Homework

MATH285K - Spring 2010 Instructor: Sebastien Roch

Instructions

This optional homework is due on Friday June 4 in class. Late homeworks will
not be accepted. The assignment should be typed and is to be done without con-
sultation.

Questions

1. Let p(n, f) denote the number of (not necessarily binary) phylogenetic trees
with label set X = {1,...,n} and f interior edges.

a) For all n > 3, establish the recursion
p(n, f)=(f+Dpn—1,f)+(n+f-2)p(n—1,f-1).

b) Using this recursion, deduce that the number of binary phylogenetic trees on
n leaves is

bn)=2n-5)'=2n—-5)x (2n—T7) x--- x 3 x 1.

2. Let 7 be a binary phylogenetic X -tree with | X | = 2m.

a) Show that in 7 there is a unique set of m edge-disjoint paths, each of which
joins two leaves of 7.

b) Deduce that the number of binary characters x : X — {0, 1} with parsi-
mony score m on 7 is exactly 2.
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3. An X-tree 7 is said to display a partial split A|B of X if A|B is a split of
T|(AU B). Suppose that an X -tree displays the partial splits A;|B; and As|Bj of
X, where A1 N As, A1 N By, and By N By are all non-empty. Show that 7 also
displays the partial splits (A; U A2)| By and Az|(B; U Bs) of X.

4. Let (X, d) be a metric space with | X| = 3. Show that d is a tree metric on X.

5. Let7 = (T, ¢) be aphylogenetic X -tree, w : E — R, areal-valued weighting
of the edges of 7', and d the corresponding tree metric on X. Let W = > _w..
For every pair of distinct 2,y € X, let I(z, y) denote the set of interior vertices of
T in the path connecting ¢(x) and ¢(y). Let A : X x X — R, be a dissimilarity
map on X defined, for all x,y € X, in terms of degrees of the vertices of 1" (i.e.,
D(v) is the degree of v) as follows:

HU T (D(U)_l)ilv lf.%'#y,
/\(a:,y):{o €l(zy) oy

Show that

W = Z Mz, y)d(x,y).
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6. Consider the CFN model with state space C' = {0, 1} on a phylogenetic X -tree
and a character x : X — C. Show that

Pl < =0T,

where ¢(x, 7) is the parsimony score of x on 7 and
Pmax = max{p(z,y) : =,y € X, x(x) # x(y)},
with p(zx, y), the probability that the states at ¢(z) and ¢(y) disagree.

7. Consider a GTR model on a phylogenetic X -tree with rate matrix (), stationary
distribution 7, and tree metric x(z,y). Show that

plz,y) =1—tr <Hexp <Qm>> :

where II is the diagonal matrix with diagonal 7.



