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1 Introduction

Comparative chromosome mapping of closely related species reveals a history of
chromosomal inversions, in which whole segments of chromosome are reversed
end to end. We would like to estimate the time until gene order is completely
scrambled.

2 Definitions

2.1 The n-Reversal Model

Let the n-reversal ρi,j the permutation on {1, . . . , n} that sends k to i+ j − k for
i ≤ k ≤ j, and fixes k otherwise. Let En = {ρi,j}ni≤j=1.

An n-chain is a continuous-time Markov chain ηt on Sn defined as follows:

Definition 1 (n-Reversal Chain) Set σ0 = idSn and let σ1, σ2, . . . be a sequence
chosen i.i.d. uniformly at random from En. Let Nt be a rate-1 Poisson process.
The adapted process

ηt = σNt ◦ σNt−1 ◦ · · · ◦ σ2 ◦ σ1 ◦ σ0.

is called an n-reversal chain. If instead of n-reversals we take the set Tn ⊆ Sn of
transpositions, we have a process called the n-transposition chain.

Let pt be the probability measure associated with the ηt, and let ν be the uniform
measure on Sn. Clearly pt → ν as t → ∞. We would like to know how quickly
this convergence happens. Our first result is

Theorem 1 (Convergence of the n-Chain) Consider the state of the system at time
t = cn lnn.
If c < 1

2 then the total variation distance to the uniform distribution n goes to 1 as
n→∞. If c > 2 then the distance goes to 0.
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The proof of the lower bound is more or less elementary (but rather tricky).
The proof of the upper bound relies on a result from [2], which compares the
convergence of pt to that of p̃t, the measure associated to the n-transposition chain:

Lemma 1 (Comparison of Rates of Convergence) Let p̃ and p be symmetric prob-
abilities on a finite group G. Let E be a symmetric set of generators. Suppose that
the support of p contains E. Then

‖pt − ν‖TV ≤ ‖p̃t/A − ν‖TV with A = max
z∈E

1
p(z)

∑
y∈G

|y|N(z, y)p̃(y).

Here, |y| is the length of the shortest sequence in E = En whose product is y,
and N(z, y) is the number of times z ∈ E appears in this sequence. The measures
p and p̃ are the uniform measures on the set of n-reversals and n-transpositions,
respectively. Considering the relative sizes of these sets and the representations of
transpositions as products of (at most 2) n-reversals, we get a value of A = 4n+1

n−1 .
Using the known bound on convergence of the n-transposition chain, we get our
upper bound.

The proof of Theorem 1 uses Dirichlet forms (simply-defined functionals on p
and p̃) to estimate the eigenvalues of the associated semigroups, which in turn can
be used to estimate rates of convergence.

2.2 p-Reversal Model

Comparing the rank-correlation (a measure of uniformity) with the number of con-
served adjacencies (assuming the n-reversal model, an estimate of the number of
reversals) of shuffled Drosophila chromosomes, it appears that marker order is
converging far too slowly to the uniform distribution. One explanation is that the
reversal of short segments is preferred to long segments.

Let the circular reversal ri,j be the permutation on {1, . . . , n} sending k to
[i + j − k]n if either i ≤ k ≤ min i+ j, n or 1 ≤ k ≤ [i + j]n ≤ i, and fixes k
otherwise. Let Fn be the set {ri,j}ni,j=1, and let p(ri,j) = 1

npj , where
∑

j pj = 1.

Definition 2 (p-Reversal Chain) Let σ0 = idSn , and let σ1, σ2, . . . , be a se-
quence in Fn, picked i.i.d. with distribution p. Substituting these σi in the definition
of the n-reversal chain, we get the p-reversal chain.

One good candidate weighting function is pj = 1
nθ

j−1(1− θ) for some θ ∈ (0, 1),
however the main result of this paper concerns the simpler L-reversal model, for
which a limit L is chosen on the length of segment reversals, and pj is simply 1/L
for 1 ≤ j ≤ L and 0 otherwise.
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3 Main Result

Theorem 2 If L/n → 0, the time required for the L-transposition to reach equi-
librium is at most

8n3

(L+ 1)2
lnn and at least

3n3

8π2L2
ln .

This is much slower convergence than in the n-reversal model, here a marker prop-
agates more slowly from one end of a “chromosome” to the other. the The same
rank-correlation analysis is applied to this model with better results. The upper
bound relies on another result from [2], which handles the propagation of markers
along short segments

Lemma 2 Let G be a connected graph on {1, 2, ..., n} with edge set E. Define
a probability on the symmetric group Sn by p(id) = 1/n, p(i, j) = n−1

|A|n for
(i, j) ∈ A and p(σ) = 0 otherwise. For each x, y ∈ G let γx,y be a path from
x to y in G. Let γ be the length of the longest path, and let

b = max
e∈E
|{(x, y) : e ∈ γx,y}|

be the maximum number of times an edge appears in this collection of paths. Let

k =
(

8(|E|γb)
n− 1

+ n

)
2(log n+ c)

There is a universal constant α > 0 so that

‖pk − n‖TV ≤ αe−c

This gives an upper bound on the convergence of the L-transposition chain, and
Theorem 1, in turn gives the bound on convergence of the L-reversal chain.
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