)} is measurable. For general

Jr=[r=[r

provided both terms on the right exist, where f* and f~ are, respectively, the positive

f:F¢—TF, we put

and negative part of f.
This integral can be used to define the length of a definable C* curve v : (a,b) —

F" with (a,b) and Im(+") Q-bounded, by

b
lengeh() = [ /(o).
The Berarducci-Otero integral is additive and real valued but in general, it is not

true that [, cf =c [, f for ¢ € F. This formula holds for rational c.

2.3 The Cauchy-Crofton formula

A reference for standard facts about Lie groups is Warner [11]. For facts about group

invariant integration see Helgason [3], and for a proof of the Cauchy-Crofton formula
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see Howard [4].

We denote the Lie algebra of a Lie group GG by g. A representation of G is a Lie
group homomorphism from G into GL(V'), for a finite dimensional real vector space V.
G acts on itself on the left by conjugation and the identity element e € G is a fixed point

1

of this action. For g € G, let p, : G — G be conjugation by g, that is p,(z) = grg™".

The map Adg : G — GL(g) given by

Adg(g)(v) :==dpy(v), geG,veg

is a representation of G. It is called the adjoint representation of G.

Let C.(G) be the collection of compactly supported continuous real valued functions
on G. A measure on a Lie group G is an R-linear mapping C.(G) — R such that:
for each compact K C G, there is a constant My such that for every continuous f with

compact support contained in K,

] = Micswp ()]

zeG
Let Iy : G — G and r, : G — G denote, respectively, left and right multiplication by
g, that is [y(z) = go and ry(z) = xg for all z € G. A measure [, on G is bi-invariant

if for all g € G and all continuous, compactly supported f : G — R,
/f0lg:/f and /forg:/f.
a a G a
The following proposition tells us when bi-invariant measures exist.

Fact 2.10. A Lie group G has a bi-invariant measure if and only if | det(Adg(g))| =1

forall g € G.

See [3] Chapter 1, pg. 88 for the proof.
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For example, semisimple Lie groups and compact Lie groups have bi-invariant mea-
sures.
Let G and H be Lie groups. An action by automorphisms of G on H on the left

isa C*° map 7 : G x H — H such that:
(i) 7(g, h1he) = 7(g,h1)7(g, ha), for all g € G and hy, hy € H.
(ii) 7(g192,h) = 7(g1,7(g2, h)), for all g;,9, € G and h € H.
(iii) 7(e,h) = h, for all h € H, where e € G is the identity element.

7(g, h) is also commonly denoted as g - h.
Let G and H be lie groups with an action by automorphisms g - h of G on H on the
left. The semidirect product H x GG of H and G is the Lie group whose underlying

manifold is the product manifold H x G and with product operation

(h0790)<h1:gl> = (h0<90 : hl):gﬂgl)-

We identify G and H with subgroups of K by h = (h,eq) and g = (en, g) where g € G,
h € H and eg, ey are the identity elements of G and H respectively. Conjugation of h
by g in K := H x G corresponds to the action of G on H, in other words ghg™! = g - I;
in particular, p1;, maps H into H.

Take g € G and v € b. Since pu, maps H into H and £ =h D g,

Adic(g)(v) = dpty(v) = d{ptg | H)(w) = dl,(v),

where I, : H — H is the map h — g - h.
Let G = R" x O,(R), and let v be in the Lie algebra of R™, that is v € ToR™ = R™.

Then:
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(i) Adg(g)(v) = gv, for g € O,(R).
(ii) Adg(g)(v) =wv, for g € R™

The first part follows since Adg(g)(v) = dly(v) for g € O,(R), and I, : R* — R™ is
the linear map © — gz. For (ii), notice that for ¢ € R” and h € R™, p,(h) = h. Let
e1,...,e, be a basis for TyR", and let vy, ..., vy a basis for the lie algebra of O, (R). By
(i) and (ii), for any g = (b, A) € G, the matrix representation of Adg(g) with respect to

this basis is of the form:

where the colums of B are the vectors
Adca(g)(ei) = Adg(b)(Adg(A)(e;) = Adg(b)(Ae;) = Ae;,
and therefore det(B) = det(A) = +1.For g € R", and X € O,(R),
pg(X) = (9 — Xg,X),

and therefore C' is the identity matrix. For g € O, (R), conjugation by g maps O,(R)
into itself, and therefore * = 0 and C' is the matrix representation of Adp, m®)(g) in the
basis vy, ...,v4. Since O,(R) is compact it has a bi-invariant measure and therefore

det(Ado, m)(g) = £1 for all g € O,(R). This shows that for any g € G = R" x O,(R),
det(Adg(g)) = det(B) det(C) = +1, (2.1)

so R™ x O,(R) has a bi-invariant measure.
Let G be a Lie group, and H a closed subgroup. A measure in G/H is G-invariant

if for all g € G,

/ r={ sor,
G/H G/H
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where L, : G/H — G/H is left multiplication by g, that is L,(zH) = gzH. A G-
invariant measure in G/H is unique up to a constant factor. By the change of variables
formula, the existence of a top form w in G that is G-invariant up to sign implies the
existence of a G-invariant measure.

The existence of a G-invariant measure in a homogeneous space G/H is related to

the determinants of the adjoint representations of G and H. More precisely,

Fact 2.11. G/H has a G-invariant measure if and only if for all h € H,
| det(Adg(h))| = [ det(Adg (h))].

See [3], Chapter 1, Theorem 1.9 for the proof.
The reason the determinants of the adjoint representations play a role in the existance

of a G-invariant measure is that:

Fact 2.12. For h € H,
_ det(Adg(h))

det((dln)n) = Qo Rdy(h)”

See [3] Chapter 1, lemma 1.7 for the proof.
Lets consider again G = R" x O, (R), the group of isometries of R", and let H be

the stabilizer of {(eq,... e, 1). H is isomorphic to
(R" % 0,_1(R)) x O;R.
Therefore by (2.1) for all ¢ € G,h € H, det(Adg(g)) = £1 and det(Adg(h)) = £1.

This implies that G/H has a G-invariant measure, and for all h € H,
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The Cauchy-Crofton formula expresses the length of a compact, embedded curve in
R" as the average number of points of intersection of the curve with a hyperplane in R".

Observe that the set of all affine hyperplanes in R™ can be identified with G/H.

Theorem 2.13. Let G = R" x O,(R) and let H = (R"! x 0,,_1(R)) x O1R be the
stabilizer of (e1,...,e,—1) in G. Fiz a G-invariant measure dL on G/H. Then, there is
a constant C' € R such that for any compact embedded 1-dimensional submanifold v of

R’I’L

)

length(y) = C #(yNL)dL,
G/H

where for L € G/H, #(yN L) is the number of points of intersection of vy with the plane

gler,...,en_1) for any g € G with L = gH.

For the proof see [4] 3.18.

2.4 The Affine Grassmannian.

The affine Grassmannian, AGr,_1(IF"), is the set of all affine hyperplanes in F". We
will see that it can be regarded as an algebraic subset of the vector space V' of affine
linear transformations of F".

An affine orthogonal projection is an affine linear map p : F* — F" with
p? = p and ker(p — p(0)) L Im(p — p(0)). In coordinates, the set of affine linear maps is

F™ x M, «,(F) and the set of affine orthogonal projections of rank n — 1 is:

{(b;A) €F X Myun(F): Ab=0, A> = A, rk(A) =n—1, and A" = A}. (2.3)
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To see this, let A € M,«,(F). If A" = A then ker A 1 Im A: take v € ker A and

write
ai
A=(A...A)=| |,
a’n
where Aq,..., A, are column vectors, and a; ..., a, are row vectors. Now if v € ker A,

then a; -v = 0 for all ¢ = 1,...,n. But ¢ = A;, so A;-v = 0 for i = 1,...,n,

that is v L ImA. If kerA 1 ImA and A? = A then A® = A: Since ker A 1 Im A,

F* = kerA @ ImA. Let vy,---,v,_1 be an orthonormal basis of Im A, and V,, an
orthonormal basis of ker A. Since A> = A, for i = 1,...,n — 1 we have Av; = v;. Thus
the matrix of A in the basis vy,...,v, is the symmetric matrix

1 0

0 0

where [ is the (n — 1) x (n — 1) identity matrix. Therefore A is symmetric.

To every hyperplane [ there corresponds the affine orthogonal projection p; onto [,
and the map | — p; is a bijection from AGr,_1(F™) onto the set of affine orthogonal
projections of rank n — 1. Thus equation (2.3) shows that we can regard the affine
Grassmannian as an algebraic variety, and hence as a definable set (in any o-minimal
structure over a field F).

Similarly, the Grassmannian Gr(F") consisting of the k linear subspaces of F™ can

be regarded as an algebraic subvariety of M,,«,(F):

Gri(F") = {A € Myyn(F): A = A, A = A and rkA = k}.
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We consider M,,x,(F) a normed linear space with the operator norm [A| := supy,_; |Av|.
Then Gri(F™) has finite diameter as a subset of M, «,(F) and for any ¢ € Q¢ we can

cover Gri(F™) by a finite number of balls of radius e.

Definition 2.14. M C F” is a definable embedded submanifold of dimension d if

there are a finite number of definable open sets Uy, ..., U; C F™ such that
(i) M c U, U;.

(ii) For each j =1,...,1i there is a definable open set V; C F" and a definable C* map

with C! inverse hj : U; — V; such that
(U3 0 M) = V; 1 (B x {0}),

We will use over and over the fact that C! cells are definable embedded submanifolds.

Definition 2.15. Let M be a definable embedded submanifold of F" of dimension k.

The Gauss map for M is the map G : M — Gri(F") given by

It is well known that for a definable embedded submanifold M of F” the Gauss map

is continuous and definable.
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Chapter 3

Geometric Partitions of Definable

Sets

3.1 Motivations

Thruoghout this chapter we fix an o-minimal expansion F of a field (F,<,0,+,—,1,-),
where F is a field extension of the real field.

Consider the situation of the unit circle in R? with the south pole removed. There
are points on this circle that are very close together in the plane, but far apart on the
circle. However, if we also remove the north pole, we are left with two semicircles, and
a semicircle satisfies the property that any pair of points x,y on the semicircle can be
connected by a path in the semicircle of length at most /6| — y|, where |z — y| is the
Euclidean distance. In other words, the circle can be partitioned into pieces that satisfy
the WAP. That any bounded definable set can be partitioned into definable pieces that
satisfy the WAP will be proved in the second section of this chapter. In the first section
of this chapter, we find a partition of definable sets into pieces that are, after a change
of coordinates, Cl-cells with bounded differentials. In the second section, in addition
to a partittion into pieces that have the WAP, we give a partition into pieces that are

Lipschitz cells (after a change of coordinates). In the last section, I discuss uniform
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locall connectedness for a definable set and prove that Lipschitz cells are uniformly

locally connected .

3.2 K-C'-cell partition of definable sets

In this section we define K-Cl-cell and establish the existence of a partition of any
definable, bounded subset of F" into pieces that are M,-C'-cells after a coordinate
change in O,,(F). M, is a bound on the norm of the differentials of the functions defining
the cell, that depends only on n. The proof of this result is by induction, the heart of
which is Lemma 3.7, needed to deal with the top dimensional case. I adapt Kurdyka’s
lemma in [6] to fit this more general situation.

The image under a definable and continuous map of a definable, closed and bounded

set is closed and bounded. Therefore we can define the norm of linear maps:

Definition 3.1. Let L : V. — W be a linear map between normed F—vector spaces.
Define

|L| := sup L(v).

Jv|=1
A Cl-cell is a K-C'-cell, where K € F, if the C"! functions that define the cell satisfy

|df| < K. More precisely:

Definition 3.2. Let (i1,...,in) be a sequence of zeros and ones, and K € Fyy. An

(i1, ..., im)-K-C'-cell is a subset of F™ defined inductively as follows:

(i) A (0)-K-C'-cell is a point {r} C F, a (1)-K-C'-cell is an interval (a,b) C F,

where a, b € F.
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(i) An (i1,...,4m,0)-K-C'-cell is the graph T'(f) of a definable C-function f : X —
F with |df| < K, where X is an (i1, ..., im)-K- Ct-cell; an (i1, ..., iy, 1)-K-C'-cell
s a set

(f:9)x == A{(z,r) € X xF: f(x) <r <g(2)},

where X is an (i, ..., 4m)-K-C'-cell and f,g: X — F are definable C*-functions

on X with |df|, |dg| < K such that for all x € X, f(z) < g(z).

We next define the distance between subspaces of F*. For X,Y € Gry(F") C
Endp(F™), let S and T be the orthogonal projections onto X and Y respectively. The

distance function in the Grassmannian is given by the inclusion above:
IX,Y):=|5=T|.
For a line P in F™ and X € Gri(F"), define
0(P, X) = v —mx(v)],

where mx is the orthogonal projection onto X, and v is a generator of P of norm 1.
Notice that (P, X) =0 if and only if P C X, 0 < §(P,X) <1 and §(P,X) =1 if and

only if P 1 X.

Remark 3.3. If (P, X) > ¢ and w € X is a unit vector with mp(w) # 0, where wp is

the orthogonal projection onto P, then
mp(w) —w| = |mp(w) — mx (mp(w))] > |mp(w)le.

Therefore, if |rp(w)| < 1/2, then |wp(w) —w| > 1/2, and otherwise |mp(w) — w| > 3e€;

in either case, we have |Tp(w) — w| > Ze.
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Lemma 3.4. Let N € Nyy. Then there exists an €, € Q<o such that for every
X1,...,Xon € Gr,_1(F"), there is a line P in F" such that whenever Yi,...,Ys, €
Grp_1(F™) and

X, Y) <€, i=1,...,2n,
then
(PY;)>¢€, i=1,...,2n.
Proof. Choose €, € Q¢ such that the sets
Sii={ve S jv—1x,(v)] <26},
where 7y, is the orthogonal projection onto X;, do not cover all of S"~! that is,
2n
UJsi#s
i=1

Such an ¢, exists for F = R: we can take ¢, small enough such that the union of the
S; has very small volume compared to the volume of the sphere. The same ¢, will
necessarily work for any field F containing R.

Now, we choose
2n

veswh{J&

=1

and let P := (v). Then
IPY;) = |v—myv| > |v—mxv| = |7x,0 — Ty,v| > €p,
as required. O

Definition 3.5. Let € > 0. A definable embedded submanifold M of F" is e-flat if for

each x,y € M we have §(T, M, T, M) < e.
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Lemma 3.6. Let € € Q-g, , and let S C F™ be definable. Then S can be partitioned

into a finite number of e-flat C1-cells.

Proof. By induction on n := dim S; the claim is clear for sets S with dim S = 0. Assume
the claim holds for definable sets S with dim S < n — 1. By the inductive hypothesis
and C'-cell decomposition, it is enough to consider the case where S is an n dimensional
C'-cell. Cover Gr,,(F™) by a finite number of balls B; of radius § (here we use that € is
rational), and consider the Gauss map G : S — Gr,(F™). Take a cell decomposition
of F™ partitioning each G™'(B;). Then the n-dimensional cells contained in S are e-
flat, and the cells of dimension less than n can be partitioned into e-flat C'-cells by

induction. O

Lemma 3.7. Let ¢ € Qs, and let A C F" be an open and bounded definable set. Then

there are open, pairwise disjoint cells Ay,..., A, C A such that
(i) dim(A — UA4;) <n.

(ii) For each i, there are definable, pairwise disjoint sets By, ..., By (with k depending
on i) such that
(a) k< 2n;

(b) each By is a definable subset of OA; and an e-flat, (n — 1)-dimensional, C*-

submanifold of F";

Proof. By induction on n. The lemma is clear for n = 1. Assume that n > 1 and the

lemma holds for smaller values of n.
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Take a cell decomposition of A into C'-cells. Let C be an open cell in this decompo-
sition; it suffices to prove the lemma for C'. Note that C' = (f, g)x, where X is an open
cell in F"~! and f, g are definable C''-functions on X. Take finite covers of T'( f) and I'(g)
by open sets U; and Vj, respectively, such that each U; NI'(f) and each V;NI'(g) is $-flat
(to do this, take a finite cover of the Grassmannian by $-balls and pull it back via the
Gauss maps for I'(f) and I'(g)). The collection of all sets 7(U;) N7 (V;) is an open cover
O of X, where 7 : F* — F"~! is the projection onto the first n — 1 coordinates. By the
cell decomposition theorem, there is a C'-cell decomposition of X partitioning each set
in O. Let S be an open cell in this decomposition, and let Cy := (f, g)s. It suffices to
prove the lemma for Cy. By the inductive hypothesis, we can find A},..., A C S and

Bi, ..., B}, C 0A, satisfying the conditions (i) and (ii) above. Define

Ai = (fag)A;7 Z:Lap

Then dim(Co—Uj_; 4;) < n. For j =1,... k, the set (B} x F)NJA; is definable. Take a
C'-cell decomposition of this set, and let B; be the union of the (n— 1)-dimensional cells
in this decomposition (note that B; may be empty). Then B; is an e-flat C''-submanifold
of F" and

dim(((Bj x F) N dA;) — Bj) <n — 1.
Define Byyy := I'(f|4}) and By := I'(g|A}); by construction these are e-flat. It is
routine to see that 0A; C Bgi1 U Brio U (0A] x F). Thus
OA; —UMIB; C ((0A; x F) N 0A;) — Ur_, B,
= (EUUL_(B; xF) N 04;) — U:_ B;

C U ((B; xF)N0A; — Bj) UE,
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where E is a definable set with dim(E) < n — 1. Therefore dim(0A; — Ufilsz) <n-—1

Since k < 2(n — 1), we get k+ 2 < 2n and the lemma is proved. O

Theorem 3.8. Let A C F™ be definable and bounded. Then there are definable, pairwise
disjoint sets A;, 1 = 1,...,s, such that A = U;A; and for each A;, there is a change of
coordinates o; € O,(F) such that o;(A;) is an M,,-Ct-cell, where M,, € Q¢ is a constant

depending only on n.

Proof. By induction on n; for n = 1 the theorem is clear. We assume that n > 1
and that the theorem holds for smaller values of n. We also proceed by induction on
d := dim(A). It’s clear for d = 0; so we assume that d > 0 and the theorem holds for
definable bounded subsets B of F" with dim(B) < d.

Case I: dim(A) = n. In this case A is an open, bounded, definable subset of F", so by
using the inductive hypothesis and Lemma 3.7, we can reduce to the case where there are
pairwise disjoint, definable By, ..., By C A such that k < 2n, dim(@A—Ué‘?:lBj) <n-—1
and each B, is an €,-flat submanifold, where ¢, is as in Lemma 3.4. By Lemma 3.4,
there is a hyperplane L such that for each B; and all z € B, we have §(L*, T, B;j) > ¢,.
Take a cell decomposition B of F", with respect to orthonormal coordinates in the L,

L+ axis, partitioning each B;. Let
S:={CeB:dim(C)=n—-1,C C U;?:lBj
and note that dim(0A \ UcesC) < n — 1. Furthermore,
BAD :={x € A: 7 (7 (2)) NOA ¢ UgesC}

has dimension smaller than n. To see this, let D be a cell decomposition of 0A\ UcesC.

If 2 € Aand 77 (7.(2)) NOA ¢ UcesC, then there exists y € ;' (7. (z)) N AA such
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that y & UgesC. Thus, there is a D € D with y € D, and therefore x € 7, (7. (D)).
This shows that BAD C Upepr; ' (7n(D)); but dim(D) < n — 1 for each D € D so
BAD is a set of dimension strictly smaller than n.

Let Uy, ..., U be the elements of {7, (C) : C € S}. Then the set
reAxg (UL U)}

is containes in BAD, and therefore has dimension smaller than n: suppose x € A\
7 (UL, Uy), since A is bounded and open 7, (71 (2)) NOA #, take y € 7, ' (7 (z)) NOA
since 7 (z) Poesmr(C) we have y & UasC, thus © € BAD.

By using the inductive hypothesis, we only need to find the required partition for
each of the set AN7 ' (Uy),i=1,...,1. Fixi€ {1,... I} and let U := U;. Take C € S
with 7 (C) = U. Then C = I'(¢) for a definable C*-map ¢ : U — L* and for all
rel,

T,C = {(v,do(v)) : v € Ty, 0y U}.

Let v € Ty, (»»U be a unit vector; since §(L*, T,C) > €, and |(v, do(v))| = \/1 + |do(v)?,

it follows from Remark 3.3 that

360 S e (0. 9(0) — (040D = el
Therefore,
40(0)] < | 7 = 1.
Let
Mn::max{ nl,” }
We have proved that for each C; € S with 7,(C;) = U there is a definable C'-map

¢j : U — F, such that C; =T'(¢;) and |d¢;| < M,,.
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By the inductive hypothesis, there is a partition P of U such that each piece P € P
is an M,,_;-C'-cell after a change of coordinates of L.

A= H (¢ra¢s)P> (31)

PeP
(d)r :d)s)S CcA

and (¢, ¢s)p is an M,-C'-cell after a coordinate change.

Case II: dim(A) < n. In this case, after partitioning A into cells which are €,-flat, we
may assume that A is an €,-flat submanifold, where €, is as in Lemma 3.4. As in case I,
there is a hyperplane L such that A is the graph of a function f: U — F, U C L and
|df| < M,. By the inductive hypothesis, we can partition U into M,_;-C'-cells. The

graphs of f over the cells in this partition give the required partition of A. O

3.3 Lipschitz partition of definable sets

A K-tame cell is a K-C'-cell which is also a K-Lipschitz cell (see below for definitions).
An element = € F is finite if there is an N € N with |z| < N. We show that any
pair of points x,y in a K-tame cell can be connected by a definable path v with speed
bounded by |z — y| times a constant that depends on K, and is finite if K is (Lemma
3.10). Using this fact about tame cells, we can prove that K-C'-cells are L-tame, where
L is a constant depending on K, that is finite if K is; therefore any definable bounded
set can be partitioned into pieces that are Lipschitz cells after a change of coordinates.
We conclude by proving that Q-bounded definable sets can be decomposed into pieces

that have the WAP.

Definition 3.9. A function f : A — F", where A C F™, is Lipschitz if there is a

c € F-o such that for every z,y € A, |f(z) — f(y)| < c|lz —y|. Such a constant c is a
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Lipschitz constant for f, and f is called c-Lipschitz. Let (iq,...,1,) be a sequence
of zeros and ones and let L € F. An (i1, ... ,i,)-L-Lipschitz cell is a definable subset

of F™ obtained by induction on m as follows:

(i) A (0)-L-Lipschitz cell is a point {r} C F, a (1)-L-Lipschitz cell is an interval

(a,b) C F, where a, b €F.

(ii) An (i1,...,%m,0)-L-Lipschitz cell is the graph of a definable L-Lipschitz function
f X — F, where X is an (iy,...,0y)-L-Lipschitz cell; an (iy,..., 4y, 1)-L-

Lipschitz cell is a set

(f,9)x = {(z,r) € X xF: fz) <r < g(x)},

where X is an (iy,...,4y)-L-Lipschitz cell and f,g : X — F are definable L-

Lipschitz functions on X such that for all x € X, f(z) < g(x).
An L-C'-cell is L-tame if the Lipschitz functions f that define the cell are L-Lipschitz.

Suppose we have a definable C'-function f : S — F. Given a bound on |df]|, we
might expect to be able to prove that f is Lipschitz. In general this is false, but if S has
the WAP, then f is Lipschitz. This observation is the key to the proof that K-C'-cells

are tame.

Lemma 3.10. Fiz L € F-q and n € Nyy. Then, there is a constant K(n,L) € Fy,
depending only on n and L, that is finite if L is, such that for every L-tame cell C' C F™
there is a definable family of curves v C C* x ([0,1] x C) such that: For all x,y € C,

Yoy : [0,1] — C is a C*-curve with

(1) Yay(0) = 2,72y (1) = y;
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(i) [y ()] < K(n, D)le —yl, for all t € [0,1].

Proof. By induction on n. For n = 1 the lemma is clear. Take n > 1, and assume that
the lemma holds for n. Let C' C F*™! be an L-tame cell. Then C =T(f) or C = (g,h)x
for some L-tame cell X C F"! and definable, C*, L-Lipschitz functions f, g, h with
g < h, and |df|, |dg|, |dh| < L. By induction, there are a constant k := K(n — 1, L) and
a definable family of C'-curves 3 in X with the required properties. Let 7, : F**! — F»
be the projection onto the first n coordinates.

If C =T(f), welift 8 to C via f: fix 2,y € C and let v,,(t) = (a(t), f(a(t))),

where for all t € (0,1) a(t) := Br,(2),m(y)(t). Then we have

ey (D] < 1 ()] + 1df (o'()))]

< (14 D)’ (t)] < (14 L)kl (z) — ma(y)] < (14 L)k|z — y.

If C = (g,h)x, we lift § as follows: Fix z,y € C and let o := B (2)r.()- Let

7 : "™ — F be the projection onto the last coordinate and take u,v € (0,1) with

m(x) = uh(a(0)) + (1 — u)g(a(0))

m(y) = vh(a(1)) + (1 = v)g(a(1)).

Let I(t) :=tv + (1 — t)u, for t € [0, 1]. We define
ay(t) = (a(t), Ut)h(a(t)) + (1 = 1(t))g(alt))),
and note that

Vay (D] < 1 ()] + [ ()A(a(t)) + 1(E)dh (e’ (£)) = V' ()g(a(t)) + (1 = 1(E))dg(c/ (1))

< Kz =y + [(v = w)(h(a(t) — gla(t))] + 2Lk,
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since I(t),1 — I(t) are between 0 and 1 and |dh(c/(t))], |dg(a/(t))] < L|a/(t)]. Let f :=

h — g; we want to bound |(v — u)f(a(t))|. Let a := «(0), b := «(1); then

m(x) —7(y) = vf(b) —uf(a) + g(b) — g(a)
= (v—u)f(a(t)) +o(f(b) = fat)) — u(f(a) = f(a(t)))

+9(b) — g(a).
So
(v —u)f(a(t) = 7z — 7y — v(f(b) = f(a(®)) + u(f(a) - fa(t)))
+g(a) — g(b).
But

£(6) — Fla(e)] < 21b — a(t)] = 2] 1) 2D =),
< 2L/ (to)]
for some ¢y between t and 1. Similarly, there is a ¢; between ¢ and 1 such that
|f(a) = fla(®))] < 2LIa’(t1)].
Since u,v € [0, 1], we get
(v —u)f(a(®)] < [ry — 72|+ 4Lk[x — y| + Lja —b]

< |z —y| +4Lk|lzx — y| + L]z — y|;

thus |v,,(t)| < K(n, L)|z — y| for some constant K (n, L) depending only on n and L
which is finite if L is. The collection of the curves ~,, for z,y € C constitutes the

required family of curves. O
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Theorem 3.11. Let L > 0, and let C C F™ be a L-C'-cell. Then C is a k(n, L)-tame

cell, where k(n, L) depends only on n, L, and is finite if L is.

Proof. By induction on n; the theorem is clear for n = 1. Assume that n > 1 and that
the theorem holds for n — 1. Then C = I['(f) or C' = (g,h)x, where X C F" ! is a
k(n—1, L)-tame cell and f, g, h are C*-functions on X such that |df|, |dg|, |dh| < L. We
need to show that f, g, h are Lipschitz.

Since X is a k-tame cell, k := k(n — 1, L), it follows from Lemma 3.10 that there is
a constant K(n — 1,k) such that whenever =,y € X, there is a definable, C'-curve
joining x and y with |7/ (t)] < K(n — 1,k)|x — y| for all t € [0,1]. Let g := f o~; then

there is a tg € (0,1) such that

(@) = f (W) = 19(1) = 9(0)] = |¢'(to)]

= |df (7 (to))| < LIy (to)| < LK(n — 1, k)|z —yl.

showing that f is LK (n — 1, k)-Lipschitz. Similarly, g, h are LK (n — 1, k)-Lipschitz, so
k(n,L):= LK(n — 1,k) is the desired constant. O
Definition 3.12. A definable set A C F" has the Whitney Arc Property (WAP)
if there is a constant K € Fq such that for every x,y € A there is a definable curve
v :[0,1] — A with v(0) =z, v(1) = y and length(y) < K|z — y|.

Remark 3.13. Theorem 3.11 shows that the assumption of Lipschitzness in the defini-

tion of a tame cell is redundant, but for it we used the fact that tame cells have the WAP

(Lemma 3.10).

Corollary 3.14. Let A C F" be a definable set. Then there is a partition A = U;_, such
that for each i the set A; is definable and there is a change of coordinates o; € O, ()

with 0;(A;) an L-Lipschitz cell, where L € Qsq is a constant depending only on n.
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Proof. By Theorem 3.11, this follows from Theorem 3.8. [
Recall that A C F™ is Q-bounded if there is a ¢ € Q¢ such that A C [—q, q]™.

Theorem 3.15. Let A C F"™ be a Q-bounded, definably connected definable set. Then
there is a K € Qxq, which depends only on n, and definable pairwise disjoint sets A;,

1=1,...,s such that
A=JA
i=1

and for each i there is a definable family of curves
NoC A x ([0,1] x Ay)

with the property that for any pair of points x,y € A;, )\;,y is a curve in A; joining x

and y with length(X, ) < K|z —y|. In particular, A; has the WAP.

Proof. Let A = UA; be as in Theorem 3.8 so that for each A; there is a 0 € O,(F)
with o(4;) a M,-C'-cell. By Lemma 3.10 and Theorem 3.11 there is a constant K,
depending only on n and finite since M, is, and a definable family of curves ~ in o(A;)

with |y, | < K|z —y| for all 2,y € o(A;), therefore

1
length(1sy) = / ) < Kz — .
0

Since o € O,(F), A; has the required family of curves. O

3.4 Lipschitz cells are uniformly locally connected

Next we will introduce uniformly locally connected sets. We prove that Lipschitz cells

are uniformly locally connected. In the next chapter, we will use the Cauchy-Crofton
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formula to prove that any ULC set has the WAP. But the ULC property is of independent
topological interest. There is a rough analogy between the ULC property for definable
sets and the normality property of algebraic varieties, which is related to Zariski’s main

theorem and obstructions to extending rational maps (Mumford [7]).

Definition 3.16. Let a = (ay,...,a,) € R" and a = (a,...,05) € (0,00)". The a-

box centered at a is the open box

B(a,a) = {(ml,...,mn) eR":x; € (ai—%,ai—l—%)}.

Definition 3.17. A definable set U C F" is uniformly locally connected if there is
an o = (aq,...,a,) € (0,1)" such that for every u € U and every § € (0,1), the set

U N B(u,da) is definably connected.

Lemma 3.18. Let C' C F” be a definable set, k > 0, and f : C — F a k-Lipschitz,

definable function on C. Then f has a definable k-Lipschitz extension f: C — F.

Proof. Let ¢ € 0C. By curve selection (Chapter 2, fact 2.1), there is a definable,
continuous curve v : (0,1) — C, such that lim; 0y(t) = a. Now lim; o f(7(?))
exists in F U {£oo}, and since f is Lipschitz lim; o f(y(¢)) must actually be in F.
Suppose « : (0,1) — C'is another definable, continuous curve with lim;, o «(t) = ¢. If
Iy :=lim;o f(7(t)) does not equal Iy := lim; o f((t)) let € := |l; — l5]/2. Let 6 > 0
be such that |[f(v(t) — 1] < €/2 and |f(a(t)) — o] < €/2 for all t € (0,5). Then, for

t €(0,9),

2¢ = |l1 — lg|
< [f(r(8) = Ll + [ f (a(t) = Lo + [f(a(t) = F(v(1))]
<e+[fla(t)) = (1)l
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That is | f(a(t)) — f(7(t))| > €, but this is impossible since (t), a(t) converge to c as t

goes to 0 and f is Lipschitz. We define

fle) = lim f(y(t)).

t—0

To see that f is Lipschitz, let ¢,d € C, let a,y be continuous, definable curves in C

which converge to c, d respectively as ¢ — 0, then
7(e) — F(d)] = lim | f(a(0) — F(3()
< lim Kla(t) (1)
= klc—d|,
as required. O

In what follows, 7, : F**! — F” will denote the projection from F"*! onto the first

n coordinates and 7 : F**! — F the projection onto the last coordinate.

Lemma 3.19. Let X C F" be a definable set, f,g,h : X — F definable, continuous
functions with continuous extensions f, g, h : X — F. Assume that g(z) < h(z) for

allz € X.
(i) If C =T(f), then 0C =T(f|,,).
(ii) If C = (g,h)x, then
OC ={x € F"' . 1,(x) € 9X and G(ma()) < m(z) < h(malz))}

UT(h) UT(g).

Proof. For (i), let (z, f(x)) € F(ﬂaX). By curve selection (Chapter 2, fact 2.1), there

is a definable, continuous curve v : (0,1) — X with y(¢) — =z as t — 0. Thus
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f(y(t)) — f(x) as t — 0, that is (z, f(z)) € C. It is clear that (z, f(z)) € C.
Suppose now that ¢ € dC, and let v : (0,1) — C be a definable, continuous curve in

C converging to c ast — 0. Let

2= lim m,(y(1))

then
(. f(x)) = (lim 7 (y(2), lim f(mu(4(t)))) = (ma(c),7(c)) = ¢,
and = ¢ X since ¢ € C.
Now we prove (ii). I'(h),T'(g) are contained in dC. Thus (i) implies that F(ﬁ}ax) =
d(I'(g)) € T'(g)  C, moreover, F(E}BX) C 0C, and similarly for h. Let z € F*"™! with
ma(r) € 0X, and g(m,(z)) < w(x) < h(m,(z)). We may assume the inequalities are

strict. Let
_nla) = glma(a))
W (x)) — g(mn(2))

and let v : (0,1) — X be a definable, continuous curve in X converging to m,(x) as

to =

t — 0, then ty € (0,1), and t — (7(¢), toh(y(t)) + (1 — to)g(y(t))) is a curve in C
converging to (7, (z), toh(m, () + (1 — t0)g(ma(z))) = x as t — 0. For the other inclu-
sion, let ¢ € OC, then 7,(c) € X. Moreover if 7 : (0,1) — C' is a definable, continuous
curve in C' converging to ¢ as t — 0, then g(m,(7(t))) < 7(y(t)) < h(ma(y(t))). Taking
the limit as t — 0 we get g(m,(c)) < 7(c) < h(m,(c)). Assume that m,(c) € X, since
c & C, we have 7(c) € (g9(mn(c)), h(mn(c))), thus ¢ € T'(h) UT'(g). If m,(c) € 0X, then ¢

belongs to the right hand side of the equation in (ii). O
Theorem 3.20. Fvery Lipschitz cell C C F™ is uniformly locally connected.

Proof. For n = 1 the theorem is obvious. Assume now that n > 1 and the theorem

holds for i = 1,...,n. Let C C F"*! be a Lipschitz cell. Then, there is a Lipschitz cell



34

X = m,(C) C F" such that either C' = I'(f) where f is a definable, c-Lipschitz function
on X, or C = (g,h)x, where g(z) < h(x) for all x € X, g is a definable, ¢;-Lipschitz
function on X and h is a definable, co-Lipschitz function on X; in this case, we let
¢ = max{cy, c}. By Lemma 3.18, f, g, h extend to c-Lipschitz functions f,g and h on
X, respectively.

By the inductive hypothesis, X is uniformly locally connected, so there is a tuple
a = (oq,...,ay,) of positive reals, such that for all z € X and § € (0,1), the set
X N B(x,da) is definably connected. Let d > cmax{a,...,a,}, § € (0,1), a € C and
B be the box B(a,d(a,d)). To finish the proof of the theorem it is enough to prove that

B N C is definably path connected.
Claim 3.21. If C =T(f), and x € CN OB, then w(x) € (w(a) — 6d/2,w(a) + dd/2) .

Proof. By Lemma 3.19, C = T'(f), thus since a € C, n(a) = f(m,(x)). Also, since
x € OB, m,(z) € B(my(a),ad), so that |m,(z) — mn(a)| < $max{ay}. If 7(z) ¢ (7(a) —

% 7(a) + %) then | f(ma(x)) — f(mn(a))| = |7(z) — 7(a)| > &. Therefore,

|f (mn(2)) = Fma(@)] i
mn(2) —mnla)] 7 (@) — ma(a)]
d

~ max{a,...,q,}

> ¢,

contradicting that f is c-Lipschitz. O]

Since the image of a closed, bounded, definable set under a continuous, definable
map is closed and bounded ([10], Chapter 6, 1.10), 7,(C) = 7,(C). Thus 7,(a) € X.
Also, 7, (B) is the box B(m,(a),da) C F". Furthermore, for z1, xo € BNC, m,(x1),

Tn(22) € XNm,(B). By induction X is uniformly locally connected, so there is a definable
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path v : [0,1] — X N m,(B) joining m,(x1), and m,(z2). We will construct a definable
path in C'N B between x1, and x5, showing that C'N B is definably path connected.

Case I: C =T'(f). forisadefinable path in C' joining 1, and xo. If fovy([0,1]) € B,
then there is an « € X N m,(B) such that f(z) ¢ (m(a) — 2, 7(a) + %). Without loss
of generality, assume f(z) > m(a) + %. Since f o is continuous and definable, the
value 7(a) + % should be achieved, but then there will be an z € X N 7,(B) with
(z, f(z)) € 90BN C, and 7((z, f(2))) = f(z) ¢ (7(a) — &, 7(a) + %), contradicting the
previous claim. Thus, f o~([0,1]) C B, and f o~ is a definable path in C'N B joining
x1, and xo as wanted.

Case II: C' = (g,h)x. Recall that B is the 6(a, d)-box B(a,d(a,d)). Let l,u : X N

mn(B) — F be the functions

[(z) := max{g(x),m(a) — (%d}, u(z) := min{h(z),r(a) + %d :

Claim 3.22. For all x € X N7, (B), u(z) > l(z).

Proof. Suppose there is an x € X N m,(B) with u(x) = I(x). Since g(z) # h(x),

we must have that either u(z) = h(z), and I(z) = m(a) — %, or I(z) = g(z), and

u(z) = m(a) + &, Assume the first possibility. Consider the box B(ai,d(«, d)) around
a1 = (my(a), h(m,(a))) € T'(h), and note that this box projects onto m,(B), and that by
lemma 3.19 (ii), m(a) < h(m,(a)). By assumption the function h|(m,(B) N X) takes the
value [(z) = 7(a) —&d/2, as well as values arbitrarily close to h(m,(a)); but m(a)—dd/2 <
h(m,(a)) — dd/2 < h(m,(a)) and h is a continuous, definable function on the definably
connected set X N m,(B) so the value h(m,(a)) — 6d/2 must be achieved, say at a
point y € X N 7,(B). We can now apply the previous claim to x; = (y, h(m,(a)) —

§d/2) € T'(h)NOB,, where B; is the box B(ay,(a, d)), to obtain that h(r,(a)) —dd/2 €
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(h(mn(a)) — 6d/2, h(m,(a)) +dd/2), a contradiction. The second possibility is handled in
a similar manner. Thus for all x € X N7, (B), u(x) # I(x), but u, [ are continuous and

definable, therefore the sets
{r e XNm(B): u(x) > Il(x)}, {r e XNm(B): u(x) <l(x)},

are open and definable. X N m,(B) is their union. Since B is a box with center at a
point of C, we can find ¢ with ¢ € BN C. Then I(c) < 7(c) < u(c), but X N7, (B) is

definably connected, so
XNm(B)={re XNm,(B): u(zx) >I(x)}
as wanted. O

Let x € X Nm,(B), and let 7 := l(x) + 1/2(u(x) — {(z)). Then

so that (z,r) € CNB, and 7,((z,7)) = x. Thus we have X N7,(B) = 7,(CN B). From

this we get that

CNB=
{z e " 7m,(2) € (BN O), and (7, (7)) < 7(z) < u(ma(z))} =

{x e F"" : 71,(2) € X N7,(B), and I(7,(7)) < 7(x) < u(ma())}.

Let F(x,t) := (x,tu(z) + (1 — t)l(z)). F is continuous and by Lemma 3.19, F' : (X N

mo(B)) x [0,1] — C' N B. Let t be such that F(m,(x1),t) = x1, for instance,

(1) = l(mn(21))
u(mn (1)) = U (1))

t =
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Join x; to F(m,(z2),t) by the path F; o, where F; : X N7, (B) — C N B is given
by Fi(x) := F(x,t). Then join F(m,(x2),t) to xo by a vertical segment. This gives a

definable path in C'N B joining x5 and x; as wanted. O
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Chapter 4

The Cauchy-Crofton formula

4.1 Motivations

In this chapter we define the length of a definable Q-bounded curve. The curves in the
family of Lemma 3.10 have bounded derivatives. In general, the curves in an arbitrary
bounded family of curves may not have bounded derivatives, but we will use the Cauchy-
Crofton formula to show that they have bounded length. We also state a generalization
of the Cauchy-Crofton formula by using the Berarducci-Otero measure and prove it by

reducing to the real case.

4.2 The length of a definable Q-bounded curve.

We reparametrize any definable Q-bounded curve by a piecewise C* map. This particular
reparametrization satisfies other properties that will allow us to reduce the generalized
Cauchy-Crofton formula to the real case.

Recall that A C F™ is Q-bounded if it is contained in a box with rational coordinates.
An element z of F" is finite if it is bounded in magnitude by some natural number,
infinite otherwise and infinitesimal if |z| < r for every r € R.; in this case we write
x ~ 0. For a finite z € F the monad of z, u(z) consists of all y € F with y — 2 ~ 0,

we write y &~ z for y € p(z) and we say that y is infinitesimally close to . For finite
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x € F the standard part of z is st(z) :=sup{r e R:r <z}. If v = (24,...,2,) € F"

is finite, st(z) := (st(xy),..., st(z,)).

Lemma 4.1. Let f : (a,b) — (c¢,d) be a definable and twice differentiable function,

where (a,b), (¢,d) CF are Q-bounded. Then ' is finite outside a finite union of monads.

Proof. For r € Fy, let
A, :=A{x € (a,b) : |f'(x)| > 1/r}.

This is a definable family of sets. By the mean value theorem, any interval contained
in A,, r = 0, is of infinitesimal length. Thus A,, r ~ 0 is contained in a finite union of
monads, let n, be the minimum number of monads containing A,. By Chapter 2, Fact
2.5, there is an NV € N such that A,, r € F.q, is a union of at most N disjoint intervals

and points; let s &~ 0 be such that

Ng = Maxn,,
r~0

and let A be the finite union of the n, monads containing A,. For r < s, A, C A, so
A, CA Forr>s,r~0, A, C A, so n, is at most n,; since n, is maximal, n, = ny

and therefore A, must be contained in A. f’ is finite away from A. m

For (a,b) C F, (a,b)r consists of the reals numbers between a and b, notice this may
be an open, closed or half closed interval. For a function f : (a,b) — F", (a,b) C F,
with Q-bounded image we define f : (a,b)g — R by f(z) = st(f(z)). Similarly, for a
function f : A — " of m variables which maps finite elements into finite elements, we

define f : Ag — R™ by f(z) = st(f(z)) where Ag = ANR™,

Lemma 4.2. Let f : (a,b) — (¢,d) be a definable and differentiable function, where

(a,b), (¢,d) CF are Q-bounded. Suppose that for x % a,b both f' and " are finite. Then
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fis differentiable on the interior of (a,b)r and for x € (a,b) with st(z) € Int((a,b)g),
st(f'(x)) = F (st()).

Proof. We first consider the case where 0 € (a,b) but 0 % a,b, f(0) =0, and f'(0) = 0.
Let e € Ryp. If 6 & 0 and § > 0 then

f(h)

Tl

whenever |h| < §. Otherwise there would be a § > 0, 6 = 0 and h € (a,b), |h| < § with

thus by the mean value theorem there is an x between 0 and h such that

7= 11 s

and a 2z between 0 and x with
f'(x)

X

() = I——|

but this last fraction is infinite. This shows that the set

h
{6 €Fsp: forall h € (a,b),|h] <) = |¥| < €/2}

contains all positive infinitesimals. This set is also definable, so by the cell decomposition
theorem it is a finite union of intervals and points and therefore it must contain a positive
real §. This shows that f is differentiable at 0 and f (0) = 0.

For z¢ in (a,b) with st(zg) € Int((a,b)r), consider the function

g(x) = flwo — ) = f(x0) — f'(wo)z.

Since ¢(0) = 0, ¢’(0) = 0 and 0 is not infinitesimally close to the endpoints of Dom(g),
g is differentiable at 0 and §’(0) = 0. It follows that f is differentiable at st(zq) with

derivative st(f’(xg)). O
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Theorem 4.3. Let 7 : (a,b) — F™ be a definable curve with Q-bounded image. Then,
there are ag = a < --- < a, = b such that each restriction 7‘(ai, a;y1) is either constant
or has a reparametrization o with o' finite, o"(x) finite for x % a;,a;+1, and with & an

embedded C*-curve in R™.

Proof. By the C'-cell decomposition theorem + is piecewise C!, so without loss of gen-
erality we can assume that v is C1. Also 7/ = 0 in a finite union of intervals and points,
and ~y is constant on those intervals where 4/ = 0; thus we may assume that 7" # 0.
Similarly we can assume that ~ is injective.

Gr1(F™) is the disjoint union of the definable sets
A ={le Gri(F") : 1= (v), |v;| > |v;| for j >4, and |v;| > |v;| for j < i}.

Let ¢ : (a,b) — Gri(F") be the Gauss map of 7. The sets ¢~ '(A4;) are definable, and
therefore are a union of intervals and points. Suppose that I is one of these intervals and
let J := ~;(I). Since v} # 0 on I, J contains an interval; and since J is a finite union
of intervals and points the intermediate value theorem shows that J is a single interval.
Moreover, .J is Q-bounded because 7 is. We define o7 : J — F" as 07 :=yo~; . o7 is
a C' function since v;|I is invertible with C! inverse. Moreover, o} is finite: for z € J,
o (x) generates the line (v/(7;'(x))) € A; thus (o7)}(z) > (07))(x), but (o7)i(z) = 1.
By Lemma 4.1, there are points by, ..., b, such that J = (by, by), o7 and o7 exist
on (b;,b;11) and are finite except possibly on the monads of b; and b;;;. Lemma 4.2
shows that for the restriction ¢ of o; to one of this subintervals &, o’ are differentiable
and @ = st(0’), o/ = st(c”). Since st(c') = o it follows that 7 is twice differentiable.

Finally, (7);(t) = t, therefore for (¢,d) C Dom(a) we have

g((c,d)) ={x € R" : c < x; < d} NIm(7)
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showing that & is an embedding. O]

4.3 The integral on AGr, ((F")

We will define a top form on a big open subset of AGr,,_1(F"). This will be done by
choosing a top form at a given point and translating it by using a section of the action
map of the group of motions on AGr,,_1(F™). The integral on AGr,,_1(F") is then defined
by integration of this top form, for F = R the integral is the one invariant under the
group of motions, that is, it is the one for which the Cauchy-Crofton’s formula (Chapter
2, Theorem 2.13) holds.

Recall from Chapter 2 that to every hyperplane [ in F” there corresponds the affine
orthogonal projection p; onto [, and the map [ — p; is a bijection from AGr, 1 (F™)
onto the set of affine orthogonal projections of rank n — 1. In coordinates, the set of
affine linear maps is " x M, ., (F) and the set of affine orthogonal projections of rank

n—11s:
AGr, 1 (F") = {(b,A) € F X My»n(F) : Ab=0, A*> = A, 7k(A) =n —1, and A" = A}.

In this way we regard the affine Grassmannian as an algebraic variety, and hence as a
definable set.

The group of motions of F", G = F" x O, (F), acts transitively on AGr,_;(F") by

g-l:={gr:xel}

for [ a hyperplane in F". Define g - p; := pgs. Then we can check that ¢ - p; is the
composition of functions gp;g~': clearly (gpig~')* = gpg™'. Also if we write p; = (a, A)

and g = (b, B), where a,b € F", B € O,(F), and A is a rank n — 1 matrix with
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Aa = 0, A2 = A and A® = A. Then gpg~ ! = (¢, BAB™!) for some ¢ € F", thus

(BAB ') = BAB™! s0
ker(gpig™" — gpg™(0)) L Im(gpug™" — gmug™"(0)).
Therefore gp;g~"' is an orthogonal projection. Since Im(gpg~t) = g -1, we get
gy~ = pga- (4.1)
We define 7 : U — G, where

U:={(0b,(A1...A,)) € AGr,_1(F") : b # 0 and rk(A; ... A1) =n — 1}

by
b
(b, (Ay1... Ap)) = (b, (GS(Ay, ..., Ayq), m))
GS(Ay, ..., A,_1) is the n by n — 1 matrix whose column vectors are those obtained by

applying the Gram-Schmidt process to the vectors Aq,..., A,_1 and
(GS(Ay, ..., An1), —

is the n X n matrix with % as the last column. 7 is an algebraic map. Note that U is
an open subset of AGr,_1(F") with lower dimensional complement.

Let Iy := (e1,...,en_1), and denote p;, by po. If 7 : G — AGr,_1(F") is the map

7(g9) = g - Do,

then m o7 = id|y, in other words 7 is a section for the action of G in AGr,_;(F"). For,
by equation (4.1), if [ is such that p = p;, then 7(p) - po = p if and only if 7(p) -y = [ and
this last equation is clear. Let H be the stabilizer of [5. Since G is acting transitively on

AGr,_1(F™) we can view AGr,_1(F") as the quotient G/H, in particular AGr,_,(F")
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is a non-singular subvariety of F*"*Y_ The map 7 above is precisely the projection
7:G— G/H.

Now we define a top form in U. Let wy,...,w, be a basis of the dual of the tangent
space to AGr,_1(R™) at py. Viewing AGr,_1(R") as a subset of AGr,_1(F"), w1,...,w,
are a basis of the cotangent space of AGr,_1(F™) at py which take real values on tangent
vectors to AGr,_1(R™). For tangent vectors Xi,..., X, to AGr,_1(F") at p € U, we
define

wp(X1, ..., Xy) = det(wi(dL(-p))-1Xj))

where, for g € G, L, : AGr,_1(F") — AGr,_1(F") is the map p — ¢ - p. Notice that
L, extends to a map in all of V. The map L : G x V. — V given by L(g,p) = ¢ - p is
an algebraic map, therefore dL is algebraic. For ¢ € G, p € V and X tangent to V at
P, (dLg)p(X) = dL(4,)(0, X) and therefore (dLg),(X) is an algebraic function of g, p, X.
Since 7 is algebraic, dL(;(,))-1)(X) is an algebraic function of p, X and therefore w is
algebraic.

Now we define an algebraic chart o : U — {v € F" : v - e, # 0} by
a(b, A) =b.
Let h: {v € F" : v - e, # 0} — F be the function such that
Sa H(w) = hdry A -+ Adry,

where da~1(w) is the pull back of w, and 71, ... 7, are the standard coordinate functions

on F". h is an algebraic function. For a definable function f on AGr,_1(F") we define

= oa ! .
/A e /W<f o VA, (4.2)
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whenever the integral on the right exists in the Berarducci-Otero sense. We will show

that if f has Q-bounded support and image, then the integral on (4.2) exists.
Lemma 4.4. For a Q-bounded set S C F", h(S) is Q-bounded.

Proof. For b € {v € F" : v -e, # 0}, a~'(b) = (b, A), where A is the matrix of the
orthogonal projection onto bt. If b = (1, ..., x,) we can directly check that the matrix

A= (aij)ij is given by
el a4l

xy 4l

Qi =

bl

-~

where 2

)

2

means that the term z; is omitted from the sum, and

T

1/.%%4—“[‘1‘%

aij:—

Therefore the partial derivatives

8aij

8xk’

1,5, k=1,...,n

are bounded in magnitude by a natural number, and thus there is a C' € N such that
for all b € Dom(h),

[(da1)| < C.

Now, conjugation by (b, A) € G is an affine linear map on F" x M, (F). For, if

(2,Y) € F" X M,»,(F) then the composition (b, A)(z,Y)(b, A)~! is given by

(b+ Az, Ay)(—A7'b, A7) = (b+ Az — AYA™'b, AV A7)

— (b,0) + (Az — AY A, AV A7Y).
Therefore the differential of conjugation by (b, A) € G is the linear map

(,Y) — (Az — AYA'h, AYA™Y),
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which has operator norm bounded by 2 + [b| since |A| = 1,

|Az + AY A7 < |z| +|Y]||b] and

|AY A7 < Y.
Now,
0 0
- X -1 -1
h(b) = wa-1()(dox (_87“1)’ ..., da (_0Tn))

., 0
= det(wi(dL 1@y (da™ (52)))),
J

an therefore it follows from the bounds on the differential of conjugation, and of da™!
that |h| is bounded by a natural number near |b| = 0.
Since wy, ...,w, are cotangent vectors to AGr,_1(R™), h takes real values on real

entries, and therefore the image of a (Q-bounded set is also Q-bounded. O

Proposition 4.5. Let f be a definable function on AGr, _1(F") C F™ X M, «,(F) with

/ I
AGrp—1(Fn)

Q-bounded support and image. Then

exits.

Proof. foa~! vanishes outside a Q-bounded set, and by Lemma 4.4 h maps the support
of f to a Q-bounded set. Therefore (f o a™!)|h| is a Q-bounded function vanishing

outside a Q-bounded set , it follows by Chapter 2, Theorem 2.9 that (f o a™!)|h| is

integrable. [

Now we show that for F = R, the integral (4.2) coincides with the G-invariant integral

on AGr,_1(R").
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The real affine Grassmannian AGr,_1(R") sits inside AGr,_1(F"), it consists of
all the pairs (b, A) € AGr,_1(F") with real entries. If wg, ag and hg are the form,
function and chart constructed above for the real field, then hg = h|AGr,_(R") = h
and ag = a|AGr,_1(R") = @. We show that wg is G-invariant up to sign, and therefore

the integral in (4.2) is the G-invariant measure on AGr,_;(R").

Lemma 4.6. For every g € G, the pullback of wr by Ly is wr up to sign. That is
5Lg(wR) = :l:wR.
Proof.

(0Lg(wr))p(X1, ..., Xp) = (WR)gp(dLy(X7), ..., dLy(X}))
= det(w;(dL(+(g.p))-1dLg(X;))).
Also, 7(p) - po = p, thus
7(g-p) po=g-p=9g7(p) - Po,
and therefore there is an h € H with
(r(g-p)"'g7(p) = h.

Thus

dLT(g-p)*ldLg(Xj) = dLhT(p)*lgfldLg(Xj) = dLhdLT(p)*l(Xj)a

SO

det (w;(dLy(gp-1dLy(X;))) = det(dLy,) det(w;(dLy -1 (X))

= i(wR)p(Xl, Ce ,Xn>

since by Chapter 2, equation (2.2), det(dLy) = +1 for all h € H. O
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4.4 The generalized Cauchy-Crofton formula

For a Q-bounded definable curve v in F", the length of ~ is the average number of points
of intersection of v with an affine hyperplane. The proof is a reduction to the standard
Cauchy-Crofton formula for the length of a curve in R®. The main point is that the
number of points of intersection of v with a hyperplane L defined over the reals is the
same as the number of points of intersection of the standard part of v, 7, with the real

points of L, as long as L is not tangent to the curve 7.

Lemma 4.7. Let f: B — [0, q] be a definable function, where B C F™ is a Q-bounded

box and q € Q, then f is Riemann integrable, and

fr=0.

Proof. Let P be a polyrectangle. If P D [0, f), then P D [0, f). Thus, u*([0, f)) >
w([0.7)). Also, it P C [0, f) then P C [0,F). Thus (0. f) < ([0, F)). Since [0, )

is p-measurable we get

p((0,.1)) < ([0, £)) < ([0, 1))

But p*([0, f)) > p.([0, f)), thus [0, f) is p-measurable, so f is Riemann integrable.

Moreover,
%f=MMf»=Af

]

Let v : (0,1) — F” be a definable curve with Q-bounded image 7 finite and 7" (z)

finite for % 0, 1. Note that it follows from Lemma 4.7 that

length(vy) = length (7).
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We will assume that 7 is an embedded C* curve in R™.

Lemma 4.8. Let f: AGr,_1(F") — T be the function f(L) = #(yNL). Then

/ f= flAGr,_1(R™).
AGry_1(F™) AGry_1(R™)

Proof.

(foa™h)n|

n

(f oat)[n]

[
AGr,_1 (F")

—

R

(foaz")|hel

n

_ / FIAGr, (R,
AG?"n_1(Rn)

where the second equality is given by Lemma 4.7, noting that f(L) is finite whenever L

I
N

intersects v transversely, and that the set

{beF": fla™'(b) # 0}
is contained in a Q-bounded box because 7 is Q-bounded. O

We would like to compare the integral in Lemma 4.8 above with

/ #HFNL)dL.
AGT‘n_1(Rn)

For this, let g : AGr,,—1(R") — R be the function L — #(F N L).

Suppose that L € AGr,_;(R") C AGr,—1(F") is a hyperplane which intersects 7
transversely, and denote by Ly the set of R points of L. Let p € ¥ N L, then there are
to < t1 such that 7|[to, t1] N L = {p} and 7(ty), 7(¢1) lie on opposite sides of L. Then

v(to), (1) must lie on opposite sides of L, so there is a t € (tg,t1) such that v(t) € L.
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Since ¢ &~ st(t) and v/ is finite, y(st(t)) ~ v(t). Thus st(y(st(t))) = st(y(t)) € st(L) =
Lg, i.e. J(st(t)) € L. But L intersects 7 only at p when the parameter runs in [to, t1]
and st(t) € [to,t1] so F(st(t)) = p, in particular v(¢) ~ p. It follows that g(L) < f(L)
whenever L is transverse to 7.

On the other hand, if f(L) > g(L) then there are two infinitesimally close points of
v in L, that is, there are y(t), v(t1) € L with y(to) ~ (t1) and say ¢y < t;. Assume
to # 0,1. By Lemma 4.2, for all s,t = ty, and ¢ = 1,...,n, 7i(s) = ~/(t). By the mean
value theorem, there are uy,...,u, € (to,t1) such that v (u;)(t; — to) = vi(t1) — vi(to),

therefore for all t & t,
1
t1 — 1o

(v(t1) —(to))-

V() =
This means that st(/(t)) is paralel to st(y(t1) —v(to)), in other words, if [ is the secant
line through (o), (1), we must have st(l) tangent to 7 at st(to). In particular, we have
that L is tangent to 7 at some point of 5. Thus f(L) < g(L) whenever L is transverse
to 7 and not infinitesimally close to v(0),v(1).

We have shown that f and g agree almost everywhere, thus

/ #(HyNL) dL:/ #(FNL)dL.
AGr,,_1(R")

AGry_1(R")

But 7 is an embedded curve, so by the Cauchy-Crofton formula

length(y) = C / #HFNL)dL,
AGTn_1(]Rn)

and since length(7) = length(), we have

Proposition 4.9. There is a constant C € R<qy such that for every definable curve

v :(0,1) — F" with Q-bounded image, ~' finite, ~"(z) finite for x % 0,1. and 5 an
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embedded C' curve in R”,

length(y) = C/ #(yNL)dL.
AGT‘n_1(IF")
Let v: (0,1) — F™ be a definable injective curve with Q-bounded image. Suppose
that 0 = ag < -+ < ax = 1 is a partition of (0, 1) such that:

Each restriction 7|(ai,ai+1), i = 0,...,k — 1, has a reparametrization «; with o/

finite, o/ (x) finite for z % 0,1, and @; an embedded C" curve in R™.

Then
k-1
Z/ #(a; N L)dL = / #(yN L)dL.
i=0 AGTn_l(]F”) AG?"n_l(Fn)

Therefore we can define
k-1
length(y) := Z length(a;),
i=0

and this is independent of the partition and reparametrization. Moreover we have the

generalized Cauchy-Crofton formula:

Theorem 4.10. There is a constant C € R<q such that for any definable injective curve

v :(0,1) — F™ with Q-bounded image,

length(y) = C/ #(yN L)dL.
AGry_1 (F7)

4.5 Length in definable families of curves

We now prove that there is a bound for the lengths of the curves in a Qbounded definable
family. It should be noted that this result does not depend on the full strength of the
generalized Cauchy-Crofton formula (Theorem 4.10). We conclude by using this result

to prove that uniformly locally connected sets have the WAP.
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Proposition 4.11. If A C F™ is definable and definably connected, then there is a
definable family of curves X C A*x ([0, 1] x A) such that for every a,a’ € A, Mqq1(0) = a,

Maan(1) = d, and Nqa) is piecewise C*.

Proof. We use induction on m. The case m = 1 is trivial. For m > 1, assume first
that A is a cell. By induction, we may assume that A is an open cell in F™, for, if A
itself is not open, then A is the graph of a function g : U — F, U C F™ ! and we
may lift the paths in U to paths in A by using g. Let C' be the projection of A into
F™! so that A = (f, g)c for some definable functions f,g on C. By induction there is
a definable family of curves A in C' with the required property. Assume that f, g take
values in F (the other cases are handled similarly). Let (y,7), (z,s) € A with y,z € C.
We first connect (y, ) to (y, (f(y) +g(y))/2) by a vertical path in A. The path A, ) in

C connecting y and z lifts to the path

t— (Mo (@), (f (Mg (1) + 9(Ay.2)(1)))/2)

connecting (y, (f(y)+9(v))/2) to (2, (f(2)+g(2))/2). The last point can be connected to
(2,s) by a vertical path in A. Concatenating these three paths, we get a path A, (z,s))
in A connecting (y,r) and (z,s). The collection of these paths constitutes the required
definable family.

In the general case, since A is definably connected, we can write it as the union of
cells (1, ..., Cy, where for i < k either C; intersects the closure of C;,1, or C;; intersects
the closure of C; ([10] Chapter 3, (2.19)). By definable choice ([10] Chapter 6, (1.2)), we
can definably pick an element e(C;, C;11) in C; N Cyyy (if C;NCiyy # 0) and a definable
curve v; : (0,¢] — Cjyq such that lim, o7;(t) = e(Cy, Ciy1). Combining this with the

fact that the result was already proved for cells we get the desired family A. n
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Theorem 4.12. Let A C A x ([0,1] x B) C F* x F™*! be a definable and Q-bounded

family of curves. Then there is a K € Ryq such that for any x € A, length(),) < K.

Proof. Let A C Ax ([0,1] x B) C F" x F"™! be a definable family of curves. By Chapter
2, Fact 2.5, there is a natural number N such that for any affine (m — 1)-plane L C F™
and z € A, if L N A, is finite then it contains at most /N points.

Let

A= A((0,1)).

€A
Take = € A, then by the Cauchy-Crofton formula (Theorem4.10), there is a C' € Ry,

such that

length(\,) = C’/

AGrp, 1 (]Fm)

#Mmmﬂgc/

NdL < NC/ dL.
LNz #0

LNA#D

The last integral is finite since A is Q-bounded, thus

K = NC/ dL
LNA#D

is the required constant. O

Remark 4.13. Note that since length()\,) = length(\;), the ordinary Cauchy-Crofton
formula (Chapter 2, Theorem 2.13) together with a bound for #(\, N L) is all that is
needed for the proof of Theorem 4.12. That such a bound exists was part of the proof of

the generalized Cauchy-Crofton formula.

Corollary 4.14. If A C F"™ is definable, Q-bounded, and definably connected, then
there is a definable family of curves X C A? x ([0,1] x A) and K > 0 such that for
any pair of points x,y € A, Nay) is a piecewise C' curve in A joining x and y with

length(/\(xyy)) <K.
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Recall that for a = (a1,...,a,) € R", and a = (ay,...,a,) € (0,00)". The a- box

centered at a is the open box

B(a,«a) = {(xl,...,a:n) eR":x; € (ai—%,ai—l—%)}.

Recall as well that a definable set U C F” is uniformly locally connected if there is
an a = (aq,...,a,) € (0,1)" such that for every u € U and every § € (0, 1), the set
U N B(u,da) is definably connected.

For convenience we use the max norm in F", that is, for x = (xq,...,2,) € F",

|z| := max{|z;| : i =1,...,n}.

Proposition 4.15. If A C F" is a definable, Q-bounded, definably connected, and uni-
formly locally connected set, then there is a K > 0 and a definable family of curves
v C A% x [0,1] x A such that for z,y € A, 7,,(0) = x, 7,,(1) =y, and length(y,,) <

K|z —y|.

Proof. For A > 0 and a € F" let f,» : F* — F" be the dilation about a, that
is fax(x) = Az — a) + a. Since A is uniformly locally connected, there is a tuple
a=(ay,...,a,) € (0,1)" such that for every @ € A and § € (0, 1), the set B(a,da)N A

is definably connected. For a € A and § € (0,1) define
B&a = fa71/5(B<CL, 6&) N A)

This set is definably connected since B(a,da) N A is. By Proposition 4.11, there is a
definable family of curves A>* C B}, x ([0,1] X Bs,) such that for b,b’ € Bs,, )\g:‘;, is

piecewise C, )\gjz,(O) = b and )\2:;,(1) = b'. Consider

Ni={(6,a,2,y,¢62) € ((0,1) x Ax (F")?) x ([0,1] x F") : (z,y,€, 2) € A>?}.
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This is a definable and Q-bounded family of curves. Thus by Theorem 4.12, there is a
K, > 0 such that for every § € (0,1), a € A, and b,V € B, length </\gi‘;,> < K;.

Similarly, by Corollary 4.14 there is a definable family of curves A C A% x ([0, 1] x A)
and K, > 0 such that for each z,y € A, A, : [0,1] — A is a piecewise C! curve in A
joining = and y, and length(A, ) < K».

Now let z,y be distinct points in A, and assume that |z — y| < min{«;/3}. Let

3’55 - y’ ! 1
§ i = — = fa =—(y— .
Then § € (0,1) and for any j,
3 Oéj . (SO{]'
5 = 9l < §min{aj}|x vl = 2

Thus, y € B(x,da), that is, ¥ € Bs,. Consider the curve )\iﬁ/’ in Bs,, joining = and v/,

and let v, : [0,1] — F™ be defined by

Yeu(t) = fos(N5 (1) = 6O, (1) — 2) + 2.

Then 7, ,(t) is a curve in A joining = and y, and moreover,

3K
e —yl.
min{a; }

length(~,,) = 0 length (Ai’é) <IOK; =
Now assume that |z —y| >  min{o;}, and let 7., := A, . Then v is a curve in A
joining x and y and

3K,
min{a; }

K
lengthc‘y‘r,y) < —2‘3: - Z/‘ <

|z —yl.
|z =yl
The collection of curves 7, , constitutes the required definable family.

L 3maX{K1, KQ}

min{a; }

Y

is the required constant. O



o6

Bibliography

1]

A. BERARDUCCI AND M. OTERO, An additive measure in o-minimal expansions

of fields, Q. J. Math., 55 (2004), pp. 411-419.

A. M. GABRIELOV, Projections of semianalytic sets, Funkcional. Anal. i PriloZen.,

2 (1968), pp. 18-30.

S. HELGASON, Groups and geometric analysis, vol. 113 of Pure and Applied Math-
ematics, Academic Press Inc., Orlando, FL, 1984. Integral geometry, invariant

differential operators, and spherical functions.

R. HOWARD, The kinematic formula in Riemannian homogeneous spaces, Mem.

Amer. Math. Soc., 106 (1993), pp. vi+69.

J. F. KNIGHT, A. PiLLAY, AND C. STEINHORN, Definable sets in ordered struc-

tures. 11, Trans. Amer. Math. Soc., 295 (1986), pp. 593-605.

K. KURDYKA, On a subanalytic stratification satisfying a Whitney property with
exponent 1, in Real algebraic geometry (Rennes, 1991), vol. 1524 of Lecture Notes

in Math., Springer, Berlin, 1992, pp. 316-322.

D. MUMFORD, Algebraic geometry. I, Classics in Mathematics, Springer-Verlag,

Berlin, 1995. Complex projective varieties, Reprint of the 1976 edition.

P. SPEISSEGGER, The Pfaffian closure of an o-minimal structure, J. Reine Angew.

Math., 508 (1999), pp. 189-211.



[9]

57

L. VAN DEN DRIES, Remarks on Tarski’s problem concerning (R, 4, -, exp), in
Logic colloquium 82 (Florence, 1982), vol. 112 of Stud. Logic Found. Math., North-

Holland, Amsterdam, 1984, pp. 97-121.

[10] ——, Tame topology and o-minimal structures, vol. 248 of London Mathematical

[11]

[12]

[13]

Society Lecture Note Series, Cambridge University Press, Cambridge, 1998.

F. W. WARNER, Foundations of differentiable manifolds and Lie groups, vol. 94
of Graduate Texts in Mathematics, Springer-Verlag, New York, 1983. Corrected

reprint of the 1971 edition.

H. WHITNEY, Functions differentiable on the boundaries of regions, Ann. of Math.

(2), 35 (1934), pp. 482-485.

A. J. WILKIE, Model completeness results for expansions of the ordered field of
real numbers by restricted Pfaffian functions and the exponential function, J. Amer.

Math. Soc., 9 (1996), pp. 1051-1094.



