Lecture 1 : Overview. Conditional Expectation I.

MATH275B - Winter 2012 Lecturer: Sebastien Roch

References: [Wil91, Sections 0, 4.8, 9], [Durl0, Section 5.1].

1 Stochastic processes

The course MATH 275B is an introduction to stochastic processes.

DEF 1.1 A stochastic process (SP) is a collection { X }ieT of (E, £)-valued ran-
dom variables on a triple (2, F,P), where T is an arbitrary index set. For a fixed
we Q {Xi(w) : t €T}is called a sample path.

EX 1.2 When T = NorT = Z, we have a discrete-time SP. For instance,
e X, Xo,...iildRVs

4 {Sn}nZI Where Sn = Zlgn XZ Wlth X’L as above
EX 1.3 When T = Ry, we have a continuous-time SP. For instance,

o Ny =sup{n >1: S, <t} where S, is as above with nonnegative X;s

In general, 7 does not need to represent time.

EX 1.4 When T is finite, we have a random vector. Although seemingly simple,
this example encapsulates many non-trivial SPs. For instance,

o LtV ={1,...,n}and E = {e = (u,v) : us#v e V}. Consideriid RVs
X(e), e € E, distributed according to Bernoulli(p) for 0 < p < 1. Then
Gp = (V,E,), where E,, = {e € E : X(e) = 1}, is called an Erdos-Renyi
random graph.
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2 A Preview of Things to Come

Two main themes:
1. Beyond independence
2. Sample path properties

Here are a few important examples of processes and questions we will answer
about them.

2.1 Random walks
DEF 1.5 A random walk (RW) on R is an SP of the form:

Sn:ZXi,TL21

i<n
where the X;s are iid in R?.
EX 1.6 When d = 1, recall from MATH 275A that
e SLLN: n~1S, — E[X1] a.s. when E| X1 | < +o0
o CLT:

Sn - nE[Xﬂ

= N(0,1),
nVar[X|]
when E[X?] < <.

These are examples of limit theorems. Sample path properties, on the other hand,
involve properties of the sequence Sy(w), Sa(w), . . .. For instance, let A C R?

o P[S,, € Aforsomen > 1]?
o P[S, € Ai.o.]?

o E[T4]? where Ty =inf{n>1: S, € A}

2.2 Branching processes

DEF 1.7 A branching process is an SP of the form:

t > 1, n > 1, be an array of iid 7. -valued RVs with finite mean

o Let X(i,n),
(1,1)] < 400 and P[X(1,1) =0] > 0

p=E|
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o 7y =1, and inductively,

1<i<Zn_1

EX 1.8 Typical questions about branching processes are:
e Extinction: P|Z,, = 0 for some n > 1]?
e Exponential growth: M, = n="7Z, —?
e Limit of expectations: when 1 < 1 we have E[M,] = 1 for all n yet

E[Ms] =0

2.3 Markov chains

The two previous examples are special cases of a large class of SPs.

DEF 1.9 A discrete-time countable-space Markov chain(MC) is an SP of the form:
e F countable state space
e initial distribution, that is, ji; > 0,1 € E, and ), pi; = 1

o {pij}ijer transition matrix, that is, p;; > 0, i,j € E, and ZjeE pij = 1
foralli e E

o LetY(i,n), i € E, n > 1, be an array of iid RVs distributed according to
yZ2

o Define the process recursively by Zy = 0, and,

Zn = Y(Zn—la n)

3 Review of undergraduate conditional probability

3.1 Conditional probability

For two events A, B, the conditional probability of A given B is defined as

PlA| B = T2,

where we assume P[B] > 0.
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3.2 Conditional expectation

Let X and Z be RVs taking values x1, ..., x,, and z1, . . . , 2, resp. The conditional
expectation of X given Z = z; is given as

y; =E[X | Z = 2] :in]P’[X:mi]Z:zj].

We assume P[Z = z;] > 0.
As motivation for the general definition, we make the following observations:

e We can think of the conditional expectation as a RV Y = E[X | Z] defined
as follows:
Y(w) =y, onG; ={w : Z(w) = z;}.

e Then Y is G-measurable where G = o(Z).

e On sets in G, the expectation of Y agrees with the expectation of X, that is,
EY;G;] = y,PlG)]
= Y aP[X = Z = z|P[Z = 2]
i

= ZJ:‘ZP[X = .%'i,Z = Zj]
%

This is also true for all G € G by summation.

4 Conditional expectation: definition, existence, unique-
ness

4.1 Definition

DEF&THM 1.10 Let X € LY(Q, F,P) and G C F a sub o-field. Then there
exists a (a.s.) unique Y € LY(Q, G, P) s.t.

E[Y;G] =E[X;G], VG € G.
Such'Y is called a version of E[X | G].

Further reading

Kolmogorov’s extension theorem [Durl0O, Section A.3]. Radon-Nikodym theo-
rem [Durl0Q, Section A .4].
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1 Conditional expectation: definition, existence, unique-
ness

1.1 Definition

DEF&THM 2.1 Let X € LY(Q, F,P) and G C F a sub o-field. Then there exists
a(a.s.) unique Y € L*(Q,G,P) s.t.

E]Y;G] = E[X:G], VG € G.

Such'Y is called a version of E[X | G].

1.2 Proof of uniqueness

Let Y,Y’ be two versions of E[X | G] such that w.l.o.g. P[Y > Y'] > 0. By
monotonicity, there is n > 1 with G = {Y > Y’ +n~1} € G such that P[G] > 0.
Then, by definition,

0=E[Y —Y";G] >n"'P[G] > 0,

which gives a contradiction.

1.3 Proof of existence

There are two main approaches:
1. First approach: Radon-Nikodym theorem. Read [Dur10, Section A.4].
2. Second approach: Hilbert space method.

We begin with a definition.
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DEF&THM 2.2 Let X € L?(Q, F,P)and G C F a sub o-field. Then there exists
a(a.s.) unique Y € L2(Q,G,P) s.t.

A=||X =Yl =inf{||X - Wl : We L%Q,G,P)},

and, moreover,
(Z,X —-Y)=0,VZ € L*(Q,G,P).
Such'Y is called an orthogonal projection of X on L*(Q2,G,P).

We give a proof for completeness.
Proof: Take (Y;,) s.t. || X —Y,,||2 — A. Remembering that L?(2, G, P) is complete
we seek to prove that (Y;,) is Cauchy. Using the parallelogram law

2V +2IVIE = U = VI3 +1IU+ V3,

note that
1 1
X = Y[l + X = Va3 = 21X = S(V; + Y93 + 25 (% - Y23
The first term on the LHS is at least A? so we have what we need. Let Y be the
limit of (Y},).

Note that for any Z € L?(Q2,G,P) and t € R
IX —Y —tZ|3 > | X - Y5,
so that, expanding and rearranging, we have
—21(Z, X - Y)+t*Z|3 >0,

which is only possible if the first term is 0.
Uniqueness follows from the parallelogram law again. |
We return to the proof of existence of the conditional expectation. We use the
standard machinery. The previous theorem implies that conditional expectations
exist for indicators and simple functions. Now take X € £!(£, F,P) and write
X = XT— X, s0wecanassume X € £L}(Q, F,P)* w.l.o.g. Using the staircase
function

0, ifX =0
x() — (—1)27", if(i—1)27"<X<i27"<r
r, if X > 7,

we have 0 < X 4 X. Let Y(") = E[X (") | G]. Using an argument similar to the
proof of uniqueness, it follows that U > 0 implies E[U | G] > 0. Using linearity ,
we then have Y (") 1Y = lim sup Y'(") which is measurable in G. By (MON)

E[Y;G] = E[X;G], ¥G € G.
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2 Examples
EX 23 If X € £Y(G), then E[X | G] = X a.s. trivially.
EX 24 IfG = {0,Q}, then E[X | G] = E[X].

EX 2.5 Let A,B € Fwith0 <P[B] < 1. IfG ={0,B,B%Q} and X = 14,
then
P[ANB]

P[A|G] = phiBLa
A1l {Pgﬁ[gg], onw € B°¢

onw€ B

3 Conditional expectation: properties

We show that conditional expectations behave the way one would expect. Below
all Xs are in £1(Q, 7, P) and G is a sub o-field of F.

3.1 Extending properties of standard expectations

LEM 2.6 (CLIN) E[ale + a2X2 | g] = alE[Xl ’ g] + CLQE[XQ ‘ g] a.s.

Proof: Use linearity of expectation and the fact that a linear combination of RVs
in G isalsoin G. ]

LEM 2.7 (cPOS) If X > 0then E[X | G] > 0 a.s.

Proof: Let Y = E[X | G] and assume P[Y < 0] > 0. Thereis n > 1s.t. P[Y <
—n~1 > 0. But that implies, for G = {Y < —n~1},

E[X;G] =E[Y;G] < —n"'P[G] < 0,
a contradiction. [ ]
LEM 2.8 (¢tMON) If0 < X, 1 X then E[X,, |G] T E[X | G] a.s.

Proof: Let Y,, = E[X,,|G]. By (cLIN) and (cPOS), 0 < Y,, 1. Then letting
Y = limsup Y,, by (MON),

E[X;G] = E[Y; G,
forallG € G. ]

LEM 2.9 (¢cFATOU) If X,, > 0 then E[lim inf X, | G] < liminf E[X,, | G] a.s.
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Proof: Note that, for n > m,

Xn2>Znm = klgngm te g,

so that inf,, >, E[X,, | G] > E[Z,, | G]. Applying (cMON)

E[llim Z,, |G] = imE[Z,, |G] < lim igf E[X,|G].

LEM 2.10 (¢cDOM) If X, <V € £Y(Q, F,P) and X,, — X a.s., then
E[X, |g] = E[X |d]
Proof: Apply (cFATOU)to W,, =2V —|X,, — X| >0
E[2V | G] = E[liminf W,,] < liminf E[W,, |G] = E[2V | G]-lim inf E[| X,,— X || G].

Use that, by definition,

E[X, - X |G| < E[[X, - X||g]. .
LEM 2.11 (¢JENSEN) If f is convex and E[| f(X)|] < 400 then
fEX]6]) <E[f(X)[7].

Proof: Exercise! ]

3.2 Other properties
LEM 2.12 (Tower) If H C G is a o-field

E[E[X [G]|H] = E[X | H].
In particular E[E[X | G]] = E[X].
Proof: LetY =E[X |G]and Z =E[X |H]. Then Z € Handfor He HC G

E[Z; H] = E[X; H] = E[Y; H].

LEM 2.13 (Taking out what is known) If Z € G is bounded then
E[ZX |G] = ZE[X | G].

This is also true if X, Z > 0 and E[ZX]| < +oo0 or X € LP(F) and Z € L1(G)
withp ' +qg ' =1andp > 1.
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Proof: By (LIN), we restrict ourselves to X > 0. Clear if Z = 1 is an indicator
with G’ € G since

E[leX;G) = E[X;GN G =EE[X|G;GNG) =E[leEX |GG,
for all G € G. Use the standard machine to conclude. [ |
LEM 2.14 (Role of independence) If H is independent of o(c(X),G), then

E[X|o(G,H)] = E[X |]].
In particular, if X is independent of H then E[ X | H] = E[X].
Proof: Let H € Hand G € G. Since Y = E[X | G] € G, we have
E[X;G N H] = E[X; G]P[H] = E[Y; G]P[H] = E[Y; G N H].
We conclude with the following lemma.

LEM 2.15 (Uniqueness of extension) Let 7 be a w-system on a set S, that is,
a family of subsets stable under intersection. If 1, pe are finite measures on
(S,0(2)) with 11(2) = p2(Q2) that agree on L, then py and po agree on o(I).

Indeed, note that the collection Z of sets GN H for G € G, H € H form a m-system
generating o (G, H). [ |

Further reading

Regular conditional probability [Dur10, Section 5.1]. 7-\ theorem [Dur10, Section
A1l

References

[Dur10] Rick Durrett. Probability: theory and examples. Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge University Press,
Cambridge, fourth edition, 2010.

[Wil91] David Williams. Probability with martingales. Cambridge Mathematical
Textbooks. Cambridge University Press, Cambridge, 1991.



Lecture 3 : Martingales: definition, examples

MATH275B - Winter 2012 Lecturer: Sebastien Roch

References: [Wil91, Chapter 10], [Durl0, Section 5.2], [KT75, Section 6.1].

1 Definitions

DEF 3.1 A filtered space is a tuple (2, F,{F,},P) where:

o (Q, F,P) is a probability space

o {F,} is a filtration, i.e.,

FoCFHC---CFo=0(UF,) CF.
where each F; is a o-field.
Intuitively, F; is the information up to time i.
EX 3.2 Let Xo, X1, ... beiid RVs. Then a filtration is given by
Fn=0(Xo,...,Xn), ¥n > 0.

Fix (Q, F,{F.},P).
DEF 3.3 A process {W,},>0 is adapted if W,, € F,, for all n.
Intuitively, the value of W, is known at time n.
EX 3.4 Continuing. Let {S,, } >0 where S,, = Zz‘gn X, is adapted.
DEF 3.5 A process {Cy, }n>1 is previsible if Cy, € F,,_1 foralln > 1.
EX 3.6 Continuing. C,, = 1{S,,—1 < k}.
Our main definition is the following.
DEF 3.7 A process { My }n>0 is a martingale (MG) if

o {M,} is adapted

o E|M,| < +oo foralln

o E[M, | Fn-1] = My_1 foralln > 1

A superMG or subMG is similar except that the equality in the last property is
replaced with < or > respectively.
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2 Examples

EX 3.8 (Sums of iid RVs with mean 0) Let
e Xy, X1,...iid RVs integrable and centered with Xo = 0
o F,=0(Xo,...,Xn)
o S, = Zign X;

Then note that E|S,,| < oo by the triangle inequality and

E[Sn ‘ fn—l] = E[Sn—l + Xn ‘ .Fn—l]
= Sn—l + E[Xn] = Sn—l-

EX 3.9 (Variance of a sum) Same setup with o> = Var[X;] < occ. Define

M, = 52 —no?.
Note that
E[M,| < ZVar[Xi] +no? < 2no? < 400
1<n
and
E[Mn ’fn—l] - E[(Xn + Sn—1)2 — no? |.7:n_1]

= E[X2+2X,S, 1452 | —no?| Fu_1]
o> +04+ 8%, —no?=M,_4.

EX 3.10 (Exponential moment of a sum; Wald’s MG) Same setup with ¢(\) =
Elexp(AX1)] < +o0 for some X # 0. Define

M, = ¢(A) " exp(A\Sy,).

Note that SO
E|M,| < S0V =1< 4
and
E[My [ Fna] = ¢(A) "Elexp(A(Xn + Sn-1)) | Fr—1]

= o(A) "exp(ASp—1)d(\) = Mp_1.
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EX 3.11 (Product of iid RVs with mean 1) Same setup with Xg =
and E[X1] = 1. Define
M, =[] X

i<n
Note that
E|M,| =1

and
E[Mn ’ Jrn—l] = Mn—lE[Xn ’ Jrn—l] = Mn—l-

EX 3.12 (Accumulating data; Doob’s MG) Let X € L(F). Define

M, = E[X | F,].
Note that
E|M,| < E|X]| < +oo,
and
E[My | Fnoa] = E[X | Fno1] = M,
by (TOWER,).

1, X;

>

0

EX 3.13 (Eigenvalues of transition matrix) Recall that a MC on a countable E

is:
o {pitier {p(i,J)}ijeE
e Y(i,n) ~ p(i,-) (indep.)
o Zoy~pand Zy, =Y (Zy_1,n).

Suppose [ : E — Ris s.t.

> " pli,4)F(5) = Af(@), Vi,

J
with B|f(Z,)| < 400 for all n. Define
M, = X""f(Z,).

Note that
E[M,| < +o0,
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and
E[Mn | Fna]l = ATE[f(Zn) [ Fri]
= A p(Zar ) G)
J
= NN f(Zn-1) = My—.
EX 3.14 (Branching Process) Recall that a branching process is:
e X(i,n),i>1andn > 1, iid with mean m
o Zo=1land Zp =3 ;.5  X(i,n)

Note that for f(j) = j we have

> o6, §)i = mi,

J

so that M,, = m™"Z, is a MG.

Further reading

Comments on harmonic functions in [Durl0, Seciton 5.2].

Next class

Stopping times and betting systems [Dur10, Section 5.2].
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1 Further definition and example

DEF 4.1 A process {C', },>1 is previsible if C,, € Fy,—1 forall n > 1.

EX 4.2 Let { X, }n>0 be an integrable adapted process and {C,, },>1, a bounded
previsible process. Define

M, =Y (Xi — E[X;| Fi_1])C:.

i<n
Then
E[My,| <> 2E[X,|K < 400,
i<n
where |C,,| < K foralln > 1, and
E[Mn - Mnfl ‘-anl] — E[(Xn - E[Xn | ]:nfl])on | fnfl]

= Ch(E[X, | Fn-1] — E[X, | Fao1]) = 0.

2 Fair games

Take the previous example with { X, },>0 a MG, that is,
M, =(CeX), = Zci(Xi - Xi—1),

i<n
where {(C'® X),, } >0 is called the martingale transform and is a discrete analogue
of stochastic integration. If you think of X,, — X,,_; as your net winnings per unit
stake at time n, then C), is a gambling strategy and (C e X) is your total winnings
up to time n in a fair game.
Arguing as in the previous example, we have the following theorem.
THM 4.3 (You can’t beat the system) Ler {C),} be a bounded previsible process

and {X,,} be a MG. Then {(C @ X),,} is also a MG. If, moreover, {C,, } is nonneg-
ative and { X, } is a superMG, then {(C ® X)), } is also a superMG.
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3 Stopping times

DEF 4.4 A random variable T : Q — Z, = {0,1,...,+0o0} is called a stopping
time if B
{T'<n}eF, Vnel,,

or, equivalently, B
{T'=n}eF,, Vnel;.

In the gambling context, a stopping time is a time at which you decide to stop
playing. That decision should only depend on the history up to time n.

EX 4.5 Let { Ay} be an adapted process and B € B. Then
T =inf{n >0 : A, € B},

is a stopping time.

4 Stopped supermartingales are supermartingales

DEF 4.6 Let { X,,} be an adapted process and T be a stopping time. Then
X} (w) = Xp@an(w),

is called { X, } stopped at 7.

THM 4.7 Let {X,,} be a superMG and T be a stopping time. Then the stopped
process XT is a superMG and in particular

E[X7rn] < E[Xo].
The same result holds at equality if { X,,} is a MG.

Proof: Let
" = 1{n <T}.

Note that
() =0} ={T <n—1} € Fo_1,

so that C(7) is previsible. It is also nonnegative and bounded. Note further that
(CT) o X), = Xpan — Xo = XF — X.

Apply the previous theorem. ]
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S Optional stopping theorem
When can we say that E[X 7] < E[X]?

THM 4.8 Let {X,,} be a superMG and T be a stopping time. Then X is inte-
grable and
E[X7] < E[X(].

if one of the following holds:
1. T is bounded
2. X is bounded and T is a.s. finite
3. E[T] < +o0 and X has bounded increments
4. X is nonnegative and T is a.s. finite.
The first three hold with equality if X is a MG.

Proof: From the previous theorem, we have
(x) E[X7an — Xo] <0.
1. Take n = N in (%) where T' < N a.s.
2. Take n to +oo and use (DOM).

3. Note that
| X7An — Xo| < | Z (Xi — Xi1)| < KT,

i<TAn

where | X,, — X,,—1| < K a.s. Use (DOM).

4. Use (FATOU).

Further reading

No further reading.
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1 A natural gambling strategy

Recall that
(C L4 X)n - Z Cn(Xn - Xn—1)7

i<n
where C, is predictable and X, is a superMG, can be interpreted as your net win-
nings in a game. A natural strategy is to choose o < 3 and apply the following

e REPEAT

— Wait until X gets below «
— Play a unit stake until X gets above 5 and stop playing

e UNTIL TIME N

More formally, let
Ch = ]l{Xo < O(}7

and
C, = H{Cn_l = 1}]1{Xn_1 < ﬁ} + H{Cn_l = O}H{Xn_l < Oé}.

Then {C,,} is predictable.

2 Upcrossings
Define the following stopping times. Let T = —1,
Top_1 = mf{n >Thr o Xp < Oé},

and
To, = 1nf{n >Thp_1 @ Xp > B}



Lecture 5: Martingale convergence theorem 2

The number of upcrossings of [, 5] by time N is
Un|a, 8] = sup{k : Top < N}.
LEM 5.1 (Doob’s Upcrossing Lemma) Let X be a superMG. Then
(8 — a)EUN|a, B] < E[( XN — a)7].
Proof: Let Y,, = (C' e X),,. Then Y, is a superMG and satisfies
Yy > (B —a)Unla, 8] — (Xn —a)7,

since (X — o))~ overestimates the loss during the last interval of play. The result
follows from E[Yx| < 0. |

COR 5.2 Let X be a superMG bounded in L. Then
Unla, B] 1 Uss|e, 8],
(8 — @)EUs[a, 8] < |af + sup E[X,| < +oo0,

so that
PlUs v, B] = o0] = 0.

Proof: Use (MON). [ |

3 Convergence theorem

THM 5.3 (Martingale convergence theorem) Let X be a superMG bounded in
L. Then X, converges and is finite a.s. Moreover, let Xo, = limsup,, X, then
Xoo € Foo and E| X | < +00.

Proof: Let o« < § € Q and

Ay pg={w : liminf X,, < a < B < limsup X, }.

Note that
A = {w : X, does not converge}
= {w : liminf X,, < limsup X,,}
= Ug<peglas-
Since

Aa,ﬁ C {Uoo[aw@] = 00}7

we have P[A, 3] = 0. By countability, P[A] = 0. Use (FATOU) on |X,,| to
conclude. |
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COR 54 If X is a nonnegative superMG then X,, converges a.s.

Proof: X is bounded in £! since
E|X,| = E[X,] < E[X], Vn.
=

EX 5.5 (Polya’s Urn) An urn contains 1 red ball and 1 green ball. At each time,
we pick one ball and put it back with an extra ball of the same color. Let R,
(resp. Gy) be the number of red balls (resp. green balls) after the nth draw. Let
Fn = 0(Ro,Go, R1,G1, ..., Ry, Gy). Define M, to be the fraction of green balls.
Then

Rn—l Gn—l
anl + Rnfl anl + Rnfl +1

anl anl +1
anl + Rnfl anl + Rnfl +1

anl o
anl + Rnfl B
Since M,, > 0 and is a MG, we have M,, — M, a.s. See [Durl0, Section 4.3] for
distribution of the limit and a generalization, or decipher,

E[My | Fn-1] =

+

My_1.

n\ m!(n —m)! 1
IP) n — 1 = = s
(G =m 1] (m> (n+1)! n+1
so that o) _ 1
P[Mngx]zw_)x‘
n+1

EX 5.6 (Convergence in L'?) We give an example that shows that the conditions
of the Martingale Convergence Theorem do not guarantee convergence of expec-

tations. Let {S,,} be SRW started at 1 and
T =inf{n >0 : S, =0}.
Then {Stan} is a nonnegative MG. It can only converge to 0 . But E[Xo] = 1 # 0.
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1 Branching processes

DEF 6.1 A branching process is an SP of the form:

o Let X(i,n), i > 1,n > 1, be an array of iid Z+-valued RVs with finite mean
m = E[X(1,1)] < +oo, and inductively,

Zn= Y X(in)

1§7;§Zn—1
To avoid trivialities we assume P[X (1,1) = i] < 1 foralli > 0.
LEM 6.2 M, = m~"Z, is a nonnegative MG.

Proof: Note that we have

> P Zn = | Zny =] = mi,
J

so the claim follows from the eigenvector method. Alternatively, use the following
lemma (proved in Hwk 1).

LEM 6.3 IfY) =Yz a.s. on B € F then E[Y; | F| = E[Y2 | F] a.s. on B.

Then, on {Z,_1 = k}

E(Zn | Foa] =E[ Y X(j,n) | Fao1] = mk =mZ, 1.
1<5<k

This is true for all &. []

COR 64 M, — My < +oca.s. and E[My] < 1.
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2 Extinction

The martingale convergence theorem in itself tells us little about the limit. Here
we try to give a more detailed picture of the limiting behavior—starting with ex-
tinction.

Let p; = P[X(1,1) = 4] for all ¢ and for s € [0, 1]

f(s)=po+pis+pas®+---=> ps'.
>0

Similarly, f,,(s) = E[s?"]. Ideally, we would like to compute the generating func-
tion of the limit—but this is rarely possible. Instead, we derive some of its proper-
ties. In particular, note that

m = P[Z, =0 forsomen > 0]
= lim P[Z, = 0]
n—-+o0o
= Am A0,

using the fact that 0 is an absorbing state and monotonicity.
Moreover, by the Markov property, f,, as a natural recursive form:

fuls) = E[s"]
= E[E[s™ | Fu1l]
= E[f(s)”]
= fao1(f(s) = = f(s).

So we need to study iterates of f.
We summarize the properties of f next. To make it easier, we assume pg+p1 <
1.

LEM 6.5 The function f on [0, 1] satisfies:
1. f(0) =po, f(1) =1
2. f is indefinitely differentiable on [0,1)
3. f is strictly convex and increasing

4. limgpq f'(s) =m < 400
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Proof: 1. is clear by definition. The function f is a power series with radius of
convergence R > 1. This implies 2. In particular,

fl(s) = ipis™ >0,
i1

and

() = Y ili — Dpist > 0,

i>2
because we must have p; > 0 for some ¢ > 1 by assumption. This proves 3. Since
m < +oo, f'(1) is well defined and f’ is continuous on [0, 1]. [

COR 6.6 (Fixed points) We have:
1. If m > 1 then f has a unique fixed point mo € [0,1)
2. If m < 1then f(t) >t fort € [0,1) (Let 7y = 1 in that case.)

Proof: Since f'(1) = m > 1, thereis & > Os.t. f(1 —3J) < 1 — 4. On the
other hand f(0) > 0 so by continuity of f there must be a fixed point in [0, 1 — ).
Moreover, by strict convexity, if 7 is a fixed point then f(s) < s for s € (r, 1),
proving uniqueness.

The second part follows by strict convexity and monotonicity. |

COR 6.7 (Dynamics) We have:
1. Ift e [0,7T0), then f(n)<t) 1 o
2. Ift € (mo, 1) then f™(t) | mo

Proof: We only prove 1. The argument for 2. is similar. By monotonicity, for
t € [0,m), we have t < f(t) < f(mg) = mp. Iterating

t< fO@) < < f) < f" (mo) = o
So f("(t) 1 L < m,. By continuity of f we can take the limit inside of
F @) = (0 w),

to get L = f(L). So by definition of 7y we must have L = . |
We immediately obtain:

THM 6.8 (Extinction) The probability of extinction 7 is given by the smallest
fixed point of f in [0,1]:

1. Ifm < 1thenm =1.

2. Ifm>1thenm < 1L
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1 Preliminaries

DEF 7.1 For1 < p < 400, we say that X € LP if
I1Xl, = E[IXP]"7 < +o0.
By Jensen’s inequality, for 1 < p < r < +oo we have || X ||, < || X|, if X € L.

Proof: Forn > 0, let
X, = (| X]| An)P.

Take ¢(z) = 2"/P on (0, +00) which is convex. Then
(BIX.)"? < E[(Xa)"7] = E[(|X| An)"] < E[X[].
Take n — oo and use (MON). [ |

DEF 7.2 We say that X,, converges to X in LP if || X;, — Xxl|p — 0. By the
previous result, convergence on L implies convergence in LP forr > p > 1.

LEM 7.3 Assume X,, Xoo € L. Then
| X — Xooll1 — 0,

implies
E[X,] — E[X].

Proof: Note that
E[X,] - E[Xu0]| < E[X, — Xoc| = 0.

DEF 7.4 We say that { X, },, is bounded in LP if

sup || Xy |lp < +o00.
n
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2 L? convergence
THM 7.5 Let M be a MG with M,, € L2. Then M is bounded in £L? if and only if

Z]E[(Mk — Mk_1)2] < +o00.
E>1

When this is the case, M, converges a.s. and in L2,

Proof:

LEM 7.6 (Orthogonality of increments) Ler s <t < u < v. Then,
(My — Mg, M,, — M,,) = 0.

Proof: Use M, = E[M, | F,], My — M, € F, and apply the L? characterization
of conditional expectations. |
That implies

E[M2] = E[Mg]+ Y E[(M; — M;1)?),

proving the first claim.
By monotonicity of norms, M is bounded in L? implies M bounded in L!
which, in turn, implies M converges a.s. Then using (FATOU) in

B[(Mpyr, — M) = Y E[(M; - M;1)?),
n+1<i<n+k
gives
E[(Moo — M,)?) < ) E[(M; — M;1)?].
n+1<i

The RHS goes to 0 which proves the second claim.

3 Back to branching processes

THM 7.7 Let Z be a branching process with Zg = 1, m = E[X(1,1)] > 1
and 0? = Var[X(1,1)] < +oo. Then, M,, = m~"Z, converges in L?, and in
particular, E[M] = 1.
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Proof: From the orthogonality of increments

E[M;] = E[M; 4] + E[(My — Mn-1)°].

On{Z,_1 =k}
E[(My — My-1)? | Fact] = m™2"E[(Zn — mZn-1)* | Fu-1]
= m_Q"E[(zk: X (i,n) — mk)?| Fn_i1]
i=1
= m Mko?
m=2"Z, _q0°.
Hence

E[M2] = E[M?2_,] +m " 16>

Since E[MZ] = 1,

n+1 ‘

E[M2] =1+ o? Z m~",

i=2
which is uniformly bounded when m > 1. So M,, converges in L?. Finally by
(FATOU)

E|Mso| < sup ||My,|l1 < sup || M|z < +o0

and
‘E[Mn] - E[MOOH < HMn - MOO||1 < ||Mn - MOOHZv

implies the convergence of expectations. |
In a homework problem, we will show that under the assumptions of the previ-
ous theorem
{Ms =0} ={Z, =0, for some n},

and
P[Ms = 0] =,

the probability of extinction.
EX 7.8 (Geometric Offspring) Assume

O0<p<l g=1—p, pi=pqd, Vi>0, m:%.
Then

f(S) = l%gq, ™ = min{g, 1}
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° If G is a 2 X 2 matrix, denote

~ Gus+ G

Gls) = Go15+ Gao'

Then G(H (s)) = (GH)(s). By diagonalization,
0 p\"_ (1 P\ (" O\(a -p
Co ) =GO 24 7)
leading to

_pm"(1—s)+gs—p
fals) = gm*(1—s)+qs—p’

In particular, when m < 1 we have m = lim f,,(0) = 1. On the other hand,
if m > 1, we have by (DOM) for A > 0

Elexp(—AMs)] = liqllnfn(exp(—)\/m"))

pPA+q—p
gA+q—7p
(1—-m)

= 7T+(1—7T)m.

The first term corresponds to a point mass at O and the second term corre-
sponds to an exponential with mean 1/(1 — 7).

By induction

_n—(n—1)s
Tnls) = n+1—ns’
so that )
P[Z, >0]=1— f,(0) = e
and
E[e—)\Zn/n ‘ 7, > 0} _ fn(e_)\/n) — fn(o) 1

— )
1 — f,(0) 1+ A
which is the Laplace transform of an eponential mean 1. This is consistent
with E[Z,] = 1.
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1 LP? convergence theorem

Recall:

LEM 8.1 (Markov’s inequality) Let Z > 0 be a RV. Then for ¢ > 0
P[Z > ] <E[Z; Z > ] < E[Z].

MGs provide a useful generalization.

LEM 8.2 (Doob’s submartingale inequality) Ler Z > 0 a subMG. Then for ¢ >
0
CP[ sup Zp > C] < E[Zn; sup Zp > C] < E[Zn]
1<k<n 1<k<n

Proof: Divide F' = {sup;<j<,, Z > c} according to the first time Z crosses c:
F=FuU---UF,

where
Fk:{Z()<C}ﬂ~-'ﬁ{Zk_1 <C}ﬁ{ZkZC}.

Since F, € Fi, and E[Z,, | Fi] > Zk,
Sum over k. [

EX 8.3 (Kolmogorov’s inequality) Let X, ... be independent RVs with E[X}] =
0 and Var[Xy| < +o0. Define Sy, = ., Xi. Then for ¢ >0

P[iﬂgx 1Sk > ¢] < ¢ 2Var[S,,].
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THM 8.4 (Doob’s L” inequality) Letp > landp™' +q ' = 1. Let Z > 0 a
subMG bounded in LP. Define

7" = sup Z,.
k>0
Then
1Z%]lp < gsup 1Zxllp = g 1 lim || Zi |-
and Z* € LP.

Proof: The last equality follows from (JENSEN). Let Z; = supy<, Zx. By
(MON) it suffices to prove:

LEM 8.5
E[(Z,)"] < ¢"E[Z].

Proof: Recall the formula: forY > Oandp > 0
oo
E[Y?] = / py?'PlY > yldy.
0
Then for K > 0

E[(Z* A K)P] = / peP[ZF A K > dde
0

o0
< / pP 2R Zy; ZE N K > de
0

E [Zn (L) /Ooo(p — )P 2P[ZE AN K > clde

= ElgZu(Z; NK)PT
qE(Z})PE((Z; N K]

IN

Rearranging and using (MON) gives the result. | |

THM 8.6 (L? convergence) Let M be a MG bounded in LP for p > 1. Then
M, — My a.s. and in LP.

Proof: Note that |1/,,| is a subMG bounded in LP. In particular, it is bounded in
L' and M,, — M, a.s. From the previous theorem,

|Mn - M<>0|p < (QSUP|Mk|)p € L17
k

and by (DOM)
E|M,, — M |P — 0.
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1 Review: Random series

Recall:

THM 9.1 (Three-Series Thm) Ler {X,,} be independent. For K > 0, let Y,, =
Xo{|X,| < K}. Then ), X, converges a.s. if and only if:

1. Y, P X, > K] < +00
2. >, E[Y,] converges
3. >, Varly,] < 400

We will see a MG generalization of this result.

2 Angle-brackets process

THM 9.2 (Doob decomposition) Let X be an adapted process in L. Then
o X has an a.s. unique decomposition
X=Xo+M+A, (%)
where M is a MG and A is predictable with My = Ag = 0.
o X is a subMG if and only if A, 1 a.s.
Proof: Suppose (*) holds. Observe
E[Xn—Xn-1|Fn-1] = E[My—M,—1 | Frpoa]+E[A,—Ap_1 | Fno1] = An—An_1,

so that
Ap =Y E[Xy — X1 | Fia].

k<n
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This proves uniqueness—that is, if there is a decomposition such that M is a MG
then A has to be of the previous form. Using this equation as definition gives first
claim—by the same equation, M will be a MG. Second claim is now obvious. ®

LEM 9.3 If M is a MG and ¢ is convex with E[|¢p(M,,)|] < +oc, then ¢(M,,) is
a subMG.

Proof: Using (cJENSEN)
E[¢(Mn) ‘fn—l] > ¢(E[Mn ’-’rn—l]) = ¢(Mn—1>-
[

DEF 9.4 (Angle-brackets process) Let M be a MG in L with My = 0. Then
M? is a subMG with decomposition

M? = N + (M),

where (M),, 1 a.s. Moreover M is bounded in L? if and only if E[{M )] < oc.
Finally note

(M) = E[M{ = Mi_y | Fya] = ) E[(My, = My—1)? | Fi1]-
k k

We finally come to our main theorem.
THM 9.5 Let M be a MG in L?. Then
1. lim,, M, (w) exists for a.e. w s.t. (M) < 0.

2. If further |M,, — M, 1| < K a.s. Yn then (M) (w) < 400 for a.e. w s.t.
lim,, M,,(w) exists.

Proof: Proof of 1. Observe that
{{M)oo < 00} = Up{S(k) = +o0},

where
S(k) =inf{n : (M)n4+1 >k},

defines a stopping time. It suffices to prove:

LEM 9.6 (MS®)) = (p)Sk),
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Indeed, E[(M)*®*)] < k < +00, hence E[(M5®))] < +o0 and the MG MS*) is
bounded in L?:
lim M%) exists a.s.
n

Since S(k) = o0 for some k we have proved the first claim. It remains to prove
the lemma. Note that

(M2 = ()5 = (502 — (1)),

is a MG. By the uniqueness of Doob’s decomposition, it suffices to show that
(M)S®*) is predictable. Let B € B. Then

{(M)5™) € B} = E1 U B,

where
FE = Ulgrgn_l{S(k') =, <M>,« S B} € Fn_1,

and
Ey ={S(k)<n—-1}Nn{(M), € B} € F,_1.

That concludes the proof of the first claim.
Proof of 2. (Sketch.) Proof is similar. Enough to prove that sup,, | M, (w)| <
+o0 implies (M), < 400 a.s. Observe

{sup | M, (w)| < o0} = U AT (c) = 00},
n
where
T(c) =inf{n : |M,| > ¢},
defines a stopping time. By the above lemma,
E[(M]©)? — (M)F @) = o,

so that
E[(M)F] < (c+ K)*.

Since T'(¢) = +oo for some ¢, this proves the second claim.
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3 Applications

THM 9.7 (A strong law for MGs in L?) Let M be a MG in L? with My = 0.

Then
M,

(M),

— 0, a.s. on {{M)s = +00}.

Proof: Note that (1 + (M))~! is bounded and predictable so that

n

W= ((L+ (M) e M), =Y
k=1

My, — My
L+ (M)~

is a MG. Note that

In particular, (IW)s < 1 < 400 so that W, converges a.s.

LEM 9.8 (Kronecker’s Lemma) [fb, T +oo then

Tn
E —= converges =
n bn

Then on {(M ) = +00}, we have M,, /(14 (M),,) — 0 and the result follows. m

THM 9.9 (Levy’s extension of Borel-Cantelli) Suppose 1, is adapted. Define

n
Zn = Z ]]-Ek7
k=1

and
n

Y, = PlE | Fial.
k=1

Then
1. Yo <00 = Zyp <0

2. Yoo =400 = Z,/Y, =1
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Note that the previous theorem implies the classical BC lemmas. For 1, note that
E[Ys] = >, P[E]. For 2, note that by independence P[E}, | F—1| = P[E}].
Proof: 7 isasubMG,Y is predictable and M = Z —Y is a MG. The proof relies
on computing (M ). Note

(M), = > E[(My — Mp_1)*| Fpi]
k=1

= ZE[(ﬂEk — P[E) | Fe-1])? | Fi—1]
=1

= Y Ellp, — PE| Fia]?| Fri]
k=1
n

= > [P[Bk| Fie1] — P[Er| Fie1]?)
< v

We are ready to prove the statements.

1. Then (M)~ < 400 and M,, converges. Hence, Z = M +Y

also converges.

2. Assume first that (M), < +oo. Then M,, converges and

Zn My + Yy,

— — 1.
Y, Y.,

On the other hand, if (M), = +oo the strong law for L? MGs gives
M, /(M) — 0so that M,,/Y,, — 0and Z,/Y,, — 1.
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1 Uniform Integrability

LEM 10.1 LetY € L'. Ve > 0, 3K > 0 s.t.
E[[Y];|Y] > K] <e.
Proof: Immediate by (MON) to E[|Y|; |Y| < K]. |

DEF 10.2 (Uniform Integrability) A collectionC of RVs on (2, F,P) is uniformly
integrable (Ul) if: Ve > 0, 3K > 400 s.t.

E[|X[; | X| > K] < ¢, VX eC.

THM 10.3 (Necessary and Sufficient Condition for L' Convergence) Let {X,} €
L'and X € L'. Then X,, — X in L' if and only if:

e X, — X inprob

o {X,}isUL

Before giving the proof, we look at a few examples.
EX 10.4 (L'-bddness is not sufficient) Let C is Ul and X € C. Note that

E|X| < E[[X]; |X| > K]+ E[|X; | X| < K] < e+ K < +o0,
so Ul implies L'-bddness. But the opposite is not true by our last example.
EX 10.5 (LP-bdd RVs) Let C be LP-bdd and X € C. Then
EIX[;|X| > K] < E[K'7|X]%5|X| > K] < KP4 -0,
as K — +o0.
EX 10.6 (Dominated RVs) Assume 3Y € L' s.t. |X| <Y VX € C. Then
E[|X|; | X| > K] <E[Y;|X| > K] <E[Y;Y > K],

and apply lemma above.
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2 Proof of main theorem

Proof: We start with the if part. Fix ¢ > 0. We want to show that for n large
enough:
ElX, - X|<e.

Let ¢ (z) = sgn(z)[|z| A K]. Then,

Elpx (Xn) = Xn| + Elox (X) — X[ + E|¢x (Xn) — ¢r (X))

E’Xn_X‘ <
< EHXTL|7 ’Xn’ > K] +EUX’§ ‘X‘ > K] +E’¢K(Xn) - ¢K(X)’

Ist term < &/3 by UI and 2nd term < £/3 by lemma above. Check, by case
analysis, that

9K (x) — o (y)| < |z —yl,

s0 ¢x (X,) —p ¢k (X). By bounded convergence for convergence in probability,
the claim is proved.

LEM 10.7 (Bounded convergence theorem (convergence in probability version))
Let X;, < K < 4+ Vnand X, —-p X. Then

E| X, — X| — 0.
Proof:(Sketch) By
PIX| > K +m '] <P[X, — X|>m™],
it follows that P[| X| < K] = 1. Fixe > 0

E|X, — X[ = E[X, - X[;|Xn = X[ >¢/2] + E[[Xn, — X[; | X5 — X[ < /2]
< 2KP[|X, — X|>¢/2]+¢/2 <,

for n large enough. u
Proof of only if part. Suppose X,, — X in L'. We know that L' implies
convergence in probability. So the first claim follows.
For the second claim, if n > N (large enough),

E|X, - X|<e.
We can choose K large enough so that

E[[Xn[; [Xal > K] <&,
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Vn < N. So only need to worry about n > N. To use L' convergence, natural to
write

E[|Xnl; [Xn| > K] < E[|X, — X[ [Xn| > K]+ E[|X]; [ Xo] > K].

First term < e. The issue with the second term is that we cannot apply the lemma
because the event involves X, rather than X. In fact, a stronger version exists:

LEM 10.8 (Absolute continuity) Let X € L' Ve > 0,35 > 0, s.t. P[F] < §
implies
E[|X];F] <e.

Proof: Argue by contradiction. Suppose there is € and F, s.t. P[F},] < 27" and

E[|X|; F,] > e.
By BC,
P[H] = P[F, i.0.] =0.
By (DOM) ,
E[|X|; H] > e,
a contradiction. n

To conclude note that

E‘XTL| < SuanNE|Xn| < suanNE|X] +E|Xn _X| < 5

P|| X K] <
1al > K] < N - ,

uniformly in n for K large enough. We are done.
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1 UIMGs

THM 11.1 (Convergence of UL MGs) Let M be Ul MG. Then
M, = My,
a.s. and in L1. Moreover
M, = E[My | Fp], vn.

Proof: UI implies L'-bddness so we have M,, — M, a.s. By necessary and
sufficient condition, we also have L! convergence.
Now note that for all » > n and F € F,,, we know E[M, | F,,] = M,, or

E[M;; F| = E[Mxy; F],
by definition of CE. We can take a limit by L' convergence. More precisely
|E[M,; F] — E[Mx; F]| <E[|M, — Mx|; F] <E[|M, — Mx|] — 0,
as r — 00. So plugging above
E[Moo; F| = E[Mp; F],

and E[M | F] = M. ]

2 Applications I

THM 11.2 (Levy’s upward thm) Let Z € L' and define M,, = E[Z | F,]. Then
M is a UI MG and
M, — My =E[Z | Fx],

a.s. and in L.
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Proof: M is a MG by (TOWER). We first show it is Ul:
LEM 11.3 Let X € LY(Q, F,P). Then

{E[X |G] : G is a sub-o-field of F},
is UL

Proof: We use the absolute continuity lemma again. Let Y = E[X | G] € G. Since
{Y[> K} eg,

ElY[;[Y]> K] = E[E[X|[F];[Y]|> K]
< E[E[X]IG:Y]> K]
= E[X[[Y]> K].
By Markov
EY|] _ E[X|
PlY|>K]| < — < —— <
IV]> Kl < = < == <4,
for K large enough (uniformly in G). And we are done. |

In particular, we have convergence a.s. and in L' to My, € Fn..
Let Y = E[Z | Fx] € Fx. By dividing into negative and positive parts, we
assume Z > 0. We want to show, for F' € F,

E[Z; F] = E[Ma; F).

By Uniqueness Lemma, it suffices to prove equality for all F,. If F' € F,, C F,
then by (TOWER)

E|Z; F] = E[Y; F] = E[Mp; F] = E[Ma; F).

THM 11.4 (Levy’s 0 — 1law) Let A € F.. Then
P[A ’ fn] — 1 A-
Proof: Immediate. ]

COR 11.5 (Kolmogorov’s 0 — 1 law) Let X1, Xo, ... be iid RVs. Recall that the
tail o-field is
T = ﬂn'ﬁL = ﬂnO'(Xn+1, Xn+2, .. )

If A €T thenP[A] € {0,1}.
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Proof: Since A € 7, is independent of F,,
PlA|F,] = P[A],

Vn. By Levy’s law,
P[A] = 14 € {0,1}.

3 Applications II

THM 11.6 (Levy’s Downward Thm) Let Z € LY(Q, F,P) and {G_p, }n>0 a col-
lection of o-fields s.t.

Gow=MG-rC---CG,C---CG 1 CF

Define
M_, = E[Z ‘ g—n]

Then
M_, - M_ =E[Z|G_]

a.s. and in L.

Proof: We apply the same argument as in the Martingale Convergence Thm. Let
a< peQand

Ayp={w : liminf X_, <a < f <limsup X_,}.
Note that

A = {w : X, does not converge}
= {w:liminf X, <limsup X_,}
= Ua<peQha,-

Let Un[a, 8] be the number of upcrossings of [a, B] between time —N and —1.
Then by the Upcrossing Lemma applied to the MG M_p, ..., M_;

(8 — a)EUx]a, 8] < || + E|M_1| < |a| + E|Z].

By (MON)
UN[OZ, 5] T UOO[O‘7B]7
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and
(B — a)EUxla, B] < |af + E|Z] < +oo,
so that
PlUx[a, f] = 0] = 0.
Since

Aa,ﬁ C {Uoo[awB] = OO},

we have P[A,, g] = 0. By countability, P[A] = 0. Therefore we have convergence
a.s.

By lemma in previous class, M is UI and hence we have L' convergence as
well.

Finally, forall G € G_o C G_,,

E[Z; G| = E[M_,;G].

Take the limit n — 400 and use L' convergence. |
An application:

THM 11.7 (Strong Law; Martingale Proof) Ler X, Xs,...beiid RVswithE[X,] =
pand E|X1| < +oo. Let Sy, = ) ;. Xn. Then

n=1S, — pu,
a.s. and in L',
Proof: Let
G_n=0(Sn, Snt1,Sn+2,--.) = 0(Sn, Xn+1, Xnt2,--.),
and note that, for 1 < i <n,
E[X1|G-n] = E[X1|Sn] =E[X;|Sn] =E[n 'S, |S:] =n 'Sy,
by symmetry. By Levy’s Downward Thm
n 1S, = E[X1 |G o),

a.s. and in L'. Note that G_,, C &, and G_o, C & so that G_ is trivial and we
must have E[ X7 | G_o] = p. |
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4 Further material

DEF 11.8 Let X1, Xo, ... be iid RVs. Let &, be the o-field generated by events
invariant under permutations of the Xs that leave X, 11, Xy42, . . . unchanged. The
exchangeable o-field is £ = Ny, Epy.

THM 11.9 (Hewitt-Savage 0-1 law) Let X1, Xo,... be iid RVs. If A € & then
P[A] € {0,1}.

Proof: The idea of the proof is to show that A is independent of itself. Indeed, we
then have

0 = P[A] — P[A N A] = P[A] — P[A]P[A] = P[A](1 — P[A]).

Since A € £ and A € F., it suffices to show that £ is independent of F,, for every
n (by the 7-\ theorem).
WTS: for every bounded ¢, B € &,

E[p(X1,..., Xk); Bl = E[¢(X1, ..., Xi)|E[B] = E[E[¢(X1, ..., Xk)]; B,
or equivalently
Y = E[p(X1,..., Xp) | €] = E[p(X1, .., Xp)).

It suffices to show that Y is independent of F,. Indeed, by the L? characterization
of conditional expectation and independence,

0=E[(¢(X1,..., Xx) = Y)Y] = E[p(X1, ..., Xp)|E[Y] = E[Y?] = —Var[Y],
and Y is constant.
1. Since ¢ is bounded, it is integrable and Levy’s Downward Thm implies
E[¢(X1,..., X¢) | €] = E[$(X1,..., Xp) |€].

2. Define 1
An(gb):i Z ¢(Xi17"'7Xik)7

1<iy# - #ip<n

where (n); =n(n —1)---(n — k + 1). Note by symmetry

An(¢) = E[An(9) | En] = E[p(X1, ..., Xy) [ En] = E[o(Xa, ..., Xk) | €].
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3. However, note that
1 k:(n - 1)k—1 k
— Xiyoot) X5) < ———————supp = —supp — 0,

so that the limit of A,,(¢) is independent of X and
E[(Z5(X1, . ,Xk) ‘ 5] S O'(Xz, .. .),
and by induction

Y =E[¢(X1,..., X)) |E] € 0(Xpsa,-. ).
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1 Review: Stopping times
Recall:

DEF 13.1 A random variable T : Q — Z, = {0,1,...,+00} is called a stop-
ping time if B
{T =n}eF,, VnelZ;.

EX 13.2 Let { A, } be an adapted process and B € B. Then
T =inf{n >0 : A, € B},
is a stopping time.

THM 13.3 (Optional Stopping Thm) Let {M,,} be a MG and T be a stopping
time. Then M is integrable and

E[Mr] = E[Xo].
if one of the following holds:
1. T is bounded.
2. M is bounded and T is a.s. finite.
3. E[T] < +o0 and M has bounded increments.

4. M is UL
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2 The o-field Fr

DEF 13.4 (F7) Let T be a stopping time. Denote by Fr the set of all events F
such thatn € Z,.
FNn{T =n} e F,.

The following two lemmas clarify the definition:
LEM 135 Fr=F,ifT =n, Fr = Fo if T = o0 and Fr C Fuo forany T.

Proof: In the first case, note FN{T = k} isempty if kK # nandis F' if k = n. So if
F e FrthenF = FN{T =n} € F,andif F € F,, then F' = FN{T = n} € F,.
Moreover () € F,, so we have proved both inclusions. This works also for n = oc.
For the third claim note

F = UkEZ_,_F N {T = n} € Foo-
|

LEM 13.6 If X is adapted and T is a stopping time then X7 € Fr (where we
assume that X o € Foo, €.8., Xoo = liminf X,).

Proof: For B € BB

(XreBYN{T =n} = {X, € BYyn{T =n} € F,.

|
LEM 13.7 If S, T are stopping times then Fsar C Fr.
Proof: Let F' € Fg 7. Note that
FO{T =n} =Up<n[(FN{S AT = k})N{T =n}] € F,.
|

3 Optional Sampling Theorem (OST)

THM 13.8 (Optional Sampling Theorem) If M is a Ul MG and S, T are stop-
ping times with S < T a.s. then E|Mr| < 400 and

E[Mr | Fs] = Ms.
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Proof: Since M is UL, 3M,, € L' s.t. M,, — M, a.s. and in £'. We prove a
more general claim:

LEM 13.9
E[Ms | Fr] = Mry.

Indeed, we then get the theorem by (TOWER) and (JENSEN).
Proof:(Lemma) Wlog we assume M, > 0 so that M,, = E[My | F,] > 0 Vn.
Let F' € Fr. Then (trivially)

E[Moo; FNA{T = oo}] = E[Mr; F N {T = oo}]

so STS
E[Mw; FN{T < 4o00}] = E[Mp; F N{T < +o0}].

In fact, by (MON), STS
E[Moo; F N {T < k}] = E[Mz; F 0 {T < kY] = E[Mpnp F 0 {T < k}],

Vk. To conclude we make two observations:

1| FO{T < k} € Frap. |Indeed if n < k

FN{T<k}n{TAk=n}=Fn{T=n}ecF,

andifn > k
=0e F,.

2. |E[Moo | Frar] = My | Since B[Moo | Fi] = My, STS E[My | Frax] =
M k. But note that if G € Frap

E[My; G) = Y E[My; GA{TAk = 1}] = > E[My; Gr{TAk = 1}] = E[Mrnp; G
I<k I<k

since GN{T ANk =1} € F.

4 Example: Biased RW

DEF 13.10 The asymmetric simple RW with parameter 1/2 < p < 1 is the pro-
cess { Sy }n>0 with So = 0and S,, = Y., X, where the Xy,s are iid in {—1,+1}

s.t. P[X; =1 =p. Letq =1 —p. Let p(x) = (q/p)* and Y, (x) = x — (p — q)n.



Lecture 13: UI MGs: Optional Sampling Thm 4

THM 13.11 Let {S,} as above. Let a < 0 < b. Define T, = inf{n >0 : S, =
x}. Then

1. We have o(b) — H(0)
In particular, P|T, < +o00] = 1/¢(a) and P[T}, < co] = 1.
2. We have b
E[Ty] = 1

Proof: There are two MGs here:

El¢(Sn) | Fae1] = p(a/p)* ' + a(a/p)*" " = ¢(Sn-1),

and

E[¢pn(Sn) | Fna1] = plSn-1+1=(p=0)(n)]+4¢[Sn—1-1=(p=¢)(n)] = ¥n-1(Sn-1).
Let N = T, A T. Now note that ¢(Sya,) is a bounded MG and therefore
applying the MG property at time 7 and taking limits as n — oo (using (DOM))
¢(0) = E[¢p(Sn)] = P[T < Ty]p(a) + P[To > Tp]p(b),

where we need to prove that N < 400 a.s. Indeed, since (b — a) +1-steps always
take us out of (a, b),

P[T, > n(b—a)] < (1 —¢"~)",

so that

BTy = P[T, >k <) (b—a)(l-¢ )" < +oo.
k>0 n
In particular 7, < +o00 a.s. and N < 400 a.s. Rearranging the formula above
gives the first result. (For the second part of the first result, take b — +o00 and use
monotonicity.)
For the third one, note that T, A n is bounded so that

0 =E[Stann — (p — ¢)(Tp An)].
By (MON), E[T}, A n| 1 E[T}). Finally, using
P[—inf S,, > —a] = P[T, < +o0],

and the fact that — inf,, S,, > 0 shows that E[— inf,, S,,] < +o00. Hence, we can
use (DOM) with | ST, A, | < max{b, —inf, Sy }.
[



Lecture 13: UI MGs: Optional Sampling Thm 5

References

[Durl0] Rick Durrett. Probability: theory and examples. Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge University Press,
Cambridge, fourth edition, 2010.

[Wil91] David Williams. Probability with martingales. Cambridge Mathematical
Textbooks. Cambridge University Press, Cambridge, 1991.



Lecture 13 : Stationary Stochastic Processes

MATH?275B - Winter 2012 Lecturer: Sebastien Roch

References: [VarO1, Chapter 6], [Durl0, Section 6.1], [Bil95, Chapter 24].

1 Stationary stochastic processes

DEF 13.1 (Stationary stochastic process) A real-valued process { Xy, }n>0 is sta-
tionary if for every k, m

(K- s Xmskr) ~ (X0, .-, Xp).

EX 13.2 [ID sequences are stationary.

1.1 Stationary Markov chains
1.1.1 Markov chains

DEF 13.3 (Discrete-time finite-space MC) Let A be a finite space, | a distribu-
tion on A and {p(3, j)}i jea a transition matrix on E. Let (X;,)n>0 be a process
with distribution

P[Xo = wo,..., Xy = zn] = p(xo)p(z0, 21) - - p(Tn—1, 701,
forallm > 0and xg, . ..,x, € A.
EX 13.4 (RW on a graph) Let G = (V| E) be a finite, undirected graph. Define
’ {NG@}H
where
N@)=A{j: (i,j) € E}.
This defines a RW on a graph as the finite MC with the above transition matrix (for

each i, an arbitrary distribution on V). More generally, any finite MC can be seen
as a RW on a weighted directed graph.

EX 13.5 (Asymmetric SRW on an interval) Let (.S),),>0 be an asymmetric SRW
with parameter 1/2 < p < 1. Leta < 0 < b, N = T, A Ty. Then (Xp)n>0 =
(SNAn)n>0 is a Markov chain.



Lecture 13: Stationary Stochastic Processes 2

1.1.2 Stationarity

DEF 13.6 (Stationary Distribution) A probability measure 7 on A is a stationary

distribution if
> wi)p(i. j) == (j),

i
foralli,j € A. In other words, if Xo ~ 7 then X1 ~ m and in fact X,, ~ 7 for all
n > 0.

EX 13.7 (RW on a graph) In the RW on a graph example above, define

o ING@)
(1) = 2B

Then

N NG 11
> w(plij) = > o5 N~ 2 YU =)

eV i:(i,j)€E
so that w is a stationary distribution.

EX 13.8 (ASRW on interval) In the ASRW on [a,b], 7 = 0, and 7 = J, as well
as all mixtures are stationary.

EX 13.9 (Stationary Markov chain) Let X be a MC on A (countable) with tran-
sition matrix {p;; }i jc A and stationary distribution m > 0. Then X started at 7 is
a stationary stochastic process. Indeed, by definition of ™ and induction

XO ~ XTL7
for all m > 0. Then for all m, k by definition of MCs
(Xo0y ooy X)) ~ (X o ooy Xintke)-

1.2 Abstract setting

EX 13.10 (A canonical example) Ler (2, F,P) be a probability space. A map
T : Q — Qis said to be measure-preserving (for P) if for all A € F,

(Plw : Tw € A] =)P[T~' 4] = P[A].

If X € Fthen X,,(w) = X(T"w), n > 0, defines a stationary sequence. Indeed,
forall B € B(RF+1)

P[(Xo, ..., Xp)(w) € B] = P[(Xo,...,X3)(T™w) € B]
= P[(Xms . os Xon14) () € B,
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Kolmogorov’s extension theorem indicates that all real-valued stationary stochas-
tic processes can be realized in the framework of the previous example.

THM 13.11 (Kolmogorov Extension Theorem) Suppose we are given probabil-
ity measure [i,, on (R™, B(R")) s.t.

Mn+1((a0ab0] X X (anvbn] X R) = Mn((GO’bO] X X (an’bn])v

for all n and (n+1)-dimensional rectangles. Then there exists a unique probability
measure P on (R%+, R%+) with marginals fi,.

EX 13.12 (Revisiting stationary processes) Let X be a stationary process on R.
Then by the previous theorem, we can realize X on R”+ as

Xn(w) = wh.
The corresponding measure-preserving transformation is the shift
Tw = (wy,...).
In particular, X,,(w) = Xo(T"w).
EX 13.13 Returning the previous example:
1. The only invariant sets are (), Q) so that T is trivial and T is ergodic.

2. Both Q1 and Qg are invariant so that if a, § # 0 we have that T is not er-
godic. Further, note that f is measurable with respectto T = {0, 01, Q2, Q},
that is, f is invariant.

Next time, we will prove the ergodic theorem:
THM 13.14 Let f € LY. Then there is f € T s.1.
n 'S, — f,
a.s and in L. In the ergodic case, f = E[f].

EX 13.15 (IID RVs) Let X,,(w) = wy, are iid rvs. If A is invariant then {w : w €
A} ={w : Tw € A} € 0(X1,...) and by induction

A c ﬂnzoo'(Xn, .. ) = T,

where T is the tail o-field. Thus T C T. Since T is trivial by Kolmogorov’s 0 — 1
law, so is I. Therefore T is ergodic and E[f | Z] = E|[f]. Applying the ergodic thm
to f=Xo€ L' we get

n—1
n 'Y Xo(w) = E[Xo],
m=0

that is, we recover the SLLN.
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Previous class

In view of the canonical example in the previous lecture, we assume that we have
(Q,F,P), f € F, T ameasure-preserving transformation, and we let X, (w) =
f(T"w) foralln > 0.

We are interested in the convergence of empirical averages

n—1 n—1
n~ 1S, (w) =n"t Z Xp(w) =n"t Z f(T™w).
m=0 m=0

1 Invariant sets

EX 14.1 Let Q = {a,b,c,d,e} and F = 2. Take f = 1 5 for some set A € F.

1. Suppose T = (a,b,c,d,e). For T to be measure-preserving we require
Pla] = P[b] = --- so that Pla] = 1/5 is the only possibility. (It is easy to
see that T' is indeed measure-preserving because the number of elements of
Q is invariant under T'.) In that case, it is immediate that

n~1S, — P[A] = E[f].

2. Suppose T = (a,b,c)(d,e). Let Q1 = {a,b,c}, F1 = 2%, Q9 = {d, e} and
Fo = 22, For T to be measure-preserving we need Pla] = P[b] = P[c] =
a/3 and P[d] = Ple] = (/2. (Any choice of o, 8 with o + = 1 works
because the number of elements of 21 and Qo is invariant under T'.) Take
A = {a,d}. Then n=1S, — 1/3 with probability « (i.e. if w € Q1) and
n~1S,, — 1/2 with probability B. Denoting f this limit, we note

but f is not constant if o, B # 0. However, it is completely determined by
whether w € Q1 or w € Q.
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DEF 14.2 A set A € F is invariant if
{w: Twe A} =)T'A = A,

up to a null set. It is nontrivial if 0 < P[A] < 1. The set of all invariant sets
forms a o-field I. The transformation I' is said ergodic if L is trivial, that is, all
invariant sets are trivial. A function g is invariant if g(Tw) = g(w) a.s. Note that
g is invariant iff g € L. (Exercise 6.1.1 in [Durl0].)

2 Ergodic Theorem

It will be convenient to think of 7" as an operator of functions
Uf(w) = f(Tw),
in which case U™ f(w) = f(1T™w) and we define
Apf=n"YI+ -+ U
LEM 14.3 [fg € L' then

E[Ug] = E[g].
Moreover if g,g' € L? then
1Ug]l = llgll,
and
({Ug' . Ug) = (g, 9).
Proof: Start from indicators. [

THM 14.4 Let f € L'. Then there is f € T s.t.
Anf — f=E[f|Z], asand in L .

EX 14.5 (IID RVs) Let X,,(w) = wy, are iid rvs. If A is invariant then {w : w €
A} ={w : Tw € A} € 0(X1,...) and by induction

A (= ﬂnzoo'(Xn, .. ) = T,

where T is the tail o-field. Thus T C T. Since T is trivial by Kolmogorov’s 0 — 1
law, so is . Therefore T is ergodic and E[f | Z] = E[f]. Applying the ergodic thm
to f=Xog€ L' we get

n—1
n! Z_:Oxm(w) — E[Xo],

that is, we recover the SLLN.
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3 L? Ergodic Theorem
THM 14.6 Let f € L2 Then there is f € st
Anf — f=E[f|T], in L~

Proof: Let
Hy={fecL?:Uf=fas.},

and note that A, f = f for f € Hy. We need the following lemma from basic
Hilbert space theory (see [SS05, Lemma 6.5.2]).

LEM 14.7 The following hold:
1. Hy={fecL?: U*f = fas.}.
2. Hy = Range(I —U).

Proof: See e.g. [SSO5]. [ |
For e > 0, write f = fo + f1 where fo € Hp and || f1 — fill2 < € s.t.
fi=({ —U)g}. Then

1
Anfo = fo, and A, f| = E(I - U™},

so that
1Anf = follz = In7'I = U™gi + An(fi — fD)ll2
n—1
< (lgtllz + 1U"gLll2)n " + 07t Z N10™(f1 = f1)ll2
m=0
n—1
= 2|lgiflon~ "t + 07! Z 1 — fill2
m=0
— E.
||
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1 Proof of Ergodic Theorem

We assume we have (Q, F,P), f € F, T a measure-preserving transformation,
and we let X, (w) = f(T"w) for all n > 0. It will be convenient to think of 7" as
an operator of functions

Uf(w) = f(Tw),
in which case U™ f(w) = f(T™w) and we define
Apf=n"YI+--+ U
Recall:
LEM 15.1 Ifg,g' € L? then

({Ug',Ug) = (d',9)-
THM 15.2 Let f € L'. Then there is f €T st
Anf — f =E[f|Z], asand in L .

Proof: We first show a.s. convergence to a limit. We proceed as in the L? case.
Fix € and let
f=F+H=/fo+(I-U)g +H,

where ||H||; < ¢ includes both the L! and closure error terms. We show that A, F
converges a.s. Note that

g1 (T"w)
—

ApF(w) = fo(w) +n" (I = U™)gi(w) = folw) + giT(LW) B

To deal with the last term, note that
Z g1 (T"w )2
n2
n

1
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converges because its norm is bounded by || ¢}(|3>",, 1/n? < co. To conclude let

a—{hm sup |Anf — Anf| > a}.

m,n>N

Note that

P[E,] <}P’[hj{fn sup |ApH — A H| > a <P[25up|ANH| > al.
mn>N

To conclude the proof of a.s. convergence, we need the following inequality which
is similar to Doob’s inequality.

LEM 15.3 (Wiener’s Maximal Inequality) For f € L' and ¢ > 0,

1
P |sup|A;f| > ¢| < ZBIfl

Proof: The proof is based on the so-called maximal ergodic lemma.

LEM 15.4 (Maximal Ergodic Lemma) Let

fo= sup [+ U

1<j<n

Then for alln > 0
E[f;{fn = 0}] = 0.

Apply the maximal ergodic lemma to | f| — ¢ and take n — occ. |
Applying the lemma we have

2
PlE.) < P[2sup|AvH] > o] < Eym < i

so that P[E,] = 0 for all a.

It is clear that the limit satisfies f(w) = f(Tw). In fact, by the density of L?
in L', writing f = g, + h, with g, € L? and ||h,||; < 1/r, we have f = §, + h,
and forG € 7

E[f; G] = Elgr; G] + Elhy; G] = Elgy; G] + E[h,; G] — E[£; G,

where we used the L? Ergodic Theorem and

n—1
E|h,| < liminf E|Aphy| < liminfn~' Y E[U™h,| = Elh,| = 1/r,

m=0
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by (FATOU).
A truncation argument gives the L! convergence (see [Durl0]). Let

I = Flp<mns

and f{, = f — f};- By the ergodic theorem and the bounded convergence theorem

1 n—1
E|- 3 fa(Tmw) ~ Elfy 7)) = 0.
m=0
By stationarity and (cJENSEN),
-1
]‘ \ " m 1 1/
E|- Y fu(T"w) — Elfy| ]| < 2E|fi)| = 0,
m=0

as M — +oo by (DOM). The result follows.

2 Applications

Going back to Markov chains:

DEF 15.5 Let
T; =inf{n >1 : X, =i},

and
fij = PZ[TJ < +OO]

A chain is irreducible if f;; > 0 for all i,j € A. A state i is recurrent if f; = 1
and is positive recurrent if E;[T;] < +oo0.

LEM 15.6 If X is irreducible and finite, then every state is positive recurrent.

THM 15.7 Let X be an irreducible and positive recurrent MC. Then there exists
a unique stationary distribution . In fact,

EX 15.8 MCs) Let X beaMC on S.

o In the ASRW on [a, b] the invariant sets are {a} and {b} and therefore T is
not ergodic if m has positive mass on both of them.
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o On the other hand, assume X is irreducible and positive recurrent with sta-
tionary distribution m > 0. Let A € T and note that 14 o T™ = 1 4. Then
by the Markov property,

E[lg|Fn] =E[1a0T"|F,] = h(Xy),

where h(xz) = Eg[L4]. By Levy’s 0 — 1 law the LHS — 1 4. By irreducibility
and recurrence, any y € S is visited i.o. and we must have E,[1 4] = h(x) =
0 or 1. Therefore P[A] € {0,1} and T is trivial. Then applying the Ergodic
Theorem to f(w) = g(Xo(w)) where

> lgW)lr(y) < 4o,
Yy

we then have

n—1
Y g(Xm(w) = > T (®)9(y)-
m=0

Y

e Note finally that the RW on a bipartite graph shows that, even in the irre-
ducible recurrent case, T may be smaller than T

Further reading

See a different proof in [Durl0, Section 6.2].
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1 Subadditivity
DEF 16.1 A sequence {7, }n>0 is subadditive if for all m,n.:

Ymitn < Yo+ Ym-

THM 16.2 (Limit of Subadditive Sequences) If vy is subadditive then

ry—n—>inf7—m.
n m m

Proof: Clearly
lim inf In > inf ’y—m.
n o n m m

So STS
lim sup Jn < inf Jm
n N m m
Fix m and write n = km + £ with 0 < ¢ < m. Applying the subadditivity
repeatedly, we have

Y < kym + e,
so that
Tn (PN m e
n — \km+£{) m n

and the result follows by taking n — +oc.
|

EX 16.3 (Longest common subsequence) Ler {X,,} and {Y,,} be stationary se-
quences and let L,, ,, be the longest common subsequence on indices m < k < n.
Clearly

LO,m + Lm,n < L0,7’L7

and v, = —E[Ly ) is subadditive.
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2 Statement of Subadditive Ergodic Theorem

THM 16.4 (Subadditive Ergodic Theorem) Suppose { X, » to<m<n satisfy:
1. Xom + Xmn > Xop.
2. { Xk (n4-1)ks 7 > 1} is a stationary sequence for each k.
3. The distribution of { X, ym+k, k > 1} does not depend on m.
4. IEXafl < oo and for each n, EXg, > ~yon where vy > —o0.
Then
e limEXy,/n = inf,, EX,,/m = 1.
e X =lim X, /n exists a.s. and in L'soEX =~.

o [f all stationary sequences in 2. are ergodic then X = y a.s.

Proof: See [Durl0]. [ |

3 Examples

EX 16.5 (Age-dependent continuous-time branching process) Start with one in-
dividual. Each individual dies independently after time T' ~ F' and at that point
produces K ~ {py} offsprings (both with finite means). Let X, be the time of
birth of the first individual from generation m and X, ,, the time to the birth of
the first descendant of that individual in generation n. We check the conditions:

1. Clearly
XO,m + Xm,n > XO,n-

2. {Xnk,(n+1)k}n is IID because we are looking at the descendants of a single
individual (the first born) over k generations which are not overlapping.

3. The distribution of { Xy, m+k } 1 IS independent of m for the same reason.
4. By nonnegativity and the finite mean of F', condition 4. is satisfied.

So we can apply the thm. By the IID remark above in 2. we get that the limit is
trivial. See [Durl0] for a characterization of the limit.
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EX 16.6 (First-passage percolation) Consider 7% as a graph with edges connect-
ing x,y € Z% if ||z — y|l1 = 1. Assign to each edge a nonnegative random
variable T(e) corresponding to the time it takes to traverse e (in either direction).
Define t(x,y) (the passage time) as the minimum time to go from x to y. Let
Xmn = t(mu, nu) where u = (1,0, -+ ,0). We check the conditions:

1. Clearly

Xom + Xmm > Xon
2. { Xk, (nt1)k }n is Stationary by translational symmetry.
3. The distribution of { Xy, m+k } i Is independent of m for the same reason.
4. By nonnegativity and the finite mean of T, condition 4. is satisfied.

So we can apply the theorem. Enumerating the edges in some order, one can prove
(check!) that the limit is tail-measurable and, by the IID assumption, is trivial.
See [Durl0] for a characterization of the limit.
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1 Random vectors

We first develop general tools to study multivariate distributions.

DEF 17.1 (Characteristic function) The CF of a random vector X = (X1,...,Xq)
is given by, for t € RY,

ox(t) =Elexp (i(t1 X1 + -+ + taXq))] -
As in the one-dimensional case, we have an inversion formula:

THM 17.2 (Inversion formula) Let p be the probability measure corresponding
to the random vector (X1, ..., Xy), that is, for all B € B(R?),

u(B) = Bl(X,..... X4) € B.
If A=[ay,b1] X -+ X [ag, bg] with 1(0A) = 0 then

d
mmzhm@m%%mwﬂwww@%
el

T—+o00
where (isa)) (ish))
exp(—isa;) — exp(—1sb;
Yj(s) = I .
S
Proof: Follows from the one-dimensional inversion formula. See [Durl0, Theo-
rem 3.9.3]. [ |

An important application of the previous formula is:

THM 17.3 The RVs X1, ..., X4 are independent if and only if
d
ox(t) = [ ox;, (),
j=1

forallt € R where X = (X1,...,Xg).
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Proof: The “only if” part is obvious. The inversion formula and Fubini’s theorem
gives the “if” part. |

DEF 17.4 A sequence of random vectors X,, converges weakly to X, denoted
Xn = Xoo Iif
E[f(Xn)] = E[f(Xo0)],

for all bounded continuous functions f. The portmanteau theorem gives equivalent
characterizations.

In terms of CFs, we have:

THM 17.5 (Convergence theorem) Let X, 1 < n < oo, be random vectors with
CFs ¢yp. A necessary and sufficient condition for X,, = X is that

Pn(t) = doo(t),
forallt € R%,

Proof: Follows from the one-dimensional result. See [Durl0, Theorem 3.9.4]. m
We require one last definition:

DEF 17.6 (Covariance) Let X = (Xy,...,Xy) be a random vector with mean
p = E[X]. The covariance of X is the d X d matrix T" with entries

Lij = Cov[X;, X;] = E[(X; — pi) (X; — p5)]-

2 Multivariate Gaussian distribution

Recall:

DEF 17.7 (Gaussian distribution) A standard Gaussian is a RV Z with CF
¢z(t) = exp (—t2/2) ,

and density
1

V2r

In particular, Z has mean 0 and variance 1. More generally,

F2(@) = ——=exp (—2%/2).

X=0Z+pu,

is a Gaussian RV with mean ;i € R and variance o > 0.
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We will need a multivariate generalization of the standard Gaussian.

DEF 17.8 (Multivariate Gaussian) A d-dimensional standard Gaussian is a ran-

dom vector X = (Xi,...,Xy) where the X;s are independent standard Gaus-
sians. In particular, X has mean 0 and covariance matrix 1. More generally, a
random vector X = (X1,...,Xy) is Gaussian if there is a vector b, a d X r matrix

A and an r-dimensional standard Gaussian'Y such that
X = AY +b.

Then X has mean ji = b and covariance matrix T = AA™. The CF of X is given
by

d d
) 1
(Zﬁx(t) = exp Zztjﬂj — 5 Z tjtkl“jk
j=1 jk=1
From the CF and the theorems above, we get the following:

COR 17.9 (Independence) Let X = (X1,...,Xy) be a multivariate Gaussian.
Then the X;s are independent if and only ifI';; = 0 for all i # j, that is, if they are
uncorrelated.

COR 17.10 (Convergence) Let X, be a sequence of random vectors with means
Wn and covariances 1y, such that X,, — X a.s., fly, — phoo, and 'y, — U'so. Then
Xoo is a multivariate Gaussian with mean i, and covariance matrix I o.

COR 17.11 (Linear combinations) The random vector (X1,...,Xq) is multi-
variate Gaussian if and only if all linear combinations of its components are Gaus-
sian.

Finally:

THM 17.12 (Multivariate CLT) Ler X1, Xo, ... be IID random vectors with means
w1 and finite covariance matrix I'. Let S,, = Z?:l X, Then

Sp — np
Vn

where Z is a multivariate Gaussian with mean 0 and covariance matrix I'.

= 7,

Proof: Follows easily from one-dimensional result. See [Durl0, Theorem 3.9.6].
| |
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3 Gaussian processes

DEF 17.13 (Gaussian process) A continuous-time stochastic process {X (t)}+>0
is a Gaussian process if foralln > 1 and 0 < t; < --- < t,, < 400 the random
vector

(X (t1),...,X(tn)),

is multivariate Gaussian. The mean and covariance functions of X are E[X (t)]
and Cov[X (s), X (t)] respectively.

4 Definition of Brownian motion

DEF 17.14 (Brownian motion: Definition I) The continuous-time stochastic pro-
cess X = {X(t)}+>0 is a standard Brownian motion if X is a Gaussian process
with almost surely continuous paths, that is,

P[X () is continuous in t] = 1,
such that X (0) = 0,

and
Cov[X (s), X(t)] = sAt.

More generally, B = 0 X + x is a Brownian motion started at x.

Further reading

Multivariate CLT in [Durl0, Section 2.9].
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1 Definition of Brownian motion

Recall:

DEF 19.1 (Brownian motion: Definition I) The continuous-time stochastic pro-
cess X = {X(t)}+>0 is a standard Brownian motion if X is a Gaussian process
with almost surely continuous paths, that is,

P[X (t) is continuous int] = 1,

such that X (0) = 0,

and

Cov[X(s), X(t)] =sAt.
More generally, B = 0 X 4 x is a Brownian motion started at x.

From the properties of the multivariate Gaussian, we get the following equivalent
definition. We begin with a general definition.

DEF 19.2 (Stationary independent increments) An SP {X (t)}+>0 has station-
ary increments if the distribution of X (t) — X (s) depends only on t — s for all
0 < s < t. It has independent increments if the RVs { X (t;11—X (t;)),1 < j < n}
are independent whenever 0 < t; <tg < --- <tpandn > 1.

DEF 19.3 (Brownian motion: Definition II) The continuous-time stochastic pro-
cess X = {X(t)}+>0 is a standard Brownian motion if X has almost surely con-
tinuous paths and stationary independent increments such that X (s +t) — X (s) is
Gaussian with mean 0 and variance t.
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2 Construction of Brownian motion

Given that standard Brownian motion is defined in terms of finite-dimensional dis-
tributions, it is tempting to attempt to construct it by using Kolmogorov’s Extension
Theorem.

THM 19.4 (Kolmogorov’s Extension Theorem: Uncountable Case) Let
Qo ={w : [0,00) = R},
and Fq be the o-field generated by the finite-dimensional sets
{w :w(ti) € 4;,1 <i<n},
for A; € B. There is a unique probability measure v on (2o, Fy) so that
v({w : w(0) = 0}) = 1
and whenever 0 < t1 < --- < t, withn > 1 we have
v({w r w(ti) € Ai}) = iy, 10 (A1 X -+ X Ap),

where the latter is the finite-dimensional distribution of standard Brownian motion.

See [Durl0]. The only problem with this approach is that the event
C = {w : w(t) is continuous in ¢},

is not in Fy. See Exercise 8.1.1 in [DurlO].

Instead, we proceed as follows. There are several constructions of Brownian
motion. We present Lévy’s contruction, as described in [MP10]. See [Durl0]
and [Lig10] for further constructions.

THM 19.5 (Existence) Standard Brownian motion B = {B(t) }+>¢ exists.

Proof: We first construct B on [0, 1]. The idea is to construct the process on dyadic
points and extend it linearly. Let

D, ={k27" : 0< k< 2"},

and

Note that D is countable and consider {Z; };cp a collection of independent stan-
dard Gaussians. We define B(d) for d € D,, by induction. First take B(0) = 0
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and B(1) = Z;. Note that B(1) — B(0) is Gaussian with variance 1. Then for
d € D, \D,,—1 we let

Bd—2")+B(d+2")  Z
B(d) = 5 T Stz

By construction, B(d) is independent of {Z; : ¢ € D\D,,}. Moreover, as a linear
combination of zero-mean Gaussians, B(d) is a zero-mean Gaussian.

We claim that the differences B(d) — B(d — 27"), for all d € D, \{0}, are
independent Gaussians with variance 27" .

e We first argue about neighboring increments. Note that, for d € D,,\D,,_1,

. Bd+27")-Bd-2" Z4
B -2 = )2 ( )+2'2(n1)/2’
and
. B(d+2™") — B(d—2" Z4
B(d+2) - B(d) = )2 ( )_2.2<n—1>/2’

are Gaussians and they are independent by the following lemma. By induc-
tion the differences above are Gaussians with variance 2~("~1) and indepen-
dent of Z,.

LEM 19.6 If (X1, X32) is a standard Gaussian then so is %(Xl + X9, X1—
Xs).

e More generally, the two intervals are separated by d € D;. Take a minimal
such j. Then, by induction, the increments over the intervals [d — 277, d] and
[d, d+277] are independent. Moreover, the increments over the two intervals
of length 27" of interest (included in the above intervals) are constructed
from B(d) — B(d — 277), respectively B(d + 277) — B(d), using a disjoint
set of variables {Z; : t € D, }. That proves the claim by induction.

We now interpolate linearly between dyadic points. More precisely, let
Zl) t= 17
B()=130,  t=0,
linearly, in between.

and forn > 1
2-(+t)/27, € D,\D,_1,
Fn(t) =10, t € Dy,

linearly, in between.
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We then have for d € D,,

n

B(d) =) Fi(d) =) Fi(d).
i =0

=0

We want to show that the resulting process is continuous on [0, 1]. We claim
that the series

o
B(t) =) Fu(t),
n=0
is uniformly convergent. From a bound on Gaussian tails we saw last quarter,

P[|Z4| > cv/n] < exp (—c*n/2)

so that for c large enough

> PEd € Dn,|Zal = cv/n] < D (2" +1)exp (—*n/2)
n=0 n=0
< +o0.

By BC, there is N (random) such that |Z4| < ¢y/n forall d € D,, withn > N. In
particular, for n > N we have

[Fploe < ey/n2 (/2]

from which we get the claim.

To show that B(t) has the correct finite-dimensional distributions, note that this
is the case for D by the above argument. Since D is dense in [0, 1] the result holds
on [0, 1] by taking limits and using the convergence theorem for Gaussians from
the previous lecture.

Finally, we extend the process to [0, +00) by gluing together independent
copies of B(t). ]

Further reading

Other constructions in [Durl0, Section8.1] and [Lig10, Section 1.5].
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1 Invariance

We begin with some useful invariance properties. The following are immediate.

THM 19.1 (Time translation) Let s > 0. If B(t) is a standard Brownian motion,
then so is X (t) = B(t + s) — B(s).

THM 19.2 (Scaling invariance) Let a > 0. If B(t) is a standard Brownian mo-
tion, then so is X (t) = a1 B(a?t).

Proof: Sketch. We compute the variance of the increments:

Var[X (t) — X(s)] = Varla '(B(a’t) — B(a%s))]
= a %(a’t — a’s)
= t—s.

THM 19.3 (Time inversion) If B(t) is a standard Brownian motion, then so is

0, t=0,
X(t) = 1
tB(t™1), t>0.

Proof: Sketch. We compute the covariance function for s < ¢:

Cov[X(s),X(t)] = Cov[sB(s™1),tB(t™1)]
= st(s_l/\t_l)

= S.



Lecture 19: Brownian motion: Path properties I 2

It remains to check continuity at 0. Note that
{nt(t) = 0} = U{B®I<1/m, ¥teQn(0,1/n)},
80 m>1n>1

and

{th(t) = 0} = U{X®I<1/m, vteQn(0,1/n)}.

tl0
m>1n>1

The RHSs have the same probability because the distributions on all finite-dimensional

sets —and therefore on the rationals—are the same. The LHS of the first one has

probability 1. |
Typical applications of these are:

COR 194 Fora <0 < b, let
T(a,b) =inf{t > 0 : B(t) € {a,b}}.

Then
E[T(a,b)] = ®E[T(1,b/a)].

In particular, E[T(—b,b)] is a constant multiple of b*.
Proof: Let X (t) = a~'B(a?t). Then,

E[T(a,b)] = a’E[inf{t >0,: X(¢t) € {1,b/a}}]
= d’E[T(1,b/a)].

COR 19.5 Almost surely,
t~1B(t) = 0.

Proof: Let X (t) be the time inversion of B(t). Then

lim Bit) = tligloX(l/t) = X(0)=0.

t—o00
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2 Modulus of continuity

By construction, B(t) is continuous a.s. In fact, we can prove more.

DEF 19.6 (Holder continuity) A function f is said locally a-Holder continuous
at x if there exists € > 0 and ¢ > 0 such that

[f (@) = f)| < clz -yl

for all y with |y — x| < €. We refer to « as the Holder exponent and to c as the
Holder constant.

THM 19.7 (Holder continuity) If o < 1/2, then almost surely Brownian motion
is everywhere locally a-Holder continuous.

Proof:

LEM 19.8 There exists a constant C > 0 such that, almost surely, for every suffi-
ciently small h > 0and all0 <t <1—h,

|B(t + h) — B(t)| < C\/hlog(1/h).
Proof: Recall our construction of Brownian motion on [0, 1]. Let
D, ={k27" : 0 <k <2"},

and

Note that D is countable and consider {Z,; };cp a collection of independent stan-
dard Gaussians. Let

Z1, t=1,
Fy(t) =10, t =0,
linearly, in between.
and forn > 1
2= V27, t € Dy\ Dy,
F.(t) =<0, t € Dy_1,
linearly, in between.
Finally

B(t)=>_ Fu(t).
n=0
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Each F,, is piecewise linear and its derivative exists almost everywhere. By
construction, we have
1 lloo
2-n
Recall that there is N (random) such that | Z;| < ¢/n for all d € D,, withn > N.
In particular, for n > N we have

[ Falloe < ey/n2-nH1/2,

Using the mean-value theorem, assuming [ > N,

1P llo <

|B(t+h) = B(t)] < i [Fn(t +h) = Fu(1)]
n=0

IA

l )
D e+ Y 20 Fullsos
n=0

n=I[+1

N l 00
< R | Elloe+ch Y v/m2M42¢ Y /272,
n=0 n=N

n=I[+1

Take h small enough that the first term is smaller than /hlog(1/h) and [ defined
by 27! < h < 27!*! exceeds N. Then approximating the second and third terms
by their largest element gives the result. |

We go back to the proof of the theorem. For each &, we can find an h(k) small
enough so that the result applies to the standard BMs

{B(k+t)— B(k) : t €[0,1]},
and
(B(k+1—1t)—B(k+1) : t €[0,1]}.
Since there are countably many intervals [k, k+ 1), such h(k)’s exist almost surely

on all intervals simultaneously. Then note that for any o < 1/2,ift € [k, k + 1)
and h < h(k) small enough,

|B(t + h) — B(t)| < Cy/hlog(1/h) < Ch®(= Ch'/?(1/h)(1/2=2)),
This concludes the proof. |

In fact:

THM 19.9 (Lévy’s modulus of continuity) Almost surely,

: |B(t +h) — B(1)]
limsup sup =
hl0  0<t<1—h 2hlog(1/h)
For the proof, see [MP10].
This result is tight. See [MP10, Remark 1.21].
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3 Non-Monotonicity

THM 19.10 Almost surely, for all 0 < a < b < 400, standard BM is not mono-
tone on the interval [a, b].

Proof: It suffices to look at intervals with rational endpoints because any general
non-degenerate interval of monotonicity must contain one of those. Since there are
countably many rational intervals, it suffices to prove that any particular one has
probability 0 of being monotone. Let [a, b] be such an interval. Note that for any
finite sub-division

a=aqy< a1 < < ap_1<ap=>o,
the probability that each increment satisfies
B(a;) — B(a;—1) > 0, Vi=1,...,n,
or the same with negative, is at most
1\"
2 <2> — 0,

as n — oo by symmetry of Gaussians. |
More generally, we can prove the following. For a proof see [Lig10].

THM 19.11 Almost surely, BM satisfies:
1. The set of times at which local maxima occur is dense.
2. Every local maximum is strict.
3. The set of local maxima is countable.

Proof: Part (3). We use part (2). If ¢ is a strict local maximum, it must be in the set
+oo
U {t : B(t,w) > B(s,w), Vs, |s—t| <n~'}.
n=1

But for each n, the set must be countable because two such ¢’s must be separated
by n~!. So the union is countable. ]

Further reading

Other constructions in [Dur10, Section8.1] and [Lig10, Section 1.5]. Proof of mod-
ulus of continuity [MP10, Theorem 1.14].
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1 Previous class

THM 20.1 If < 1/2, then almost surely Brownian motion is everywhere locally
a-Hdolder continuous.

Recall:

THM 20.2 (Scaling invariance) Let a > 0. If B(t) is a standard Brownian mo-
tion, then so is X (t) = a~' B(a?t).

THM 20.3 (Time inversion) If B(t) is a standard Brownian motion, then so is

0, t=0,
X(t) = .
tB(t™Y), t>0.

LEM 20.4 (LLN) Almost surely, t 1 B(t) — 0 as t — +o0.

2 Non-differentiability

So B(t) grows slower than ¢. But the following lemma shows that its limsup grows
faster than v/¢.

LEM 20.5 Almost surely

B
lim sup (n)

= —|—oo
n—-+4o0o \/ﬁ

Proof: By (FATOU),
P[B(n) > ¢y/ni.0.] > limsup P[B(n) > ¢y/n| = limsup P[B(1) > ¢] > 0,

n——+0oo n——+00
by the scaling property. Thinking of B(n) as the sum of X,, = B(n) — B(n — 1),
the event on the LHS is exchangeable and the Hewitt-Savage 0-1 law implies that
it has probability 1. |
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DEF 20.6 (Upper and lower derivatives) For a function f, we define the upper
and lower right derivatives as

D*f(t) = limsup w’
110 h

and
D,f(t) = lir]rlliionf W

We begin with an easy first result.

THM 20.7 Fixt > 0. Then almost surely Brownian motion is not differentiable at
t. Moreover, D*B(t) = +oc and D, B(t) = —oc.

Proof: Consider the time inversion X. Then
X(n™ 1) = X(0
D*X(0) > limsup (n )_1 ©) = limsup B(n) = +o0,

n——+oo n n—-+4oo

by the lemma above. This proves the result at 0. Then note that X (s) = B(t+s)—

B(s) is a standard Brownian motion and differentiability of X at 0 is equivalent to

differentiability of B at t. u
In fact, we can prove something much stronger.

THM 20.8 Almost surely, BM is nowhere differentiable. Furthermore, almost
surely, for all t

D*B(t) = +o0,
or

D,B(t) = —o0,

or both.

Proof: Suppose there is to such that the latter does not hold. By boundedness of
BM over [0, 1], we have
B(to+h) — B(t
sup‘ (O+ ) (O)|§M,
hel0,1] h

for some M < +oo. Assume tg is in [(k — 1)27", k27"] for some k, n. Then for
all 1 <5 < 2" — k, in particular, for j = 1,2, 3,

[B((k+7)27") = B((k+j —1)27")]
< [B((k+7)27") = B(to)| + |B(to) — B((k +j —1)27")]
<

M(2j+1)27",
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by our assumption. Define the events
Qne ={IB((k+4)27") = B((k+j—1)27")[ < M(2j +1)27", j = 1,2,3}.

It suffices to show that Uz:?’Qn’ % cannot happen for infinitely many ». Indeed,

B(to+h) — B(t
P |3ty € [0,1], sup |Bto + 1) — Blto)|

<M
he[o,1] h N ]

<P

2n—3
U €2, 1, for infinitely many n]
k=1

But by the independence of increments

3

Pl = [TPIB(E+92) = B((k+j - )27 < M(2j + )27
< P'\B@—")rs?ﬂg
1 2 ™™ 73

- ‘ z—nBG 2] >’<¢T2]

- 3
O

™ \3
= (ﬁ) ’

because the density of a standard Gaussian is bounded by 1/2. Hence

2" -3 3
™
Qi <27 == ) = (TM)327 /2,
kLle 7k - < /2n) ( )

which is summable. The result follows from BC. [ ]

P

3 Quadratic variation

Recall:

DEF 20.9 (Bounded variation) A function f : [0,t] — R is of bounded variation
if there is M < +o00 such that

k
S OIf) — ft)] < M,
j=1
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forall k > 1 and all partitions 0 = tg < t; < --- < t, = t. Otherwise, we say
that it is of unbounded variation.

THM 20.10 (Quadratic variation) Suppose the sequence of partitions

0=1" <t{” <. <) =1,

is nested, that is, at each step one or more partition points are added, and the mesh

A(n) = sup {tg-n) - t;@l},
1<j<k(n)

converges to 0. Then, almost surely,

k(n)
lim > (BEY) - B))? =t.

n—-+0o

Jj=1

Proof: By considering subsequences, it suffices to consider the case where one
point is added at each step. Let

Xon = Y (B(H) = B(t))*
j=1
Let
g,n = O'(X,n, X,nfl, .. )
and -
g—oo = m g,k.
k=1

CLAIM 20.11 We claim that {X_,,} is a reversed MG.

Proof: We want to show that
E[X_pnt1|G-n] = X_n.
In particular, this will imply by induction
X on=E[X_1|G0]

Assume that, at step n, the new point s is added between the old points ¢; < ts.
Write
X_p1 = (Blta) = B(t1)* + W,
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and
X_n = (B(s) = B(t1))* + (B(t2) — B(s))* + W,
where W is independent of the other terms. We claim that
E[(B(t2) — B(t2))* | (B(s) — B(t1))* + (B(t2) — B(s))"]
= (B(s) = B(t1))” + (B(t2) — B(s))*,
which follows from the following lemma.
LEM 20.12 Let X, Z € L? be independent and assume Z is symmetric. Then
E[(X + 2)?| X*+ 7% = X* + Z%
Proof: By symmetry of Z,
E[(X +2)?|X?+ 2% = E[(X -2)?|X%>+(-2)?
= E[(X - 2)?| X%+ Z?.
Taking the difference we get
EXZ|X?*+ Z% =0.

|
The fact that X_,, is a reversed MG follows from the argument above. (Exer-
cise.) [ |

We return to the proof of the theorem. By Lévy’s Downward Theorem,
X_pn = E[X_1]6-],

almost surely. Note that E[X_;] = E[X_,] = t. Moreover, by (FATOU), the
variance of the limit

E[(E[X-1]G-oc] = #)°] < liminfE[(X_y —1)7]

k(n)
< liminf Var (B(t

= liminf3 Z(t§”) - t§’1)1)2
j=1

IN

3t liminf A(n)
= 0.

So finally
E[X_1|G-x] =t
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1 Filtrations

Recall:

DEF 21.1 (Filtration) A filtration is a family {F(t) : t > 0} of sub-o-fields such
that F(s) C F(t) forall s < t.

We will consider two natural filtrations for BM.

DEF 21.2 Let {B(t)} be a BM. Then we denote
FOt)=0(B(s) : 0<s<t).

Moreover, we let

Fr)y=(Fs).

s>t

Clearly F(t) C F*(t). The latter has the advantage of being right-continuous,

that is,
(N Fr(t+e)=Fr).
e>0

DEF 21.3 (Germ field) The germ o-field is F1(0).
EX 21.4 Let B(t) be a standard BM and define

T =inf{t >0 : B(t) > 0}.
Then {T = 0} € F*(0) since

{T=0}=(){30<e<n", Ble) >0}.

n>1
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2 Markov property

The basic Markov property for BM is the following.

THM 21.5 (Markov property I) Suppose that {B(t)} is a BM started at x. Let
s > 0. Then the process {B(s + t) — B(s)}t>0 is a BM started at 0 and is
independent of the process {B(t) : 0 < s < t}, that is, the o-fields
o(B(s+1t)—B(s) : t>0),
and
o(B(t) : 0<t<s),
are independent.

Proof: We have already proved that { B(s + t) — B(s) }+>0 is a BM started at 0.
Further, recall:

LEM 21.6 (Independence and 7w-systems) Suppose that G and H are sub-c-algebras
and that T and J are m-systems (i.e., families of subsets stable under finite inter-
sections) such that

o(Z)=G, o(J)="H.
Then G and H are independent if and only if T and J are, i.e.,
PINJ]=PIP[J], VIe€Z,JeJ.
Note that sets of the form
{w:B(t;)€A;,0<t; <t, j=1,...,n},

for A; € B are a 7-system generating F°(t). Similarly for o(B(s + t) — B(s) :

t > 0). Therefore the independence statement immediately follows from the inde-

pendence of increments. |
In fact, we can prove a stronger statement:

THM 21.7 (Markov property II) Suppose that {B(t)} is a BM started at x. Let
s > 0. Then the process {B(s + t) — B(s)}t>0 is a BM started at 0 and is
independent of F* (s).

Proof: By continuity,

B(t+s) — B(s) = li;LnB(sn +t) — B(sn),

for a strictly decreasing sequence {s, }, converging to s. But note that for any
0<t <+ <ty
(B(tl + Sn) - B(Sn)7 cees B(tj + Sn) - B(Sn))a

is independent of ¥ (s) C FY(s,) and so is the limit. [ |
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3 Applications

As a first application, we get the following.

THM 21.8 (Blumenthal’s 0-1 law) For any z, the germ o-field F*(0) of a BM
started at x is trivial.

Proof: Let
AeFH0)Co(B(t) : t>0)=0(B(t)—xz : t>0).

By the previous theorem, the two o-fields above are independent and therefore A
is independent of itself, that is,

P[A] = P[AN A] = P[A)?,
or P[A] € {0,1}. ]
We come back to our example.
EX 21.9 Let B(t) be a standard BM and define
T =inf{t >0 : B(t) > 0}.
Then {T = 0} € F*(0) since
{T=0}=){30<ec<n", Ble) >0}.
n>1
Hence,
P[T =0] € {0,1}.
We show that it is 1 by showing that it is positive. Note that
_1
=5
fort > 0, by symmetry of the Gaussian. It also follows by continuity that

P[T < #] > P[B(t) > 0]

inf{t >0 : B(t) =0} =0,
almost surely.

An immediate application of Blumenthal’s 0-1 law (by time inversion) is:

THM 21.10 (0-1 law for tail events) Ler B(t) be a BM. Then the tail of B, that
is,

T = ﬂg(t) = ﬂa(B(s) D s>t),

£>0 >0

is trivial.
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1 Stopping times
We first generalize stopping times to continuous time.

DEF 22.1 (Stopping time) A RV T with values in [0, 400 is a stopping time with
respect to the filtration {F (t) }+>o if for all t > 0,

{T <t} e Ft).

THM 22.2 If the filtration {F (t)}+>0 is right-continuous in the previous defini-
tion, then an equivalent definition is obtained by using a strict inequality.

EX 22.3 Let G be an open set. Then
T =inf{t >0 : B(t) € G},
is a stopping time with respect to { F T (t)}. Indeed, note

{T<t}= |J {B(s) eG}eF(),

s<t, s€Q
by continuity of paths and the fact that G is open.
To define the strong Markov property, we will need the following.
DEF 22.4 Let T be a stopping time with respect to {F* (t) }1>0. Then we let
FHT)={A: An{T <t} € F*(t), Vt > 0}.

The following lemma will be useful in extending properties about discrete-time
stopping times to continuous time.

LEM 22.5 The following hold:
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1. If T, is a sequence of stopping times with respect to { F (t)} such that T,, 1 T,
then sois T.

2. Let T be a stopping time with respect to { F (t)}. Then the following are also
stopping times:

T,=m+1)27"ifm2™" <T < (m+1)27".
EX 22.6 Let F be a closed set. Then
T =inf{t >0 : B(t) € F},
is a stopping time with respect to { F*(t)}. See [Lig10] for a proof.

2 Strong Markov property

THM 22.7 (Strong Markov property) Let {B(t)}:>0 be a BM and T, an almost
surely finite stopping time. Then the process

{B(T+1t)— B(T) : t >0},
is a BM started at 0 independent of F*(T).

Proof: Let T, be a discretization of 1" as above. Let
Bi(t) = B(t+ k2™") — B(k2™"),

and
Suppose E € F1(T},). Then for every “finite-dimensional” event A we have, by
the Markov property and time translation invariance,
+oo
P{B.c AYNE] = Y P{Brec AAnEN{T, =k2 "}
k=1
+oo
= Y P[By € AJP[EN{T, = k27"}]
k=1
+o0
= PBeA> PEN{T, =k}
k=1
= P[B € A]P[E].
That is, B, is independent of F*(T},). Since F™(T) C F*(T,), B is also
independent of F*(T). Moreover, T,, | T so that by continuity {B(t + T') —

B(T)}+>0 is itself independent of F* (7). The same argument shows that the
increments have the correct distribution. |
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3 Applications

We discuss one application.
THM 22.8 (Reflection principle) Let { B(t)}:>0 be a standard BM and T, a stop-
ping time. Then the process
B*(t)=B(t)1{t <T}+ (2B(T) — B(t))1{t > T},
called BM reflected at T', is also a standard BM.

Proof: Follows immediately from the strong Markov property and symmetry. H
A remarkable consequence is the following.

THM 22.9 Let {B(t)} be a standard BM and let

M(t) = Juax B(s).

Then, if a > 0,
P[M(t) > a] = 2P[B(t) > a] = P[|B(t)| > a].

Proof: Let
T =inf{t >0 : B(t) =a}.

Then we have the disjoint union

(M) >a} = {B()>a}U{B@) <o M(t) > a)
{B(t) > a} U{B*(t) > a}.
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1 Martingales

We first generalize MGs to continuous time.

DEF 23.1 (Continuous-time martingale) A real-valued SP { X (t) }+>0 is a mar-
tingale with respect to a filtration {F (t)} if it is adapted, that is, X (t) € F(t) for
allt >0, if E|X (t)| < +oo forallt > 0, and if

EIX(2) [ F(s)] = X(s),

almost surely, for all 0 < s < t.

EX 23.2 Let {B(t)} be a standard BM. Then

E[B(t)| F(s)] = E[B(t) - B(s) | F"(s)] + B(s)
= E[B(t) — B(s)] + B(s)
= B(s),

by the Markov property. Hence BM is a MG.

2 Optional stopping theorem

THM 23.3 (Optional stopping theorem) Suppose { X (t) }+>0 is a continuous MG,
and 0 < S < T are stopping times. If the process { X (T A t)}+>0 is dominated by
an integrable RV X, then

E[X(T) [ F(5)] = X(9),

almost surely.
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Proof: Fix NN and consider the discrete-time MG
X, =X (T An27N)

and the stopping times
S =|2V8] +1

and
T = |2VT) +1
with respect to the filtration

G, = .F(n2_N).

The discrete-time optional stopping theorem gives
E[X7 [Gs ] = Xs
which is equivalent to
EX(TA27NTH) | FR NSV =EX(T) | F(2~VSy)] = X(T A2V Sy).

For A € F(S) C F(2=VS%), by the definition of the conditional expectation
and the dominated convergence theorem,

E[X(T);A] = lImE[E[X(T)|F(2"Sy)]; A
= Eflim X(T'A 27" 8y); 4]
= E[X(5); 4],
where we used continuity. ]

3 Applications

A typical application is Wald’s lemma.

THM 23.4 (Wald’s lemma for BM) Let {B(t)} be a standard BM and T a stop-
ping time with respect to { F T (t)} such that either:

1. E[T] < 400, or
2. {B(t NT)} is dominated by an integrable RV.
Then E[B(T)] = 0.
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Proof: The result under the second condition follows immediately from the op-
tional stopping theorem with S = 0. We show that the first condition implies the
second one.

Assume E[T] < 4o0. Define

M = max |B(t + k) — B(k)],
and
7]
M= M,
k=1

and note that |[B(t AT')| < M.

Then
EM] = ) E[I{T >k — 1} M]
k
= Y P[T >k — 1E[M]
k
= E[MyE[T + 1] < +o0
by our result on the maximum from the previous lecture. ]

We state without proof':

THM 23.5 (Wald’s second lemma) Let {B(t)} be a standard BM and T a stop-
ping time with respect to { F T (t)} such that E[T] < +oc. Then

E[B(T)*] = E[T].
Proof: The proof is based on the fact that B(¢)? — t is a MG. Consider
T, =inf{t > 0 : |B(t)| = n},

and take an appropriate limit. See [MP10] for details. |
An immediate application of Wald’s lemma gives:

THM 23.6 Let {B(t)} be a standard BM. For a < 0 < b let
T =inf{t >0 : B(t) € {a,b}}.

Then
b
= m.
Moreover,
E[T] = |alb.
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1 Previous class

Recall:

THM 24.1 (Wald’s lemma for BM) Let {B(t)} be a standard BM and T a stop-
ping time with respect to { F*(t)} such that E[T| < +oc. Then

E[B(T)] = 0.

THM 24.2 (Wald’s second lemma) Let {B(t)} be a standard BM and T a stop-
ping time with respect to { F " (t)} such that E[T| < +oc. Then

THM 24.3 Let {B(t)} be a standard BM. For a < 0 < b let
T =inf{t >0 : B(t) € {a,b}}.

Then
b

T la[+b

Moreover,

2 Skorokhod embedding

THM 24.4 (Skorokhod embedding) Suppose { B(t)}: is a standard BM and that
X is a RVwith E[X] = 0 and E[X?] < +o00. Then there exists a stopping time T
with respect to {F*(t)}; such that B(T) has the law of X and E[T] = E[X?].
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The proof uses a binary splitting MG:

DEF 24.5 A {X,,}, is binary splitting if, whenever the event
Azo,...,xn) ={Xo=x0,...,Xn =zn},

or some I, ..., Ty, has positive probability, then the RV X,, 11 conditioned on
ye 4 P +
A(zg, ..., xy,) is supported on at most two values.

LEM 24.6 Let X be a RV with E[X?] < +oc. Then there is a binary splitting MG
{ X} such that X,, — X almost surely and in L.

Proof:(of Lemma) The MG is defined recursively. Let
gO = {®¢ 9}7

and
Xo = E[X].

For n > 0, we let
1, if X > X,
fn = .
-1, if X < X,,

and

Gn =0(80s-- - &n—1);

and

Then { X}, is a binary splitting MG. It remains to prove the convergence claim.
By (cJENSEN)
E[X;] < E[X?],

s0 { X, }» is bounded in £? and we have by Lévy’s upward theorem

Xn = Xoo = E[X | Gol,

G =0 (Ug> :

We need to show that X = X .

almost surely and in £2, where
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CLAIM 24.7 Almost surely,
lim €(X — Xnp1) = [X — Xucl.
We first finish the proof of the lemma. Note that
Elén(X — Xu11)] = BIEELX — Xni1|Goia]] = 0.
Since {&,(X — X,41)}n is bounded in £2, the expectations converge and
E|X — X| =0.

Finally we prove the claim. If X = X, both sides are 0. If X < X, then
for n large enough, X < X, and &, = —1 by construction and the result holds.
Similarly for the other case. ]
Proof:(of Theorem) Take a binary splitting MG as in the previous lemma. Since
X, conditioned on A(x,...,z,—_1) is supported on two values, we can use the
stopping time from last time and we get a sequence of stopping times

< <---<T, <--- 1T

for some 7" such that
and
By (MON) and £? convergence
E[T] = imE[T},] = limE[X?] = E[X].
n n

By continuity of paths,
B(T,) — B(T), a.s.

and
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