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1 Overview

In the last lecture we discussed tail inequalities for the norm of sub-Gaussian vectors and obtained
an error bound for sub-Gaussian vector using the Hanson-Wright inequality.

In this lecture we will discuss mean estimation of i.i.d. sub-Gaussian random vectors and derive
an error bound.

2 Application to mean estimation

2.1 Review: Tail inequalities for quadratic forms of sub-Gaussian vectors

We begin by reviewing relevant concepts.

e For a symmetric matrix ¥, it has eigenvalue decomposition: ¥ = UDU™.

e X = 0 denotes that X is a positive semi-definite matrix, which means D;; > 0 for all i.

IB|7 = t=(B" B)

e |B|j3=[B"Bl>
e For sub-Gaussian random vector z € RP with ||z, < K, Ez = 0 and ¥ € RP*P > 0, we
have Vt > 0:
ct
P21z > CK*t1(2) + 1) < exp(— 5w )-
2.2 Mean estimation of sub-Gaussian random vectors
Lemma 1. Let zV ... 2(" € RP be independent, mean zero, sub-Gaussian vectors. Then we

have
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Proof. The key idea is to project z on unit vectors.



For any u € SP~1,

Zaz W, =1l ZO@ u, D)3,
< Za?”(u,z(i)H@Q (by Prop 2.6.1 in [1]).

By taking the supremum on the equation above, we have,

sup Zaz I, = supuzazuz I,
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The last inequality uses the fact that the sum of supremum is equal or larger than the superemum
of sum. Also note that the second line holds for universal constant.
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Theorem 2. Let XV ... X € RP be i.i.d random vectors with B(X®) = p and Cov(X®)) =
E(X® — pu) (X — p)T) = X = 0. Assume further that for all w € RP,

o, XD — 1)1y, < K\JE((w, XO — p)2)
holds. Let X = %Z?zl X9 the mean of XM, ... X Then, w.p >1— 6, we have
_ K? tr 3 1
X —plp = —|= lo
IX -l = 1l { i +1os 5}

Proof. Let 20 = VEi(X®) — )

Recall, the eigenvalue decomposition ¥ = UDUT. The pseudo inverse of ¥, ¥t = UDTUT, where
Dl is 1 /D;; for D;; > 0 and 0 otherwise. Also, vXT = UV D DiUT and \/> U+vDU, where

7,72

v D7t and v D takes a square root of diagonal entries of D and DT respectively.

X® = /220 4y with probability 1. Therefore, || X — u|3 = 272, where Z is the average of
(i)
2\,

Now it remains to bound ||z |,. For w € SP~1,

H(w,z(i)ﬂ\w - H<w7 \/E(X(Z) - H’))H¢’2
= [(VEiw, (XD — )|y,  (VET: symmetric)

<K\/Eer ©)?)




The rest of the proof uses Lemma to show HZHfb2 < %2 Then plug into to P(21 Xz > CK? tr(X))+t
O

Remark:

e Notice the resemblance of Theorem 2. to the mean estimation of sub-Gaussian random vectors
discussed on the last lecture. The intuition is that similar to the fact that sub-Gaussian is

closely related to o2, we now project X — p to w and observe the standard deviation.
° ﬁ can be interpreted as a stable rank. The numerator tr ¥ is the sum of eigenvalues of X

and the denominator || 2|2 is the largest eigenvalue. If the eigenvalues of ¥ are the same,
the stable rank is equal to p whereas if many eigenvalues of X are close to zero, stable rank
is small.

Next time, we will be looking at application to linear regression.
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