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Finding Good Trees from Pairwise Distances
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Reference: Retractions of finite distance functions onto tree metrics [3].

Distances, Tree Metrics, and Good Retractions

The goal of phylogenetic reconstruction is to infer an evolutionary trlet¢img
species (or individual genes) from some observed data. Givendd setjuences
S = {1,...,n} as raw data (genomes, partial genomes, or proteins), a pairwise
distance functionl : S — R is calculated by modeling evolutionary processes
(mutations, recombinations, selections, duplications, exchanges). thieiuljs-
tanced which isdefinite(1) andsymmetriq2) is used to construct a tree defining
a tree metrial which satisfies thériangle inequality(3) and4-point condition(4).
Moulton and Steel [3] focus on this second step of retraction onto a treemetr

Vi,j€S dij=0&i=j (1)
Vi,jesS  diy=dy 2
Vi, g,k €S diy <dij +djp 3)
Vi, j k,l €S dij + diy < max{d;, + dji;,dy + dji} 4)

For the set of distanceB(5), the set of tree metric (S) C D(S), and the
permutation grouftg, a mape : D(S) — D(S) is aretractiononto7(5) if ¢ is
continuousand (5) and (6) hold. The map is algoodif ¢ is homogeneou&’) and
equivariant(8).

vd € D(S) o(d) € T(9) (5)
Vd € T(9) o(d) =d (6)
Vd € D(S)YA >0 ¢(Ad) = \p(d) (7)
(

A
2D ¢(d7) = ¢(d)” where (d7)ij = d-i)r;)  (8)

Buneman index, refined Buneman index, and associated trees
Forany spli = {A, B} € S(S) whereS(S) is the set of splits of S, Buneman
defined a separation ind@y (10) which the authors refine [@, (11) via a function
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B, (9) on quartety = {a,a’,b,b'} € Q, C S with {a,d'} C Aand{b,b'} C B.

1, .
511 = Q(mln{dab + da’b’7 dab’ + da/b} - (d(l(l, + dbb/)) (9)
he = min{s,) 1)
n—3
- 1 ) ]
flg = — ;:1 Bg; suchthat V1 <i<j<|Qs| By < qu (11)

The refined Buneman index, defines the map> : d — > 1, -0y fio0o-
The authors show that the st : i, > 0} is pairwise compatible and thus
determines a unique S-tree (Corollary 5.1),s@atisifies (5). They also show
property (6) because wheiis a tree metric with weights on the associated tree,
fic = ut = w if edgee corresponds to split else 0. Finally, they show that the
trees fromy strictly refine those given by the Buneman index

Proof that the refined Buneman index produces trees
Theorem 5.1f 0,0’ € S(S) are incompatible, thep, + i, < 0.
Lemma 5.1Suppose that = {4, B} € S(S) ando’ = {A’, B’} € S§(S) are
incompatible. ThemAN A’| x |ANB'| x |[BNA'| x [ BNB'| >n —3.

Proof of Lemma 5.Definew = [ANA'|,z = |AnB'|,y = |[Bn A’|, and
z =|BNB'|. Thenw+z = |A] andy+z = |B|. Additionally,|A|+|B| = n, and
since the splits are incompatiblel|, |B| > 2. So,wzyz = w(|A| — w)y(|B| —
y) > (14| = 1)(1B| — 1) = |A||B| — |A| — |B| + 1> n— 3.0

Proof of Theorem 5.For incompatible splits = {A, B} € S(S) ando’ =
{A’, B'} € 8(S), choose quarteig = ik|jl andq’ = ij|kl such that € AN A’,
j € AnNB', k € BnA’,andl € BNB'. By definition, 8, < & (d;j+d —di,—d1)
andBy < 3(di +dj — dij — dj1), SOBq + By < 0. By lemma 5.1, there exist at
leastn — 3 choices ofg and¢’, which get denoted a§, ¢}, 1 < i < n — 3. This
makesiis + fiyr < 715 305 (B + By) < 0.0

Further reading

Related findings place bounds on how closely a retraction approximates the
closest tree metric [1] and organize several algorithms into a structuneitl fa
to show properties of the trees resulting from the methods and the computationa
complexities required for their construction [2].
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