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Mixing time |

Theorem (Convergence to stationarity)

Consider a finite state space V. Suppose the transition matrix
P is irreducible, aperiodic and has stationary distribution .
Then, for all x, y, P{(x,y) — w(y) as t — +oc.

For probability measures u, v on V, let their total variation
distance be ||y — v|tv = supacy [u(A) — v(A)].

Definition (Mixing time)

The mixing time is
tmix(€) :=min{t >0 : d(t) <&},

where d(t) := maxycv [|P'(x,-) — 7(-)[ITv-
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Mixing time |

Definition (Separation distance)
The separation distance is defined as

sx(t) == r;]g\;( {1 — ’W} :

and we let s(t) := maxycy Sx(1).

Because both {n(y)} and {P!(x, y)} are non-negative and sum
to 1, we have that sy(t) > 0.

Lemma (Separation distance v. total variation distance)

d(t) < s(t).
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Mixing time IlI

Proof: Because 1 =Y n(y) = >, P'(x,),
> [ -Pen)= X [Py -]
yiP (x.y)<m(y) yiP x.y)=m(y)

So

1P, ) — 7 Ollre = 3 3 |wy) — Px,y)|
y

= > [ =Py
y:Pl(x,y)<m(y)
P'(x,y)
> W |1-
yiPH(x,y)<m(y) { m(y) }
< s¢(1).
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Definition (Reversible chain)

A transition matrix P is reversible w.r.t. a measure 7 if
n(x)P(x,y) = n(y)P(y, x) for all x,y € V. By summing over y,
such a measure is necessarily stationary.
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Recall:

Definition (Random walk on a graph)

Let G = (V, E) be a finite or countable, locally finite graph.
Simple random walk on G is the Markov chain on V, started at
an arbitrary vertex, which at each time picks a uniformly chosen
neighbor of the current state.

Let (X;) be simple random walk on a connected graph G. Then
(Xt) is reversible w.r.t. n(v) := d(v), where 6(v) is the degree of
vertex v.
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Definition (Random walk on a network)

Let G = (V, E) be a finite or countable, locally finite graph. Let
c: E — R, be a positive edge weight function on G. We call
N = (G, c¢) a network. Random walk on A is the Markov chain
on V, started at an arbitrary vertex, which at each time picks a
neighbor of the current state proportionally to the weight of the
corresponding edge.

Any countable, reversible Markov chain can be seen as a
random walk on a network (not necessarily locally finite) by
setting c(e) := n(x)P(x,y) = n(y)P(y,x) foralle = {x,y} € E.
Let (X;) be random walk on a network ' = (G, ¢). Then (X;) is
reversible w.r.t. n(v) := c(v), where ¢(v) := >, , c(v, x).
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We let n:= |V| < 4+00. Assume that P is irreducible and
reversible w.r.t. its stationary distribution = > 0. Define

(f.q)r =Y 7()f(x)g(x), |IfIZ = (f. )z,

xeV

(P)(x) =Y PO, )H(y).
y

We let /2(V, ) be the Hilbert space of real-valued functions on
V equipped with the inner product (-, -), (equivalent to the
vector space (R”, (-, )»)).

There is an orthonormal basis of ¢?(V, ) formed of
eigenfunctions {f;}!_, of P with real eigenvalues {\;}[_ .
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Eigenbasis

Proof: We work over (R, {-,-)). Let D, be the diagonal matrix with 7 on the
diagonal. By reversibility,

M(x,y) = ,/%P(x,y) - ,/%P(y, x) = M(y. x).

So M = (M(x, y))xy = D¥?PD; "2, as a symmetric matrix, has real
eigenvectors {¢;}/_, forming an orthonormal basis of R" with corresponding

real eigenvalues {\;}"_;. Define f; := D; '/?¢;. Then
Pf, = PD;'%¢; = D;'2DY/?PD; " ?¢; = D;V*M¢; = D5 2y = N,
and
(fi, i) = (D7 /261, D72}
=D w0 2] (x) 2 (x)]

= (91, 95)-
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Forallj#1, % m(x)fi(x) = 0.

Proof: By orthonormality, (f;, ;)= = 0. Now use the fact that fy = 1.

Let (Sx(y) = H{X:y}'

For all x,y, 14 i(X)fi(y) = w(x)~10x(¥).

Proof: Using the notation of the theorem, the matrix ¢ whose columns are
the ¢;s is unitary so ®®’ = /. Thatis, 37 ; ¢;(X)¢;(y) = dx(y), or
27:1 Vr(xX)m(y)fi(x)fi(y) = éx(y). Rearranging gives the result. |
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Eigenbasis IV

Letg € (3(V,x). Theng = > (9, f;)xf.

Proof: By the previous lemma, for all x
> (g ZZ NEWH) = > (g (x) " x(y)] = g(x).
j=1 =1y y

]

Letg € (2(V,r). Then ||g|2 = 3_74(g, f;)3.

Proof: By the previous lemma,

2
n

Z<gv 6)7"6

=1

n

<Z fl,Z g’ > :Z<ga f/>7"<g7 );'>7T<fl'a)?>ﬂ'7

i=1 ij=1

gl =
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Let P be finite, irreducible and reversible.

Any eigenvalue \ of P satisfies |\| < 1.

Proof: Pf = \f = [A[||flloc = [|Pfllec = maxx | >, POGCYIY)| < [[flloc m
We order the eigenvalues 1 > \y > --- > A\, > —1. In fact:

We have A\ =1 and \> < 1. Also we can take f; = 1.

Proof: Because P is stochastic, the all-one vector is a right eigenvector with
eigenvalue 1. Any eigenfunction with eigenvalue 1 is P-harmonic. By
Corollary 3.22 for a finite, irreducible chain the only harmonic functions are
the constant functions. So the eigenspace corresponding to 1 is
one-dimensional. Since all eigenvalues are real, we must have \» < 1. ]

Sébastien Roch, UW-Madison Modern Discrete Probability — Spectral Techniques



Review

Eigenvalues Il

Theorem (Rayleigh’s quotient)

Let P be finite, irreducible and reversible with respect to w. The
second largest eigenvalue is characterized by

A2 = sup { <€;‘Pfl>(iﬂ L feP(V,m), Y m(x)f(x) = }

X

Proof: Recalling that f; = 1, the condition ), 7(x)f(x) = 0 is equivalent to
(fi, f)= = 0. For such an f, the eigendecomposition is

n

n
f=> (L h)xfi =D (F f)f,
j=2

j=1
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and
Pf="> (f.f)=\t,
j=2

so that

(F, Py ool ) alf )Xl ) SO (F, B)2N

= il = A < 2.

(Ff, )= >io(f )% Yt )%

Taking f = £, achieves the supremum. [ ]
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Spectral decomposition |

Theorem

Let {f;}{_, be the eigenfunctions of a reversible and irreducible
transition matrix P with corresponding eigenvalues {)\j}]’-’:1, as
defined previously. Assume A1 > --- > \,. We have the
decomposition

PUOSY) 14 S pa
(y) AR
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Spectral decomposition I

Proof: Let F be the matrix whose columns are the eigenvectors {f;}/_; and let
D, be the diagonal matrix with {);}/_; on the diagonal. Using the notation of
the eigenbasis theorem,

D;/2P'D; "% = M' = (D}/*F)D\(D}/*F)',
which after rearranging becomes

P'D;' = FD\F'.
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Example: two-state chain |

Let V:={0,1} and, for a, 8 € (0, 1),

(1 -« le}
P.(ﬂ 1_ﬁ>.

Observe that P is reversible w.r.t. to the stationary distribution

()
= a+p a+p8)"

We know that f; = 1 is an eigenfunction with eigenvalue 1. As
can be checked by direct computation, the other eigenfunction
(in vector form) is

- ()

with eigenvalue \p := 1 —a — 3. We normalized f> so ||f»||2 = 1.
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Example: two-state chain |l

The spectral decomposition is therefore

PID;' = (1 1>+(1—a—ﬂ)t<g _1>.

Put differently,

B _a o o
Pt _ (a}-,@ a-l-,B) + (1 ﬁ)t ( a-i-ﬂﬁ %—i—,@) )
at+f o+ o

|
—_
Q@™

a+p3 a+fB

(Note for instance that the case o + 5 = 1 corresponds to a
rank-one P, which immediately converges.)
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Example: two-state chain Ill

Assume 8 > «. Then

]
) = max 5 3 1P(x.) = ()] = sl —a-gl.
As a result,
lo ori'ﬁ | 0 atfB
=[] o enC)]
log |1 —a — 3] log|1 — a— 3|1
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Spectral decomposition: again

Recall:

Theorem

Let{f;}_, be the eigenfunctions of a reversible and irreducible
transition matrix P with corresponding eigenvalues {)\j}/f’:1, as
defined previously. Assume Ay > --- > \p. We have the
decomposition

t n
PRI 113 000N

j=2
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Spectral gap

From the spectral decomposition, the speed of convergence of
P!(x,y) to n(y) is governed by the largest eigenvalue of P not
equal to 1.

Definition (Spectral gap)

The absolute spectral gap is v, := 1 — \, where
A« :=|A2| V |A\p|. The spectral gapis v :=1 — Az

Note that the eigenvalues of the lazy version 3P + %1 of P are
{3 +1) 1 which are all nonnegative. So, there, . = .

Definition (Relaxation time)
The relaxation time is defined as
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Example continued: two-state chain

There two cases:
@ a+ 5 < 1:Inthat case the spectralgapisy=v.=a+ g
and the relaxation time is t,e; = 1/(c + 5).

@ « + S > 1: In that case the spectral gap is
v =7« =2 — a — (8 and the relaxation time is

trer = 1/(2 — o — B).
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Mixing time v. relaxation time |

Let P be reversible, irreducible, and aperiodic with stationary
distribution m. Let my, = miny w(x). For alle > 0,

1 1
(trcl — 1)|09 <26> < tmix(ff) < |Og (57rmin> Lrel-

Proof: We start with the upper bound. By the lemma, it suffices to find ¢ such
that s(t) < e. By the spectral decomposition and Cauchy-Schwarz,

% n
‘ .y ‘<)\'Z|f Pl < Al Zf 23 f(y)2.
m(y) =
By our previous lemma, Z/‘:z f(x)2 < 7m(x)7". Pluggmg this back above,

‘P’(w) i _ (=) e
7(y) ~ '

<A m(x)'w(y) ' < —

T'min T'min T'min
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Mixing time v. relaxation time |

The r.h.s. is less than ¢ when t > log (W‘mm> trel.

For the lower bound, let f. be an eigenfunction associated with an eigenvalue
achieving A\, := |Xz2| V |An|- Let z be such that |f.(2)| = ||f||~- By our
previous lemma, > w(y)f.(y) = 0. Hence

A|f(2)| = [P (2) =

> Pz n)fy) = m()E (y)]l

y

<Nl D 1P (2. y) = 7(y)] < [Ifellc20(D),
y

so d(t) > 1AL When t = tuix(e), e > 1A"(). Therefore

tnle) (- =1) 2 tlog (1) 210 (5 ).
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Random walk on the cycle |

Consider simple random walk on an n-cycle. That is,
V:={0,1,...,n—1} and P(x,y) = 1/2if and only if
X —y|=1 mod n.

Lemma (Eigenbasis on the cycle)
Forj=0,...,n—1, the function

f,-(x):cos(zmx), x=01,....n—1,
n

is an eigenfunction of P with eigenvalue

A,- ‘= COS <2m> .
n
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Random walk on the cycle Il

Proof: Note that, for all i, x,

Zy: P, )i(y) = % {cos (727rj(y — 1)) + cos <727Tj(}:7+ 1)>]

n
] el.zwj(;n/q) . e_le‘rrj(Z—U ei27rj(,}]/+1) . e_/27rj(é/+1)
=2 [ 2 + 2 }
_ ¢ e ][5 1+ e 1H

- 2 2
= [eox (57)] o= ()
n
2]
o (1)
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Random walk on the cycle I

Theorem (Relaxation time on the cycle)

The relaxation time for lazy simple random walk on the cycle is
2

ot = ————— = O(n).
' 1 —cos (%) (™)

Proof: The eigenvalues are
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Random walk on the cycle IV

In this case, a sharper bound can be obtained by working directly with the
spectral decomposition. By Jensen’s inequality,

T Hw_{z< \ngy; A} <o ()

ZAf Z)\th(x

The last sum does not depend on x by symmetry. Summing over x and
dividing by n, which is the same as multiplying by =(x), gives

4P (x,) = w(lev < D m(x) DO AFH(x)F =D N w(0)f(x)F =D A7,
x j=2 j=2 x j=2

where we used that ||£|2 = 1

™
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Random walk on the cycle V

Consider the non-lazy chain with n odd. We get

n—1)/2

. n 27 2t ( i 2t
4d(t) glz:;cos (T) =2 ; cos (F) .

For x € [0,7/2), cos x < e /2. (Indeed, let h(x) = log(e*/2 cos x). Then
H(x) = x —tanx < 0 since (tanx)’ = 1 4 tan? x > 1 for all x and tan0 = 0.
So h(x) < h(0) = 0.) Then

(n—1)/2

4d(t)? <2 Z exp(f—)<2exp( )Zexp( sl _1))
covo () () - 25

where we used that 2 — 1 > 3(j — 1) forall j = 1,2,3, .. .. SO tmix(c) = O(rF).
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Random walk on the hypercube |

Consider simple random walk on the hypercube
V.={-1,+1}"where x ~ y if |[x — y|[1+ = 1. For J C [n], we let

) =[x  xeVv.
jed

These are called parity functions.

Lemma (Eigenbasis on the hypercube)

For all J C [n], the function x, is an eigenfunction of P with
eigenvalue
_ -2
Ay = P
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Random walk on the hypercube I

Proof: For x € V and i € [n], let x! be x where coordinate i is flipped. Note
that, for all J, x,

- = X).
—~n n n n ()

> Py =3 1XJ(XM) = LMXJ(X) |J‘XJ(X) = LZMXJ
y
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Random walk on the hypercube Il

Theorem (Relaxation time on the hypercube)

The relaxation time for lazy simple random walk on the
hypercube is

trel = N.

Proof: The eigenvalues are "‘T‘J‘ for J C [n]. The spectral gap is
Ye=y=1-2"1=1

]
Because |V| = 2", muin = 1/2". Hence we have tpix(¢) = O(n?)
and tyix(¢) = Q(n). We have shown before that in fact
tmix(2) = ©(nlog n).
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Random walk on the hypercube IV

As we did for the cycle, we obtain a sharper bound by working directly with
the spectral decomposition. By the same argument,

4d(1)? <y NG

J#0

Consider the lazy chain again. Then
—|J| " (n 0 _ & (n 2u
ar < (") = (0) (1-5) = (0) e (5
J#0 =1 £=1
2t\\”
_(1+exp(_;)) =)

S0 tmix(g) < 3nlog n+ O(n).

Sébastien Roch, UW-Madison Modern Discrete Probability — Spectral Techniques



Infinite networks

@ Infinite networks

Modern Discrete Probability — Spectral Techniques



Infinite networks

Some remarks about infinite networks |

The previous results cannot in general be extended to infinite
networks. Suppose P is irreducible, aperiodic and positive
recurrent. Then it can be shown that, if 7 is the stationary
distribution, then for all x

1P'(x,-) = 7(-)llrv — O,

as t — +oo. However, one needs stronger conditions on P than
reversibility for the spectral theorem to apply, e.g., compactness
(that is, P maps bounded sets to relatively compact sets

(i.e. whose closure is compact)).
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Some remarks about infinite networks Il

Example (A positive recurrent chain whose P is not compact)

For p < 1/2, let (X;) be the birth-death chain with
V:=1{0,1,2,...}, P(0,0) :==1—p, P(0,1) = p,
P(x,x+1):=pand P(x,x —1) :=1—pforall x > 1, and
P(x,y) :=0if [x — y| > 1. As can be checked by direct
computation, P is reversible with respect to the stationary
distribution 7(x) = (1 — y)y* for x > 0 where  := {25. For

j > 1, define g(x) := m(j)~"/?14_j;. Then ||gj||2 = 1 for all j so
{gj}; is bounded in ¢2(V, ). On the other hand,

Pgj(x) = pr(j) 2L ixzjo1y + (1 = PIT() /21 iy
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Some remarks about infinite networks Il

Example (Continued)
So

1PgjlI5 = pPn()) " 'x(j— 1) + (1 = p)2r(j) 'n(j+ 1) = 2p(1 — p)

Hence {Pg;}; is also bounded. However, for j > ¢

1Pg; = Pgellz > (1 = p?m ()~ ' (j + 1) + pPm(6) ' m(¢ — 1)
=2p(1 —p).

So {Pg;}; does not have a converging subsequence and
therefore is not relatively compact.
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Some remarks about infinite networks IV

Most random walks on infinite networks we have encountered
so far were transient or null recurrent. In such cases, there is
no stationary distribution to converge to. In fact:

If P is an irreducible chain which is either transient or null
recurrent, we have for all x, y

lim P(x,y) = 0.

Proof: In the transient case, since >, 1x,—, < +oo a.s. under Py, we have
S PUX, ) = Ex[X, Lx—y] < +00 80 P'(x,y) — 0.
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