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Let Z be a discrete random variable. Let X the set of all values of Z. Let
{Z,,}22, be a sequence of iid random variables with distribution as Z.
Let A and B to finite sequences over Y, such that B is not a connected subsequence
of A. Define

Np = min{k : B is a connected subsequence of (Z1,- -, Zx)},

Then Np is a stopping times. The goal is to fine ENp and EN4p for a given
sequence A.

Notice that since B is finite, and every finite sequence has a positive probability,
then Np < G, for some geometric random variable. (G for example could be the
smallest n, such that Zi, Zyk+1, -+, Z(nq1)k—1 matches the pattern we want.

Example 1 Let a die, which shows x,y and z with respective probabilities %, %,
and é be rolled repeatedly. Let B be the sequence (x, z,x). Compute Np.
Solution :
We introduce the following fair game. A gambler bets I dollar. At the first roll if x
appears, he receives 2 dollars (including his bet) and must parlay the 2 dollars on
the occurrence of z at the second roll. If he wins, he receives 12 dollars and must
parlay the whole amount of 12 dollars on the occurrence of x at the third roll. If
he wins three times in a row, he receives 24 dollars and the game is over.
Now suppose that, before each roll, a new gambler joins the game and starts betting
1 dollar on the same sequence B. We continue the game until the first person wins.
For example if the rolls turn out to be (y,z,x,z,y,z,x,z,x), then we have 9
participants. The gambler 7 wins 24, and the gambler 9 wins 2 dollars. Since this
game is a martingale, then the sequence of the participants gain { X Ny} forms
a martingale. Therefore

EXNB/\n =0

We will argue that
EXy= lim EXypan =0 (1)
N—o0

Equation(1) will let us to calculate EN. This is because of the following rela-
tion between the net gain X of the participants and Np. Given Np = n, then all
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n participants except for n — 2th who wins 24 and nth who wins 2 dollars, the rest
of n participants lose 1 dollar, therefore

0=EX = E(E(X|N)) = E[24+ 2 — (Np)]

Therefore
EN =26

In General we can design a fair game by defining the random net gain of the j th
gambler at the time & as

' 0 itk<j
M,gj) - P(Z:bl)---Pl(Zzbk,Hl) —1 ifk—j+ 1 termsin wy are indentical with by,
-1 otherwise
where wy, denote the sequence (Z1, - -, Z).

Therefore if add the net gain for the all participants we get

o0

Su? =S M =w« Bk )

j=1 j=1
where wy, * B is define as follows

Definition 1 Let A = (ay, -+ ,ay) and B = (by,- -+ ,by,) be a sequence over .
For every pair (i, j) of integers, write

P P(Z=0b))"' if1<i<m,0<j<n, anda;=bj
Y10 otherwise
and define
Ax B = 011622 Omm + 021032 * - - Omm—1 + Omi

Lemma 1 Given a starting sequence B, the expected waiting time for a sequence
Bis ENg = B« B.
Proof. Define Xy, = wy, x B — k. Then by (2)

{XkANg Hhe=0,1,2,--
is a martingale. Let k — oo, to get
XNB =BxB— NB

Since EXn, < B B — NgB < 00, and on the set {Np > k we have | X}| <
Bx B+ NgThen ENg = B x B.

oy br—jr
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Let Ay,---, A, be sequences over . For each 4, we want to calculate the prob-
ability that A; precedes all the remaining n — 1 sequences in a realization of the
process Z1, Zs, - - -. Naturally we assume that none of the sequences contain any
other as a connected subsequence. Write NV; for N4,. Let N be the minimum
among Ny, --- , N,,. We want to compute P(N = N;) for each j.

Theorem 1 Let Z, Zy, Zs, - - - be discrete iid random variables and Aq,--- , A,
be finite sequences of possible values of Z not containing one another. Let A be
another such sequence not containing any A;. Let p; be the probability that A;
precedes the remaining n — 1 sequences in a realization of the process Z1, Za, - - -
The for every 1,

n
ijAj * Az = EN,
Jj=1

where N is the stopping time when any A;’s occurs.



