Chapter 5

Branching processes

Branching processes arise naturally in the study of stochastic processes on trees and
locally tree-like graphs. After a review of the basic extinction theory of branching
processes, we give a few classical examples of applications in discrete probability.

5.1 Background

To be written. See [Dur06, Section 5.3.4] and [vdH14, Section 3.3].

5.1.1 © Random walk on Galton-Watson trees

To be written. See [LP, Theorem 3.5 and Corollary 5.10].*

5.2 Comparison to branching processes

We begin with an example whose connection to branching processes is clear: per-
colation on trees. Translating standard branching process results into their perco-
lation counterpart immediately gives a more detailed picture of the behavior of the
process than was derived in Section 2.2.3. We then tackle the phase transition of
Erdds-Rényi graphs using a comparison to branching processes.

5.2.1 © Percolation on trees: critical exponents

In this section, we use branching processes to study bond percolation on the infinite
b-ary tree Tp. The same techniques can be adapted to Ty withd = b+ 1 in a
straightforward manner.

*Requires: Section 2.2.3 and 3.1.1.
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We denote the root by 0. We think of the open cluster of the root, Cy, as the
progeny of a branching process as follows. Denote by 0, the n-th level of '/H\‘b,
that is, the vertices of ’TF;, at graph distance n from the root. In the branching
process interpretation, we think of the immediate descendants in Cy of a vertex v
as the “children” of v. By construction, v has at most b children, independently of
all other vertices in the same generation. In this branching process, the offspring
distribution is binomial with parameters b and p; Z,, := |Cy N O, represents the
size of the progeny at generation n; and W := |Cy| is the total progeny of the
process. In particular |Cy| < +oc if and only if the process goes extinct. Because
the mean number of offspring is bp, by Lemma ??, this leads immediately to a
(second) proof of:

Claim 5.1. 1
. @):,,
p ( ") "%

The generating function of the offspring distribution is ¢(s) := ((1—p) +ps)’.
So, by Lemma ?? again, the percolation function

0(p) = Pp[|Co| = +09],

is 0 on [0,1/b], while on (1/b, 1] the quantity n(p) := (1 — é(p)) is the unique
solution in [0, 1) of the fixed point equation

s =((1—p)+ps)”. (5.1)

For b = 2, for instance, we can compute the fixed point explicitly by noting that

0 = (1-p)+ps)*—s
= p’s>+[2p(1 —p) —1s + (1 —p)?,

whose solution for p € (1/2, 1] is

o - —p(—p) =1+ V[2p(1 —p) — 1 —4p*(1 — p)°
2p?
_ (1 —p) — 1+ 1 —4p(1l —p)
2p?
_ P -p) -1+ @p-1)
2p?
_ 2+ (1 —2p) £ (2p—1)]
2p? )
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So, rejecting the fixed point 1,

2p2 +2(1—2p) 2p—1
2p? o

O(p) =1—

We have proved:
Claim 5.2. Forb =2,

IN

1
25
1

IN

Ny
<p

0, 0<
0(p) = 2(p—3) 1
2

p2
The expected size of the population at generation n is (bp)™ so for p € [0, %)
1

ElCol = Y (bp)" =
n>0 P

For p € (%, 1), the total progeny is almost surely infinite, but it is of interest to
compute the expected cluster size conditioned on |Cy| < +00. We use the duality

principle, Lemma ??. For 0 < k£ < b, let

pe = @) ok

= [ (Z)pk(l —p) "

_ [n(p))* b\ _ \b—k
- - p>+pn< >> <k>p 1-7)

- ()( +pn >>k<<1—;>_+l;n<p>)b_k
_ (k) (1t

where we used (5.1) and implicitly defined the dual density

o pn(p)
" (1-p)+pnp) G-

In particular {py} is indeed a probability distribution. In fact it is binomial with
parameters b and p. The corresponding generating function is

~

o(s) = ((L—p) + ps)” = n(p) "' d(sn(p)),
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where the second expression can be seen directly from the definition of {py}.
Moreover,

¢ (s) = n(p) "¢/ (s n(p)) n(p) = ¢' (s 1(p)),

s0 ¢'(17) = ¢/(n(p)) < 1 by the proof of Lemma 2?, confirming that percolation
with density p is subcritical. Summarizing:

Claim 5.3. Conditioned on |Cy| < +oo, (supercritical) percolation on Tb with
density p € ( , 1) has the same distribution as (subcritical) percolation on ’]Tb with

density deﬁned by (5.2).

Therefore:
Claim 5.4.
1 1
ity P [O, *)’
X' (p) =By [ICol Lo <+oc}] = {2(5? LY
1_717137 € (57 )
2
Forb=2,n(p) =1-0(p) = (1;”) 50
2
1=p
() oy
p= S pipropE P
(I-p)+p (7)
and
Claim 5.5. Forb =2
ll/_2p7 p S [07 %)7
f _ )2 2
X (p) = L(%2) )
?7 pe (57 1)

In fact, the random walk representation of the process, Lemma ??, gives an

explicit formula for the distribution |Cp|. Namely, because |Co| 4 7 for Sy =
> v<¢ Xe — (t — 1) where Sp = 1 and the X/s are i.i.d. binomial with parameters
b and p and further

Plro = 1] = %P[St -

we have

1/ b0\
Pp[|Co| = {] = fIP’ d Xe=t-1 =£<€_1>pf L1 —p)b--b (5.3
i<t
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where we used that a sum of independent binomials with the same p is still bino-
mial. In particular, at criticality, using Stirling’s formula it can be checked that

1 1 1
0\/2mpe(1 — p)bl  \/27(1 — po)B

Ppc[|Col = €] ~

as { — +o0.

Close to criticality, physicists predict that many quantities behave according
to power laws of the form |[p — p.|”, where the exponent is referred to as a criti-
cal exponent. The critical exponents are believed to satisfy certain “universality”
properties. But even proving the existence of such exponents in general remains a
major open problem. On trees, though, we can simply read off the critical expo-
nents from the above formulas. For b = 2, Claims 5.2 and 5.5 imply for instance
that, as p — pc,

G(p) ~ 8(]9 _pc)ﬂ{p>1/2}a

and 1

X (p) ~ Slp = pe|
In fact, as can be seen from Claim 5.4, the critical exponent of xf(p) does not
depend on b. The same holds for §(p). See Exercise 5.5. Using (5.3), the higher
moments of |Cp| can also be studied around criticality. See Exercise 5.6.

5.2.2 © Random binary search trees: height

To be written. See [Dev98, Section 2.1].

5.2.3 © Erdis-Rényi graphs: the phase transition

A compelling way to view Erdos-Rényi graphs as the density varies is the following
coupling or “evolution.” For each pair {i,j}, let Uy 5y be independent uniform
random variables in [0, 1] and set G(p) := ([n], E(p)) where {i,j} € E(p) if and
only if Uy; j1 < p. Then G (p) is distributed according to G, ,,. As p varies from 0
to 1, we start with an empty graph and progressively add edges until the complete
graph is obtained.

We showed in Section 2.2.4 that k’% is a threshold function for connectivity.
Before connectivity occurs in the evolution of the random graph, a quantity of
interest is the size of the largest connected component. As we show in this section,
this quantity itself undergoes a remarkable phase transition: when p = % with
A < 1, the largest component has size ©(logn); as A crosses 1, many components
quickly merge to form a so-called “giant component” of size ©(n).
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This celebrated result of Erdos and Rényi, which is often referred to as “the”
phase transition of the Erdés-Rényi graph, is related to the phase transition in per-
colation. That should be clear from the similarities between the proofs, specifically
the branching process approach to percolation on trees of Section 5.2.1.

Although the proof is quite long, it is well worth studying in details. It em-
ploys most tools we have seen up to this point: first and second moment methods,
Chernoff-Cramér bound, martingale techniques, coupling and stochastic domina-
tion, and branching processes. It is quintessential discrete probability.

For quick reference, we recall two results from previous chapters:

- (Binomial domination) We have
n >m = Bin(n,p) = Bin(m, p). (5.4)

The binomial distribution is also dominated by the Poisson distribution in
the following way:

A€ (0,1) = Poi(\) = Bin <n —1, 2) . (5.5)

For the proofs, see Examples 4.4 and 4.8.

- (Poisson tail) Let S, be a sum of n i.i.d. Poi(\) variables. Recall from (2.28)
and (2.29) that for a > A

—% log P[S,, > an]| > alog (%) —a+\=:I11°(a), (5.6)
and similarly for a < A
—% log P[S,, < an] > IL°(a). (5.7)
To simplify the notation, we let
Iy:=1%(1)=XA—1—1logA >0, (5.8)

where the inequality follows from the convexity of I and the fact that it
attains its minimum at A = 1 where it is 0.

Exploration process For a vertex v € [n], let C, be the connected component
containing v, also referred to as the cluster of v. To analyze the size of C,, we
introduce a natural procedure to explore C,, and show that it is dominated above
and below by branching processes.

The exploration process started at v has 3 types of vertices:
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- Ajy: active vertices,
- & explored vertices,
- N;: neutral vertices.

We start with Ay := {v}, & := ), and Ny contains all other vertices in G,,. At
time ¢, if A;—1 = 0 we let (A, &, Ni) = (Ai—1, E—1, Ni—1). Otherwise, we pick
arandom element, a;, from A;_; and set:

- .At = (.At,l\{at}) U {$ S ./\/’1571 : {x,at} € Gn}
- gt = gt—l U {at}
- M =N\ {z € Ny = {z, a4} € Gy}

We imagine revealing the edges of GG,, as they are encountered in the exploration
process and we let (F;) be the corresponding filtration. In words, starting with v,
the cluster of v is progressively grown by adding to it at each time a vertex adjacent
to one of the previously explored vertices and uncovering its neighbors in G,,. In
this process, &; is the set of previously explored vertices and .4;—the frontier of
the process—is the set of vertices who are known to belong to C,, but whose full
neighborhood is waiting to be uncovered. The rest of the vertices form the set ;.
See Figure 5.1.

Let A; := |A], E; := |&|, and N; := |N;|. Note that (E}) is non-decreasing
while (1V;) is non-increasing. Let

7o :=inf{t >0 : A, = 0}.

The process is fixed for all £ > 7. Notice that E; = ¢ for all £ < 79, as exactly one
vertex is explored at each time until the set of active vertices is empty. Moreover,
for all t, (A, &, N;) forms a partition of [n] so

At +t+ Nt =n, Vi S T0- (59)

Hence, in tracking the size of the exploration process, we can work alternatively
with Ay or N;. Specifically, the size of the cluster of v can be characterized as
follows.

Lemma 5.6.
T0 — |Cv|

Proof. Indeed a single vertex of C, is explored at each time until all of C, has been
visited. At that point, A; is empty. [ |
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Figure 5.1: Exploration process for C,,. The green edges are in F;. The red ones
are not.

The processes (A¢) and (N¢) admit a simple recursive form. Conditioning on F;_1:

- (Active vertices) If A;_1 = 0, the exploration process has finished its course
and A; = 0. Otherwise, (a) one active vertex becomes an explored vertex
and (b) its neutral neighbors become active vertices. That is,

Av= A1+ a0 [ L+ Ze ] (5.10)
(a) (b)

where Z; is binomial with parameters V;_; = n — (t — 1) — A;_; and p,,.
For the coupling arguments below, it will be useful to think of Z; as a sum
of independent Bernoulli variables. That is, let (It,j :t>1,7 > 1)bean
array of independent, identically distributed {0, 1}-variables with P[I1; =

1] = py,. We write
N1

Zy = Z I (5.11)
i=1

- (Neutral vertices) Similarly, if A;_1 > 0,i.e. Ny_1 < n—(t—1), Z; neutral
vertices become active vertices. That is,

Ny = N1 — Lin,_ <n—(¢-1)) Zt- (5.12)
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Branching process arguments With these observations, we now relate the clus-
ter size of v to the total progeny of a certain branching process. This is the key
lemma.

Lemma 5.7 (Cluster size: branching process approximation). Let G, ~ Gy,
where p, = % with X\ > 0 and let C, be the connected component of v € [n]. Let
Wy, be the total progeny of a branching process with offspring distribution Poi(\).
Then, for ky,, = o(y/n),

]{52

n

Proof. We start with the upper bound.

Upper bound: Because Ny_1 =n— (t—1) — A;—1 < n—1, conditioned on F;_1,
the following stochastic domination relations hold

Bin <Nt1, )\> =< Bin <n -1, )\> = Poi(\),
n n

by (5.4) and (5.5). Observe that the r.h.s. does not depend on N;_;. Let (Z;) be
a sequence of independent Poi(\). Using the coupling in Example 4.8, we can
couple the processes (I; ;); and (Z;”) in such way that Z;” > Z;‘:—ll I; j a.s. for all
t. Then by induction on ¢, for all ¢, 0 < A; < A? a.s. where we define

AT = AT+ L sy -1+ 27, (5.13)

with Ag := 1. (In fact, this is a domination of Markov transition matrices, as
defined in Definition 4.16.) In words, (A;) is stochastically dominated by the ex-
ploration process of a branching process with offspring distribution Poi(\). As a
result, letting

75 =inf{t >0 : A7 =0},

be the total progeny of the branching process, we immediately get

Prp, [|Col = Fn] = Prp, [10 > kn] < Plrg > kp] = P[W) > kn].

Lower bound: In the other direction, we proceed in two steps. We first show that,
up to a certain time, the process is bounded from below by a branching process
with binomial offspring distribution. In a second step, we show that this binomial
branching process can be approximated by a Poisson branching process.

176



1. (Domination from below) Let A} be defined as

AT = AT L sy - 1+ 2], (5.14)
with A5 := 1, where
n—kn
Z7 = Z I j. (5.15)
=1

Note that (A7) is the size of the active set in the exploration process of a
branching process with offspring distribution Bin(n — k,,, p,,). Let

ot =inf{t >0 : A7 =0},

be the total progeny of this branching process. We claim that A; is bounded
from below by A;* up to time

On—t, =inf{t >0 : Ny <n—ky}.

Indeed, for all ¢ < oy,—,, Nt—1 > n — k,. Hence, by (5.11) and (5.15),
Ly > Zf for all t < o,,_, and as a result, by induction on ¢,

A > AR, V< op g,

Because the inequality between A; and A;* holds only up to time o, , We
cannot compare directly 7o and 7;°. However, observe that the size of the
cluster of v is at least the total number of active and explored vertices at any
time ¢; in particular, when o,,_j,, < 400,

|C'U| Z Ao'n—kn + Ean—kn =n- N

On—kn

> ky,.

On the other hand, when o,,_j,, = 400, N; > n — k,, for all {—in particular
for all t > 7mp—and therefore |C,| < k,. Moreover in that case, because
Ay > A7 for all ¢, it holds in addition that 7;° < 79 < k. To sum up, we
have proved the implications

0 > ky = op_k, < +oo = 10 > ki,

In particular,
P58 > kn) < Pup, (70 > kn). (5.16)

2. (Poisson approximation) By Lemma ??,

t
>z :t—1], (5.17)

=1




where the Z s are independent Bin(n — k;,,p,). Note that 3°_ Z~ ~
Bin(¢t(n — ky),pn). Recall the definition of (Z) from (5.13). By Lem-
mas ?? and ?? and the triangle inequality for total variation distance,

P> z7 :t—1] P> zZ7=t-1
i=1 =1
< %t(n k) (= log(1 — pa))? + [tA — t(n — kn)(—log(1 — pn))]
2
< %tn (2 - O(n2)> - [tA —t(n — ky) (2 - O(nz))]
thy,
()
So by (5.17)

Pl > kn] =1 — Pl15° < ky)
. a

k2
=Py >k, + 0O (") .

n

Plugging this approximation back into (5.16) gives

Pn,pn[|cv| > kn] = IP>n,pn [TO > kn]

:P[WAzkn]—O<k’%>.

Remark 5.8. In fact one can get a slightly better lower bound. See Exercise 5.7.

When £k, is large, the branching process approximation above is not as accurate
because of the saturation effect: an Erdos-Rényi graph has a finite pool of vertices
from which to draw edges; as the number of neutral vertices decreases, so does the

expected number of uncovered edges at each time. Instead we use the following
lemma.
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Lemma 5.9 (Cluster size: saturation). Let G, ~ Gy, p,, where p, = % with A >0
and let C,, be the connected component of v € [n]. Let Yy ~ Bin(n — 1,1 — (1 —
pn)t). Then, for any t,

Pn,pn[|cv| =t <Pl =t—1].
Proof. We work with neutral vertices. By Lemma 5.6 and (5.9), for any ¢,
IP)n»pn[|CU| = t] = Pnﬁﬂn [7—0 = t] S anpn [Nt =n- t] (518)

Recall that Ng = n — 1 and

Ni_1
Ny =Nt = Yy yen—@-1y D i (5.19)
=1

It is easier to consider the process without the indicator as it has a simple distribu-
tion. Define N§ :=n — 1 and

= N0, — Z L, (5.20)

and observe that N; > N} for all ¢, as the two processes agree up to time 7 at
which point N; stays fixed. The interpretation of N} is straightforward: starting
with n—1 vertices, at each time each remaining vertex is discarded with probability
pr. Hence, the number of surviving vertices at time ¢ has distribution

N? ~ Bin(n — 1, (1 — p,)?),
by the independence of the steps. Arguing as in (5.18),

Pmpn[|cv| = t] < ]P)n,pyL [Nto =n — t]
=Py [(n—1) = N) =t —1]
=PlY; =t-1].

which concludes the proof. [ |
Combining the previous lemmas we get:

Lemma 5.10 (Bound on the cluster size). Let G, ~ Gy, ;, where p, = % with

A > 0 and let C, be the connected component of v € [n].
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- (Subcritical case) Assume X € (0,1). Forall k > 0,
Py [|ICo] > (14 )T ogn] = O(n~ (1)),

- (Supercritical case) Assume X\ > 1. Let () be the unique solution in (0, 1) to
the fixed point equation
1—e 6 =¢.

Note that (), is the survival probability of a branching process with offspring
distribution Poi(\). For any k > 0,

Prp, [1Co] > (1+ /{)I)Tl logn] =+ 0 <log7;j n) )
Moreover, for any o < (y and any § > 0, there exists k5, > 0 large enough
so that
Py, [(1+ Ksa)Iy logn < |Cy] < an] = O(n~T)). (5.21)
Proof. In both cases we use Lemma 5.7. To apply the lemma we need to bound

the tail of the progeny W) of a Poisson branching process. Using the notation of
Lemma 5.7, by Lemma ??

1
P[Wy > ko) = P[Wy = +oo] + Y P
t>kn t

t
d zr=t- 1] , (5.22)
=1

where the Z"s are i.i.d. Poi()\). Both terms on the r.h.s. depend on whether or
not the mean A is smaller or larger than 1. We start with the first term. When
A < 1, the Poisson branching process goes extinct with probability 1. Hence
P[W) = +oo] = 0. When A > 1 on the other hand, P[W) = 4o00] = (), where
¢\ > 0 is the survival probability of the branching process. As to the second term,
the sum of the Z;™ is At. When A < 1, using (5.6),

Z%P iZfzt—l] < > P

t
szzt—q

t>ky, i=1 >k, Li=1
< Z exp <—2€IPOi <t_1>)
t>kn
< Y e (—tI -0 ™)
t>knp
< Z C' exp (—tI))
t>kn
< Cexp(—Iikn), (5.23)
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for some constants C, C’ > 0, where we assume that k,, = w(1). When A > 1,

t t
1 N .
sy :t—l] < SE|Y <
t>ky i=1 t>kn i=1
< Z exp (—tly)
t>kn
S CeXp (_I)\kn) ) (524)

for a possibly different C' > 0.

Subcritical case: Assume 0 < A < 1andletc = (1 + k)I; ' for x > 0. By
Lemma 5.7,

Prp, [|Ci| > clogn] < P[W) > clogn].
By (5.22) and (5.23),
P[Wy > clogn] = O (exp(—Ixclogn)), (5.25)

which proves the claim.

Supercritical case: Now assume A > 1 and again let ¢ = (1 + k)1, Lfor k > 0.
By Lemma 5.7,

1 2
Py, [|Col > clogn] = P[Wy > clogn] + O ( Ogn ”) : (5.26)

By (5.22) and (5.24),

P[Wy > clogn] = (\+ O (exp(—clylogn))
G+ O(n~UFm), (5.27)

Combining (5.26) and (5.27), for any x > 0,

1 2
Py pn [ICo| > clogn] = ¢\ + O ( Oi n> . (5.28)

Next, we show that in the supercritical case when |C,| > clogn the cluster size is
in fact linear in n with high probability. By Lemma 5.9

Py, [[Col = t] < PIY, =t — 1] < P[Y; < 1],
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where V; ~ Bin(n — 1,1 — (1 — p,)?). Roughly, the r.h.s. is negligible until the
mean y := (n — 1)(1 — (1 — \/n)!) is of the order of ¢. Let ) be the unique
solution in (0, 1) to the fixed point equation

fQ)=1-e=¢

The solution is unique because f(0) = 0, f(1) < 1, and the f is increasing, strictly
concave and has derivative A > 1 at 0. Note in particular that, when ¢t = (\n,
pe ~ t. Let & < (). For any t € [clogn, an|, by a Chernoff bound for Poisson
trials (Theorem 2.32),

2
P[Y; < ] < exp ( ’;t (1 - ;) > . (5.29)
t

Fort/n < a < (), using 1 —x < e~ for x € (0,1), there is 7, > 1 such that

pe > (n—1)(1 — e )

()=
n — t/n
t<n)f(t//nl
n—1\1—e ¢
()

2 Yat,

AV

for n large enough, by the properties of f mentioned above. Plugging this back
into (5.29), we get

1\2
PlY; <t] <exp | —t %‘(1) )
2 Ya
Therefore

Z Py [|Col = 1] < Z P[Y; < {]

t=clogn t= clogn

2o E02))

t=clogn

o (e (1Y),

182



Taking x > 0 large enough proves (5.21).
|

Let Crnax be the largest connected component of GG, (choosing the component
containing the lowest label if there is more than one such component). Our goal is
to characterize the size of Cpnax. Let

Xi:= ) Le>kp

vE[n]

be the number of vertices in clusters of size at least k. There is a natural connection
between X and Cpax, namely,

IChax| > k <= X >0 <— Xj > k.

A first moment argument on X and the previous lemma immediately imply an
upper bound on the size of Cax in the subcritical case.

Theorem 5.11 (Subcritical case: upper bound on the largest cluster). Let G, ~
Gn,p,, where p, = % with X € (0,1). Forall k > 0,

Prpn [|Cmax\ > (1+ /@)IA_1 logn] =o(1).

Proof. Letc = (1+ k)I; " for & > 0. We use the first moment method on Xj. By
symmetry and the first moment method (Corollary 2.5),

Py p, [[Cmax| > clogn] = Ppyp, [Xclogn > 0]
< En,pn [Xclog n]
= nPy,,, [|Ci] > clogn]. (5.30)

By Lemma 5.10,
Prpn [|Cimax| > clogn] = O(n - n—(l—i-n)) — O(n~") = 0,
as n — +o0. .

In fact we prove below that the largest component is of size roughly / ;1 log n. But
first we turn to the supercritical regime.
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Second moment arguments To characterize the size of the largest cluster in the
supercritical case, we need a second moment argument. Assume A > 1. For§ > 0
and o < (), let K5, be as defined in Lemma 5.10. Set

k= (1+ksa); logn and  k,:=an.

We call a vertex v such that |C,| < k,, a small vertex. Let

Yii= ) Ly, <n-

vE[n]

small vertex

Then Yy, is the number of small vertices. Observe that by definition Y, = n — Xj.
Hence by Lemma 5.10, the expectation of Yy, is

Enpo Vi ] =1(1 = Prp, [|Col > k,]) = (1= ()n+ O (log”n) . (5.31)

Using Chebyshev’s inequality (Theorem 2.13), we prove that Y}, is close to its
expectation:

Lemma 5.12 (Concentration of Y, ). Forany v € (1/2,1) and § < 2y — 1,
Py, [[Ve, — (1= GQ)n| = 0] < O(n™).

Lemma 5.12, which is proved below, leads to our main result in the supercritical
case: the existence of a unique cluster of size linear in n which is referred to as the

giant component. ,
giant component

Theorem 5.13 (Supercritical regime: giant component). Forany v € (1/2,1) and
0 <2y—1,

Py p,, [[[Conax| — Can| > 1] < O(n™0).

In fact, with probability 1 — o(1), there is a unique largest component and the
second largest cluster has size Q2(logn).

Proof. Take o € (¢»/2,¢») and let k,, and k;, be as above. Let By, := {| X}, —
(n| > n7}. Because v < 1, for n large enough, the event Bf ,, implies that
X k, > 1 and, in particular, that

‘Cmax| S an
Let By, := {30, |Cy| € [, ky|}. If, in addition to Bf ., B5 ,, also holds then

Crnax| < Xg, = X, -
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There is equality in the last display if there is a unique cluster of size greater than
k. This is indeed the case under B, N 555 ,,: if there were two distinct clusters of
size ky, then since 2ac > () we would have for n large enough

Xy, = X5, > 2k, =2an > Gn+n,
a contradiction. Hence we have proved that, under 57 ,, N B3 ,,, we have
Cinax| = X, = X, .
Applying Lemmas 5.10 and 5.12 concludes the proof. [ |

It remains to prove Lemma 5.12.

Proof of Lemma 5.12. The main task is to bound the variance of Y}, . Note that

Enp, Y] = Z Prp, [|Cul < K, |Cy] < K]
u,vEn]
= > {PupllCul Sk (G| < kue o]
u,vE[n]

+Pn,anCu‘ S k? ’CU’ S kyu & 'U]}, (532)

where u < v indicates that v and v are in the same connected component.
To bound the first term in (5.32), we note that « < v implies that C,, = C,.
Hence,

S PapllCl <kl S kuso] = 3 Py, llCd < kv e
u,vE(n] u,0€n]
= Y EnplljcusmLivecs]
u,vE[n]
= ) Eup,llCullfic, i<yl
u€n]

= nEnyp, [[C1|1{c,1<k}]
< nk. (5.33)

To bound the second term in (5.32), we sum over the size of C,, and note that,
conditioned on {|Cy| = ¢, u ¢ v}, the size of C, has the same distribution as the
unconditional size of C; in a G,,_¢;,, random graph, that is,

Pn,pn[|cv| < k ’ |CU| = f,u Niid U] = Pn—ﬁ,pn[‘cﬂ < k]
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Observe that this probability is increasing in £. Hence

Z ZPn,anCﬂ =1,|Cy| < k,u < 0]

u,v€[n] £<k

= > ) PupllCul = Liu s v] Py, [IC] < K [|Cul = £,u < v]
u,v€[n] £<k

< 3 S P lCul = APy, [1C] < K]

u,we[n] £<k

= Y Pup,[ICul < K Pyojp, [IC] < K.

u,vE€[n]

To get a bound on the variance of Y, we need to relate this last expression to
(Enp,, [Yx])?. For this purpose we define

A = Prgp, [[C1] < K] = Prp, [|Ci] < K.

Then, plugging this back above, we get

Z an,pn[‘cu‘ = ga ’C’U’ < k,u <+ 'U]

u,v€[n] £<k
< D Pupa[ICul < K(Prp, [ICo] < K]+ Ay)
u,vE[n]

< (Enp, [Ya])? +n?|Agl,

and it remains to bound Aj;. We use a coupling argument. Let H ~ G,y
and construct H' ~ G,,;,, in the following manner: let H' coincide with H on
the first n — k vertices then pick the rest the edges independently. Then clearly
Ay > 0 since the cluster of 1 in H' includes the cluster of 1 in H. In fact, Ay is
the probability that under this coupling the cluster of 1 has at most k vertices in
H but not in H'. That implies in particular that at least one of the vertices in the
cluster of 1 in H is connected to a vertex in {n — k+ 1, ...,n}. Hence by a union
bound over those edges
Ak < kana

and

> Pup,llCul 5 1C| < kyu s v] < (B, [Yi])? + AP0, (5.34)

u,vE[n]
Combining (5.33) and (5.34), we get

Var[Y;] < 2M\k%n.
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The result follows from Chebyshev’s inequality (Theorem 2.13) and (5.31).
B

A similar second moment argument also gives a lower bound on the size of the
largest component in the subcritical case. We proved in Theorem 5.11 that, when
A < 1, the probability of observing a connected component of size significantly
larger than I, 1og n is vanishingly small. In the other direction, we get:

Theorem 5.14 (Subcritical regime: lower bound on the largest cluster). Let G,, ~
Gu,p,, where p, = 2 with X € (0,1). Forall x € (0, 1),

Py, [|Cmax\ <(1- /{)1;1 logn} =o(1).

Proof. Recall that
Xii= 3 ek

vE[n]

It suffices to prove that with probability 1 — o(1) we have X} > 0 when k =
(1—r)I /\_1 log n. To apply the second moment method, we need an upper bound
on the second moment of X}, and a lower bound on its first moment. The following
lemma is closely related to Lemma 5.12. Exercise 5.8 asks for a proof.

Lemma 5.15 (Second moment of Xj). Assume \ < 1. There is C > 0 such that
Enpo [X7] < (Bnp, [X3])? + Crke ™™, VE > 0.

Lemma 5.16 (First moment of Xj). Let k, = (1 — x)I, ' logn. Then, for any
B € (0, k) we have that

Enpn [Xk,] = Q(nﬁ)7
for n large enough.
Proof. By Lemma 5.7,
Enpo [Xpn] = 1B p, [IC1] > K]
=nP[Wy > k] — O (k2). (5.35)

Once again, we use the random-walk representation of the total progeny of a
branching process (Lemma ??). Using the notation of Lemma 5.7,

P[Wy > k] Z i t—l]

t>kn

(
-y = )!.

t>kn
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Using Stirling’s formula, we note that

6—,\t(>\t)t71 _ o (At)*
t! M(t/e)t/2mt(1 + o(1))

1+ 0(1)

= —tA+tlog A+t
AV 2t P ( °8 )
1+ o(1)

= exp (—tly).
(Wors p (—tly)

For any € > 0, for n large enough,

P[Wy > kn] = A7) exp (—t(Ix + €))
t>knp

= Q(exp (—kn(Ix +¢€))).

For any 8 € (0, k), plugging the last line back into (5.35) and taking ¢ small
enough gives
Enpn Xk, ] = Q (nexp (=kn(Ix + €)))
=Q (exp ({1 — (1 — )T} (Ir + )} logn))
=Q(nP).

We return to the proof of Theorem 5.11. Let k, = (1 — K,)I/\_l logn. By the
second moment method (Corollary 2.19) and Lemmas 5.15 and 5.16,

(E;(k )2
Ppoy, | X, >0 > ——2—

> <1+W)—1

= <1+O(§:;(Z";1%8m)>1

— 1,

for 3 close enough to x. That proves the claim. [ |

Critical regime via martingales To be written. See [NP10].
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5.3 Further applications

5.3.1 > Uniform random trees: local limit

To be written. See [Gri81].

Exercises

Exercise 5.1 (Galton-Watson process: geometric offspring). Let (Z;) be a Galton-
Watson branching process with geometric offspring distribution (started at 0), i.e.,
pr = p(1 — p)¥ for all k > 0, for some p € (0,1). Let ¢ := 1 — p, let m be the
mean of the offspring distribution, and let M; = m~tZ,.

a) Compute the probability generating function f of {py, }x>( and the extinction
probability 7 := 7, as a function of p.

b) If G is a 2 x 2 matrix, define

Gi1s+ Gz
G(s) i= ———.
(5) Ga1s + Gao
Show that G(H(s)) = (GH)(s).
¢) Assume m # 1. Use b) to derive

_pm'(1—s)+qs—p
gmt(1 —s)+qs—p

fe(s)

Deduce that when m > 1

(1—n)
Elexp(=AMu)] =1+ (1 - U)m-
d) Assume m = 1. Show that
t—(t—1)s

) = =
and deduce that )

Ele /| 2 > 0] - ——

e 2> 0l
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Exercise 5.2 (Supercritical branching process: infinite line of descent). Let (Z;)
be a supercritical Galton-Watson branching process with offspring distribution
{pr}r>0. Let n be the extinction probability and define ¢ := 1 — n. Let Z*°
be the number of individuals in the ¢-th generation with an infinite line of descent,
i.e., whose descendant subtree is infinite. Denote by S the event of nonextinction
of (Z). Define p§° := 0 and

=Y (i) U
jzk
a) Show that {p}° }1>0 is a probability distribution and compute its expectation.
b) Show that for any k£ > 0
P27 = k[ S] = pi.
[Hint: Condition on Z7.]

¢) Show by induction on ¢ that, conditioned on nonextinction, the process (Z;°)
has the same distribution as a Galton-Watson branching process with off-
spring distribution {p?°}1>0.

Exercise 5.3 (Hitting-time theorem: nearest-neighbor walk). Let X7, Xo,... be
i.i.d. random variables taking value +1 with probability p and —1 with probability
qg:=1—p. LetS; := Zle X; with Sy := 0 and M; := max{S; : 0 < <t}

a) For r > 1, use the reflection principle to show that

P[S, = b], b>r,

PMy >r, S =b] = {(q/p)r—b[P[St =2r—bl, b<r

b) Use a) to give a proof of the hitting-time theorem in this special case: letting
Ty be the first time S; hits b > 0, then show that for all ¢ > 1

Plry = ] = ?]P’[St — 4.

[Hint: Consider the probability P[M;_1 = S;—1 =b— 1,5, = b].]

Exercise 5.4 (Percolation on bounded-degree graphs). Let G = (V| E) be a count-
able graph such that all vertices have degree bounded by b + 1 for b > 2. Let 0 be
a distinguished vertex in G. For bond percolation on GG, prove that

pe(G) > pe (’]/fb)v

by bounding the expected size of the cluster of 0. [Hint: Consider self-avoiding
paths started at 0.]

190



Exercise 5.5 (Percolation on Tb critical _exponent of 6(p)). Consider bond per-

colation on the rooted infinite b-ary tree Ty, with b > 2. For e € [0,1 — 7] and
u € [0, 1], define

h(g,u) :=u— ((1-

(S

—e) (1—u)+%+5)b.
a) Show that there is a constant C' > 0 not depending on ¢, u such that

h(e,u) — 5 < C(u?Veu?).

b) Use a) to prove that

lim o(p) = 20"
plpe(Ty) (0 = pe(Ty)) 0= 1

Exercise 5.6 (Percolation on Tg higher moments of |Col). C0n51der bond per-

colation on the rooted infinite binary tree T2 For density p < 2, let Z, be an
integer-valued random variable with distribution

(P,[|Co| = ¢
P,[Z :ﬁ]:%, V> 1.

a) Using the explicit formula for IP,[|Cy| = ¢] derived in Section 5.2.1, show
thatforall0 < a < b < +o0
—C /

b) Show that for all £ > 2 there is C}, > 0 such that

<1/4><f— PR

asp T % for some constant C' > 0.

: IE':p’COVC
lim =
p1pe(T2) (pe(T2) — p)~1—2(k—1)

= C}.

¢) What happens when p | pc('ﬁ‘g)?
Exercise 5.7 (Branching process approximation: improved bound). Let p,, = %

with A > 0. Let W,,,,., respectively W), be the total progeny of a branching
process with offspring distribution Bin(n, p, ), respectively Poi(\)
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a) Show that

PWhp, = k] — P[Wy = £]|
< max{]P’[men > k, W)\ < k],]P’[men < k, W>\ > k]}

b) Couple the two processes step-by-step and use a) to show that

)\2 k—1
[P[Wnp, > K] —P[Wy > ]| < = > PWy =]
=1

Exercise 5.8 (Subcritical Erdés-Rényi: Second moment). Prove Lemma 5.15.

Bibliographic remarks

Section 5.1 See [Durl0, Section 5.3.4] for a quick introduction to branching pro-
cesses. A more detailed overview relating to its use in discrete probability can
be found in [vdH14, Chapter 3]. The classical reference on branching processes
is [ANO4]. The Kesten-Stigum theorem is due to Kesten and Stigum [KS66a,
KS66b, KS67]. Our proof of a weaker version with an L2 condition follows [Dur10,
Example 5.4.3]. Spitzer’s combinatorial lemma is due to Spitzer [Spi56]. The
proof presented here follows [Fel71, Section XII.6]. The hitting-time theorem
was first proved by Otter [Ott49]. Several proofs of a generalization can be found
in [Wen75]. The critical percolation threshold for percolation on Galton-Watson
trees is due to R. Lyons [Lyo90].

Section 5.2 The presentation in Section 5.2.1 follows [vdH10]. See also [Dur85].

For much more on the phase transition of Erdos-Rényi graphs, see e.g. [vdH14,
Chapter 4], [JLR11, Chapter 5] and [BolO1, Chapter 6]. In particular a central
limit theorem for the giant component, proved by several authors including Martin-
Lof [ML98], Pittel [Pit90], and Barraez, Boucheron, and de la Vega [BBFdIV00],
is established in [vdH14, Section 4.5].
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