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1 Genotype Matrix

Z =



ind1 · · · indi · · · indn

snp1 0 · · · 0 · · · 0
...

...
. . .

...
snps 1 zsi 1

...
...

. . .
...

snpL 1 · · · 0 · · · 0


zero-center the rows⇒ normalized matrix X

Xsi = Zsi − 1
n

n∑
j=1

Zsi

2 Principal Components Analysis (PCA)

direction of maximum variance

m
maximize |Xtv| on |v| = 1

m
maximize vtXXtv on vtv = 1

m
XXtv = λv

m
find eigenvectors of XXt

1
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3 PCA and Singular Value Decomposition (SVD)

In practice,

# of SNPs ≈ 500, 000
# of individuals ≈ 1000

So XXt is really big. Instead, calculate eigenvectors V of XtX:

XtX = V ΛV t

Letting Σ = Λ1/2 and U = XV Σ−1 gives us the SVD of X:

X = UΣV t

Then the columns of U are eigenvectors of XXt:

XXt = (UΣV t)(V ΣU t)
= UΛU t

4 Kinship Matrix and Pairwise Coalescence Times

The entries in the matrix XtX can be seen as the degree of relatedness, or kinship
between individuals.

M =
1
L
XtX

E(Mij) =
1
L

L∑
s=1

E(XsiXsj)

=
1
L

L∑
s=1

E
[
(Zsi − Z̄s)(Zsj − Z̄s)

]
= E(ZiZj)− Ek(ZiZk)− Ek(ZjZk) + Ekl(ZkZl)
...

=
1
T̄

(t̄i + t̄j − t̄− t̄ij)
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The expectation E(ZiZj) can be considered to be the probability that i and j
both share the derived allele at some locus. This happens when a mutation occurs
on the branch that i and j share before splitting apart. Hence,

E(ZiZj) =
E(TMRCA)− E(tij)

E(T )

where E(T ) is the expected total branch length of the coalescence tree.
The main result is that the expected kinship matrix can be expressed in terms

of expected coalescence times.

5 Example: Two Populations

We consider the example of two populations A and B, with proportions φ and
1− φ of the samples, respectively. We suppose that the two populations have been
separated for time ∆.

We can calculate the expected coalescence times, e.g.:

t̄ij =


0 if i = j

1 if i, j in same population

1 + ∆ if i, j in different populations

t̄i =

{
φ+ (1− φ)(1 + ∆) if i in population A

(1− φ) + φ(1 + ∆) if i in population B

t̄ = [φ2 + (1− φ)2] + (1 + ∆)[2φ(1− φ)]

In this case, the kinship matrix has a block structure.

E(M) ≈ 1
T̄


1 + α α −

√
αβ −

√
αβ

α 1 + α −
√
αβ −

√
αβ

−
√
αβ −

√
αβ 1 + β β

−
√
αβ −

√
αβ β 1 + β


The expected projections of individuals onto the first principal component can

then be expressed in terms of φ.
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projections ≈
√

2∆
T̄

(1− φ, · · · , 1− φ,−φ, · · · ,−φ)

6 Admixture

Admixture is the mixing of two populations that have been isolated for some amount
of time.

We consider an admixed individual – in this case, we can express the individ-
ual’s expected projection onto the first principal component in terms of coalescence
times, and with some more algebra, in terms of the admixture proportion θj of the
individual’s genome.

Expected projection of individual j on PC1:

E(y1j) =

√
1
cT̄

[
t̄jB − t̄jA +

1
2

(tAA − tBB + (1− 2φ) c)
]

=
√
c

T̄
(θj − φ)

where c = 2tAB − tAA − tBB

The final formula is obtained by calculating coalescence times based on ances-
try proportion:

tjA = θjtAA + (1− θj)tAB

tjB = θjtAB + (1− θj)tBB
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